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PREFACE 


This book was originally announced as forming Part IV of the 
author’s New Algebra for Schools , which contains in Parts I-III 
all the algebra required for School Certificate, including “ addi- 
tional mathematics.” As, however, this part is essentially one for 
ad vanced students, it has been decided to issue it as the first 
volume of an “ Advanced Algebra,” which will Complete in a 
second volume the school course for mathematical specialists. 

The present volume deals comprehensively with Higher Qerti - 
ficate work up to, but excluding, the special requirements for 
“ distinction papers ” and the higher algebra demanded for 
entrance scholarships at the Universities. The second volume is 
being written in collaboration with Mr. A. Robson and forms a 
companion text-book to the Advanced Trigonometry by the same 
authors. 

In accordance with modem practice, calculus methods have 
been employed whenever the treatment of the subject is simplified 
thereby, for example, in the summation of certain types of finite 
series and in the study of the properties of rational functions. 
In addition, experience has proved that the most intelligible 
approach to the logarithmic and exponential functions is along 
calculus lines, and valid proofs of the binomial theorem and the 
expansions of log(l +x) and e x (if valid proofs are required) can be 
obtained far more simply by calculus methods than by the old- 
fashioned algebraic treatment. For the benefit of mathematical 
specialists, such proofs are given in this book, but no doubt many 
students will be content to confine themselves to applications of 
the general theory. 

' The treatment of limits and convergence in Chapter IV is 
limited to what is suitable for a first reading ; it is undesirable, 
and indeed impracticable, to develop at the stage at which this 
should be taken the formal «, 8 technique which the specialist will 
tackle later ; but the object of the chapter is to show clearly what 

is the nature of a limit and what general considerations should be 

v 
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in the mind of the student when considering whether a limit does 
or does not exist. 

The chapter on determinants has been put last, but may be 
taken at any stage of the course and should be read as soon as 
the student/s work in analytical geometry requires the use of this 
notation. 


The author is deeply indebted to Mr. A . Robson and to Mr. J. 
C. Manisty for numerous criticisms and suggestions. 

C. V. D. 

April, 1932. 
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ADVANCED ALGEBRA 


CHAPTER I 

PERMUTATIONS AND COMBINATIONS 

The r, s Principle 

Example 1. There are 5 ways from A to B and 3 from B to C ; 
how many are there from A to C via B ? 

Any one of the 5 ways from A to B can be combined with any 
one of the 3 ways from B to C. 

there are 5 > 3 different routes from A to C via B. 

The principle used in this example may be stated as follows : 

Tf one operation can be performed in r different ways, and if a 
second operation can then be performed in 8 different ways, the 
two operations can be performed in succession in r x s different 
ways. 

Example 2. How many different arrangements can be made 
of the 4 letters, a y b, c, d ? 

Any one of the 4 letters can be put first. When the first place 
is filled, 3 letters remain, any one of w T hich can be put second, 
the first two places can be filled in 4 x 3 ways. 

2 letters remain, either of which can be put third, and 1 letter 
then remains for the fourth place. 

the number of different arrangements is4x8x2xl. 

This example illustrates the principle that if one operation can 
be performed in r different ways, and if a second, operation can 
then be performed in s different ways, arc! if a third operation 
can then be performed in t different ways, the three operations 
can be performed in succession in r x s x t different ways. 

The principle can evidently be extended to any number of 
operations performed in succession. 
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Arrangements with Repetitions 

Example 3. Residents at a boarding-house can choose either 
fish or eggs or bacon or sausages for breakfast. In how many 
ways can a man arrange his breakfasts for a week ? 

He has 4 choices on Sunday, 4 on Monday, 4 on Tuesday, and 
so on. 

the number of different arrangements for a week is 
4x4x4x4x4x4x4 ~4 7 . 

The number of arrangements of n unlike things, r at a time, 
when each may be repeated any number of times, is n r . 

Imagine r compartments in a row, each of which can hold one 
of the unlike things, but no more. 

The first compartment can be filled in n ways. And, as repetitions 
are allowed, the second can also be filled in n ways, and so on. 
the number of different arrangements is 
n x n x n x . . . r factors — n r . 

Factorials 

The index notation makes it possible to write the result of 
Ex. 3 in a concise form. It is often desirable to have a short 
way of expressing the product of a number of consecutive integers. 
The product of the first n positive integers, Ix2x3x4x..,xa 
is denoted by n! or [n and is called “ factorial n.” 

Thus the answer to Example 2, p. 1, could be given as 4!. 
The product of any number of consecutive integers can be repre- 
sented as the quotient of two factorials. 

Thus 9x8x7 x6=~|- 

o! 

More generally, the product of r consecutive integers, of which 
n is the greatest, can be written 

n(n -T)(n -2)... (n -r + 1) - ^ ■ 

Arrangements of Unlike Things in Line 

The number of ways of arranging n unlike things all in a row 
is n? 
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Any one of the n things can be put first. When the first place 
has been filled, (n - 1 ) things remain, any one of which can be put 
second. 

the first two places can be filled in n(n - 1) ways. 

When the first two places have been filled, (n - 2) things remain, 
any one of which can be put third. 

the first three places can be filled in n(n - l)(n -2) ways ; 
and so on. 

.*. the total number of ways of arranging the n unlike tilings 
in a row is 

n(n-l)(n-2)(»- 3)... 3.2. 1 =n!. 


Circular Arrangements of Unlike Things 

The number of ways of arranging n unlike things round a 
circle, regarding clockwise and counterclockwise arrangements as 
different, is (n- 1)!. 

Since the order round the circle is all that matters, we can 
choose one special thing and keep it always in the same place. 
The remaining (n ~ 1) things can then be arranged in (n - 1)1 
ways. 

If no distinction is made between clockwise and counterclockwise 
arrangements , the total number is half this amount, namely 

( n-l) l 
~ 2 ' 

Thus 6 men can be arranged at a round table in 5! ways ; but 
if 6 beads of unlike colours are threaded on a ring, there are only 
5! 

2 different designs. 

Example 4. In how many ways can 10 different books be 
arranged on a shelf so that two particular books are next to one 
another ? 

Imagine the two particular books fastened together ; this can 
be done in 2 ways, as either may come first. 

There are now 9 unlike things to be arranged in a row, and this 
can be done in 9! ways. 

the number of arrangements is 9 ! x 2. 
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EXERCISE I. a 

1. In how many ways can a boy and girl be chosen from 6 boys 
and 9 girls ? 

2. In how many ways can 5 boys take their places on a bench 1 

3. In how many ways can 3 different prizes be awarded to 
10 boys, if any boy may win them all ? 

4. In how many ways can a first and second prize be awarded 
in a class of J 0 boys ? 

5. In how many ways can a first, second and third prize be 
awarded in a class of 10 boys ? 

6. In l|ow many ways can I choose 1 novel, 1 magazine and 
I newspaper from 12 novels, 5 magazines and 8 newspapers ? 

7. How many code wmrds of 4 letters can be formed from the 
26 let ters of the alphabet ? 

8. There are 5 gramophone records with a dance tune on each 
side of each record. In how many orders can the tunes be played, 
none being repeated ? How many arrangements are possible if 
there is only time to play 4 tunes ? 

9. Find the values of 

CO 6!; .<ii)£; (iii> 5 r|r 

10. Express in factorials : 

(i) 10x9x8; (ii) 10x11 x 12 x 13 ; 

(iii) n(n - l)(n -2) ; (iv) n(n + l)(n +2)(n + 3) ; 

(v) n(n 2 - l)(n 2 - 4)(n 2 - 9) ; 

(vi) n(n + l)(n +2)(n +3) ... (n + r). 

11. In how T many orders can the letters A, B, C, D, E be marked 
round a circle drawn on the blackboard ? 

12. Every day can be described as either fine or w^et or intfif- 
ferent. Within how many years must there be a repetition of the 
description of a week’s weather ? (A week begins on Sunday.) 

13. In how many orders can the letters of the word treason 
be arranged ? How many arrangements begin with t ? How 
many begin with t and end with n ? 

14. In how many ways can 8 boys be arranged in a row ? In 
how many of these ways do 2 particular boys occupy end places ? 

15. In how many ways can 6 people be arranged at a round 
table so that 2 particular people sit together ? 

16. How many even numbers of 3 digits can be formed with 
the figures 4, 5, 6, (i) if no figure is repeated, (ii) if repetitions are 
allowed ? 

17. Simplify (i) n!~(n~l)! ; (ii) n! - (n ~ 1)! 
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18. In how many orders can the letters of the word Sunday 
be arranged ? How many of these arrangements do not begin 
with 8 ? How many begin with s and do not end with y ? 

19. There are n stations on a local railway line. How many 
different kinds of single third-class tickets must be printed if it is 
possible to book from any one station to any other ? 

20. Prove that (2»)! ~n! =2 n . {1 . 3 . 5 . 7 ... (2n - 1)}. 

21. Prove that 2 . 6 . 10 . 14 ... (4n - 6) (4 n - 2) 

equals (n + l)(n +2)(n +3) ... ( 2n - 1)2 n. 

22. If (mn + 1) pairs of numbers are written down, each pair 
consisting of one chosen from the m letters a lf a 2 , ... a m , and one 
from the n letters b lf b 2 , . . . , b n , prove that at least two of the pairs 
are identical. 


Notation for Number of Permutations 


Example 5. How many arrangements can be made with the 
26 letters of the alphabet, if each contains 3 different letters ? 
Imagine three compartments in a row. 


First letter 


Second letter 


Third letter 


Any one of the 26 letters can be put in the first compartment. 
When this has been done, 25 letters remain, any one of which 
can be put in the second compartment. 

the first two compartments can be filled in 26 x 25 ways. 

24 letters now remain, any one of which can be put in the third 
compartment. 

the total number of arrangements is 26 x25 x24. 

This is called “ the number of permutations of 26 things, taken 
3 at a time,” and is written 2 eFV 

More generally, the number of arrangements that can be made 
with n unlike things, if each arrangement contains r of them, is 
called the number of permutations of n things, taken r at a time, 
and is denoted by n P r . 

In particular, n P n denotes the number of ways of arranging 
n unlike things, all being taken ; this is the number of ways of 
arranging n unlike things, all in a row, which was shown on p. 3 
to be nl. 
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The number of arrangements, or permutations, of n unlike 
things, taken r at a time, is 

n P r = n(n- l)(n- 2) ... (n-r + 1). 

The number of arrangements equals the number of ways of 
putting one thing into each one of a row of r compartments, 
when n unlike things are available. 

The first compartment can be filled in n ways. When this has 
been done, the second can be filled in (n ~ 1) ways, 
the first two can be filled in n(n - 1) ways. 

The third can then be filled in (n - 2) ways ; therefore the first 
three can be filled in n(n - l)(n ~ 2) ways, and so on. 

The rth or last compartment can finally be filled in w - (r - 1) 
ways, that is (n - r - \ 1) ways. 

.\ n P r ~n(n - l)(n - 2) ... (n-r + 1). 

n P r has been defined only for r = l, 2, 3, ... , n, and except for 
r ~ w, the expression just obtained for it can be written 

p __ n ( n z 1 ) ( w Z^) • • • ( n ” S ~tl ) x ( n ~ r )‘_ n * 

n r ~ (n ~r)[ ~(n -r)! ’ 

Since n P n =-n !, this result holds also for r—n if 0! is given the 
value 1 ; the symbol 0! has not been previously defined in this 
book, and so we now define it to be 1. ' 

Conditional Arrangements 

In a few of the examples of Exercise I. a, the required arrange- 
ments were subject to very simple restrictions. The following 
example illustrates the procedure when the conditions are a little 
more elaborate. 

Example 6. How many numbers greater than 7000 can be 
formed with the digits 3, 5, 7, 8, 9, no digit being repeated ? 

If the number contains 5 digits, it can be formed in 6 P 5 = 5 ! = 120 
ways. 

If the number contains 4 digits, the left-hand digit can be 7 or 
8 or 9, but not 3 or 5 ; therefore the left-hand digit can be chosen 
in 3 ways. Whichever left-hand digit is chosen, the arrangement 
can be completed in 4 P 3 ways. 
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the number of arrangements with 4 digits is 
4 P 3 x3=4.3 .2.3 —72. 

the total number of arrangements is 120 + 72 = 192. 


Like and Unlike Things 

The number of ways of arranging n things, all in a row, when 
there are p alike of one kind, q alike of another kind, r alike of 
another kind, and so on, is 

n! ___ 

p! q! r! ... * 

Consider the n unlike letters, 

u 2 , u 3 , ..., ctp, b j, & 2 » ... , bq , c lt c 2 , ... , c r , ... . 

The number of ways of arranging n unlike things, al I in a row, is n !. 

Now if any one arrangement is written down, the letters, 
a 19 a 2 , ... , a p , can be arranged among themselves, without altering 
the. positions of any other Utters , in p ! ways. But if the suffixes of 
all the letters a are removed, these p! different arrangements 
become identical. 

the number of arrangements with p like letters a and all 

t 

other letters unlike, n letters in all, is - ' . 

p\ 

n i 

Similarly, in any one of these arrangements, the letter 


hi, b 2 , ... , bq, can be arranged among themselves, without altc.;- 
ing the position of any other letters in ql ways, and if the suffixes 
of all the letters b are removed, these ql different arrangements 
become identical. 

the number of arrangements with p like letters a and q like 

n * 

letters 6 , and all other letters unlike, is - t- 1 -; . 

pi ql 

This argument can be repeated as often as necessary. 


the final number of arrangements is 


nl 

pi ql rl ... 


Example 7. Find the number of ways of arranging the letters 
aaaaabbbccdef in a row, if the letters b are separated from one 
another. 

The 10 letters aaaaaccdef can be arranged in ways. 
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In any on© of these arrangements, there art? 11 places where 
the letter b x can be inserted. When this has been done, there an 
10 places where 6 a can be inserted so as not to be next to b > ; 
and then 9 places where b z can be inserted so as not to be next to 
bj or 6 2 . 

the total number of arrangements of aaaaaccdefb x bj) z when 
b x , b 2 , b s are separated from one another is 
l() f 

~ x il X 10 x9. 

,\ when the suffixes are removed, the number is 
10! 11 x 10 x9 10! 11! 

5! 2!* 3! 2 ! 3 ! 5! 8! * 

'EXERCISE I. b 

1. How many arrangements can be made with the letters, 
o, b, c, d , e, /, if each contains (i) 2 unlike letters, (ii) 5 unlike 
letters ? 

2. A shelf holds 6 books. In how many ways can it be filled 
if 10 unlike books are available ? 

3. How many numbers of 3 different digits can be formed 
with the figures 1, 2, 3, 4, 5, 6, 7 ? 

4 . How many numbers greater than 500 can be formed with 
the digits 4, 5, 6, 7, repetitions not being allowed. 

5. In how many ways can 7 people be arranged at a round 
table so that the oldest and youngest sit together ? 

6. In how many ways can 8 beads of different colours be 
arranged on a ring ? In how many of these arrangements are the 
red and yellow beads separated ? 

7. Find the values of 

(i) 5 P js J (ii) e p s J (iii) 5 P s* 

8 . Write down expressions for 

(i) n p a * (ii) n p 5 » (hi) 2 n p «* 

9. How many even numbers of 4 digits can be formed from 
the figures 2, 3, 4, 6, if repetitions are allowed ? 

10 . How many odd numbers above 4000 can be formed from 
the figures 1, 2, 3, 4, 0, if repetitions are not allowed ? 

11. In how many ways can 5 dots and 3 dashes be arranged in 
a row ? 

12 . In how many ways can the letters in rearrange be arranged 1 
In how many of these do the letters a come together ? 
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13. In how many ways can 4 red counters, 4 white counters 
and 1 black counter be arranged in a row ? 

14. In how many ways can 4 boys and 3 girls be arranged in a 
line so that boys and girls are placed alternately ? 

15. In how many ways can the crew of an eight-oared boat be 
arranged (i) if 4 of the crew can row only on the stroke side, 
(ii) if 3 of the crew can row only on the stroke side and if 2 can 
row only on the bow side ? 

16. In how many orders can 8 stories be arranged in a book if 
neither the longest nor the shortest comes first ? In how many 
of these ways does the longest come last ? 

17. How many arrangements can be made of the letters in 
photograph ? In how many of these are there exactly 5 letters 
between the two letters h ? 

18. Four travellers arrive at a town where there are 5 hotels. 
In how many ways can they be lodged (i) if no two go to the 
same hotel, (ii) if a given pair go to the same hotel, and the others 
to any of the other hotels, (iii) if there are no restrictions ? 

19. In how many ways can 5 men and 2 ladies be arranged at 
a round table if the two ladies (i) sit together, (ii) are separated ? 

20. In how many ways can 5 different Latin books, 4 different 
Greek books, 3 different French books be arranged on a shelf so 
that the books in each language come together ? 

21. In how many ways can the letters in deposit be arranged if 
the vowels come in the even places ? 

22. How many arrangements of the let tors in tomato are such 
that the t’s are separated ? 

23. Find the number of ways in which 10 candidates can be 
ranked in order of merit if (i) A is next to B, (ii) A is above B ? 
None are bracketed equal. 

24. In how many ways can the 8 seats in a railway carriage be 
assigned to 8 men, 2 of whom must face the engine and 1 must 
have his back to the engine ? 

25. In how many ways can 6 ladies and 6 gentlemen be 
arranged at a round table, if two particular ladies must not sit 
next to one particular man, all the men being separated ? 

26. There are 5 o’s, 4 6’s, 3 c’s, 3 d’s, and 6 other different 
letters. In how many ways can they be arranged so that no two 
a’s come together ? 

27. In how many different orders can 10 examination papers 
be set so that no two of the three mathematical papers are 
consecutive ? 

D.A.A, 


B 
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Selections 

In calculating the number of selections which can be made 
from a given set of unlike things, no regard is paid to the order 
in which the things occur in the chosen group. A change of order 
of the things in the group gives a new arrangement , but does not 
affect the selection. 

There are two methods of tackling the general problem : the 
first treats it ab initio ; the second is easier but assumes the 
formula obtained for w P r . 

Pirst Method 

Example 8. How many selections of 2 letters can be made 
from the 6 letters, a, b , c, d, e, / ? 

If we write down all the different selections, each letter (such 
as a) comes 5 times in the list, namely once with each of the 
other letters ( b , c, d y e, /) ; hence the total number of letters in 

6x5 

the list is 6 x 5, and therefore the number of selections is - ^ . 

This is called the number of combinations of 6 things taken 
2 at a time and is denoted by 6 C 2 or (^). 

mi ^ 6x5 

Thus cC 2 = ~ £ — 

More generally, the number of ways of selecting r things from 
n unlike things is called the number of combinations of n things, 
taken r at .a time, apd is denoted by n C r or (”). 

Example 9. How many selections of 3 letters can be made 
from the 7 letters, a, 6, c, d y e, /, g ? 

If all the 7 C 8 selections are written down, there are 3 x 7 C 3 
letters in the list, since each selection contains 3 letters. Each 
letter (such as a) comes 6 C 2 times in the list since it occurs with 
each selection of 2 letters from the other 6 letters (6, c, d f e, /, g). 
Hence the total number of letters in the list is also 7 x 6 C 2 . 

3x 7 C 8 =7x 6 C 2 ; 7 C 8 — 5 x «C t . 

But 6 C 2 see Example 8, 

. r ~ 7 6 x 5_7 .6.5 

•• »°*-3 x 2 "1.2.3' 
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The number of selections, or combinations, of n unlike things, 
taken r at a time, is 

r _n(n -l)(n -2) ... (n -r + 1) n! 

1 . 2 , 3 ... r ™r! (n r)!‘ 

Denote the n unlike things by the letters, a ly a 2 , o 3 , ... , a n . 

If all the n O r selections are written down, there are r x n C f 
letters in the list, since each selection contains r letters. Each 
letter (such as a x ) comes n _ 1 C r _ 1 times in the list since it occurs 
with each selection of (r - 1) letters from the other (n - 1) letters, 
(a 2 , a 3 , ... , a n ). Henco the total number of letters in the list is 
also n x n ..!C r . x . 

. . t x n C r — U x ; . . n C r ~ — x n 

This relation holds for all values of n and r so long as n^>v> I. 

* p ~ ^ v/ p . p m — 2 

• • n-lW-l X n-2W-2 > n~2^r~2 ~ r _ 2 X «-3W~3 > 

71 — y -f- 2 

and so on, down to n _ r i 2 C 2 ^ x n-f+1 C 1 . 

. 0 _n n- 1 n- 2 n~r + 2 0 

. . w O r — ~ • — y * "~2 X w-r 

But — n - r -f 1 , because 1 thing can be selected from 

(n - r + 1 ) things in (n - r + 1 ) ways. 


P _ n ( n - l)(n -*2) ... (n -r-f-2)(n -r + 1) 

** n r r(r - 1 ) (r - 2) . . 2^ 1 

Multiply numerator and denominator by (n ~r)l, 

■ c 

*• n r rl(n - r)l 

Second Method 

Example 10. How many selections of 3 letters can be made 
from the 7 letters, a, 6, c, d, e, /, {7 ? 

Each selection of 3 letters can be arranged in 3 ! ways ; for 
example, the selection bcf corresponds to the 6 different arrange- 
ments 6c/, 6/c, cbf, cfb , /6c, fob. 

But the number of arrangements of 7 things, taken 3 at a time, 
is 7 P S = 7 . 6 . 5 . Therefore the number of selections is 


7 P 3 —3! =■ 


7.6.5 


1.2.3 

c - P 71 

,c a - 7 p t -rd\- 172.3-3T4!* 


and we write 
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The number of selections, or combinations, of n unlike things, 
taken r at a time, is 

r _n(n - l)(n - 2) ... (n -r + 1)_ n! 
n r ~ 1 . 2 . 3 ... r ~r!(n - r)! * 

Each selection of r unlike things can be arranged in r ! ways - 
therefore each selection corresponds to r ! arrangements. 

But the number of arrangements is 

„P r =M(n-l)(n- 2 )...(n-r + l)= ( -^~j. 

Therefore the number of selections is n P r -r-r!. 

P _ n ( n ~ 1 )( n ~ 2) ... (n -r + 1)_ n! 

. . n G r - j . 273 TTTr ~~r\(n ~r )\ ' 

Since the number of selections must be an integer, the formula 
for n C r proves that n(n - l)(n - 2 ) ... (n - r + 1 ) is always a 
multiple of r!, that is to say, the product of any r consecutive 
integers is a multiple of rl. 

The value of n C n is l, v since there is only 1 way of selecting 
?i things from n things ; thus, using the delinition of 0! on p. 6, 

Yl t 

wo see that the relation n C r — 77 — ' holds even for r~n. It 

n r rl(n-r)\ 

will also hold for r — 0, if we define n C 0 to be 1, and this definition 
is also suggested by the important relation, n C r = n C n _ r , which we 
now proceed to prove. 

There are two relations which deserve special attention : 

(i) nC r = n C n _. r . 

If r things are selected from n things, ( n -r) things remain. 
Therefore the number of selections of r things from n, namely 
n C r , is the same as the number of selections of (n - r) things from 
n, namely n C n _ r . 

Alternatively , we may say 

C = nt 
n r r!(n~r)! 

c 

n w ~ r (n ~r)\[n - (n -r)]l (n~r)!r!* 


and 
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(ii) nC r + nCr-i = n+iC r . 


n+1 C r is the number of ways of selecting r letters from the 
(n + 1) unlike letters a l9 a 2 , a 3 , ... , a n , b. 

If each selection is made only from the letters a, the number of 
selections is n C r . 

If each selection contains the letter b, it contains (r - 1) of the 
?? letters a, and can therefore be made in ways, 

the total number of selections is n C r + M C r _ 1 . 

But the total number is w+1 C r ; n C r + n C r _ 1 = M+1 C r . 

Alternatively , we may say 

c , c ^ n! i nl 

w r n r- i r\(n -r)\ (r - 1 )! (n - r -f 1 )! 

n! {(n -r + 1) +r } __ n\(n - f 1) 

r!(n -r + 1)! ~r\(n-r + \)\ 

_ (n + 1)! _ r 

r!(n-^r + l)! W+1 r * 


Example 11. In how many ways can a committee of 3 women 
and 4 men be chosen from 8 women and 7 men ? What is the 
number of ways if Miss X refuses to serve if Mr. Y is a member 1 


(i) There are 8 C 3 ways of selecting 3 women from 8 women, and 
7 C 4 ways of selecting 4 men from 7 men. 

the number of ways of choosing the committee is 


aC 3 


C - 8 - 7 - 
7 ° 4 ~ 1 . 2 . 3 


7 . (5 .5 . 4 
1 . 2 . 3. 4 


-:1960. 


(ii) If both M4ss X and Mr. Y are members, there remain to be 
selected 2 women from 7 women, and 3 men from 6 men. This 


can be done in 7 C 2 x c C 3 


7.6 6 . 5^4 

1 .2 X 1.2.3 


— 420 ways. 


the number of ways of making selections which do not 
include both Miss X and Mr. Y is 1960 - 420 = 1540. 


EXERCISE I. c * 

1. In how many ways can 3 books be selected from 7 different 
books ? 

2. In how many different ways can a football eleven be chosen 
from 14 boys ? 

3. In how many different ways can a hand of 3 cards be selected 
from a pack of 52 cards i 
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4. Find the number of ways in which a pair of triangles can 
be drawn with 6 given points as vertices, no three of the points 
being col linear. 

5. What is the greatest number of points of intersection of 

(i) 12 straight lines, (ii) 9 circles, (iii) 6 straight lines and 5 circles ? 

6. In how many ways can a committee of 4 men and 3 ladies 
be formed from 10 men and 8 ladies ? 

7. There are 9 houses in a row. In how many ways can 5 of 
the front -doors be chosen for painting green ? 

8. I have written 10 letters, but only have enough stamps for 
4 of them. In how many ways can I choose the letters to be 
stamped ? 

9. Tn how many ways can 10 men be divided into two groups 
of 3 and 7 respectively ? 

10. In how many ways can 2 photographs and 3 drawings be 
selected from 5 photographs and 5 drawings 1 

11. In how many ways can a committee of 5 be chosen from 
10 candidates (i) so as to include both the youngest and oldest, 

(ii) so as to exclude the youngest if it includes the oldest ? 

12. In how many ways can 3 books be chosen from a shelf 
holding n different books ? In how many of these ways is the 
longest book included ? 

13. (i) n points are marked on a circle. How many chords can 
be obtained by joining them in pairs ? 

(ii) How many diagonals does an n-sided polygon have, if a 
diagonal means any line joining two non-consecutive corners ? 

14. In a group of 15 boys, there are 7 boy-scouts.. In how many 
ways can 12 boys be selected so as to include (i) exactly 6 
boy-scouts, (ii) at least 6 boy-scouts ? 

15. In how many ways can a committee of 5 be chosen from 
7 Conservatives and 4 Socialists so as to give a Conservative 
majority, if at least 1 Socialist is included ? 

16. A committee of 6 is chosen from 10 men and 7 women so 
as to contain at least 3 men and 2 women. How many different 
ways can this be done if two particular women refuse to serve on 
the same committee ? 

17. The results of 21 football matches (win, lose or draw) are 
tn be predicted. How many different forecasts can contain 
exactly 18 correct results ? 

18. Find n if (i) „C,= n C 6 ; (ii) n C 2 = 55. 

19. Simplify (i) „ +1 CjH- n C 2 ; (ii) n+1 C r+1 ^ n C r . 

20. Simplify 4 „C 3n x j„C ln >f ari C n . 
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21. Prove that n C r = ” l) • n Cr-i* 

22. Prove that n C r + n C rfl — n+1 C r+1 . 

23. Prove that the product of the first n odd numbers equals 
(i) n * 2 rfcn * n^n* 

Distribution in Groups 

The number of ways of dividing (p+q+r) unlike things into 

3 unequal groups, containing respectively p, q, r things, is 

(P + _q + r)l 
p! q! r! 

A group of p things can be selected in v . y q^ T O v ways. From the 
remaining ( q+r ) things, a group of q things can be selected in 
Q ^ r C 0 ways. This leaves r tilings for the third group. Therefore 
t he total number of ways is 

V \-Q i rCj) x <H r^q 

= (p + <I± r)J (<1 = (p +q 4 r)[ ' 

p\(q + r)\ q\r\ p\ q\ r\ 

If two or more groups contain equal numbers of things, and if 
no regard is paid to the order of the groups, the number of dif- 
ferent distributions is modified. Thus if 3 p unlike things are 
divided into 3 groups each containing p things, the groups can bo 
arranged in 3! orders. Therefore the number of possible dis- 
tributions, if no regard is paid to the order of the groups, is 

J?£)L^3!. 

p\ p\ pi 

Example 12. (i) How many different hands can be held by 

4 men playing bridge (13 cards each) ? 

(ii) How many ways can a pack of 52 cards be arranged in 
& heaps of 13 cards each ? 

In (i), regard must be paid to the order in which the hands are 
placed on the table. The number of ways is 

52! 

62 Ci3 X 39 C 13 X 2$C}3 ~ • 

In (ii), no regard is paid to the order of the heaps. Therefore 

the number of ways is -j-4!. 

( 13 !) 
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Selections taking any Number at a Time 

The number of selections from n unlike things, taking any 
number at a time, is 2 n - 1 . 

Each thing may be selected or rejected, that is, it may be 
disposed of in two ways. 

.’. the number of ways of disposing of the n things is 
2 x 2 x 2 x ... n factors = 2 n . 

But this includes the case where all are rejected. 

the number of selections, if at least one thing is chosen, is 
2 W - 1. 

The total number may also be obtained by considering in 
succession groups containing 1, 2, 3, 4, ... , n things. The number 
of selections is therefore 

n C 1 +n C 2 +n c 3 + + n C n* 

It follows that 

n C l + n C 2 +n C 3 + ••• + n^n = - 1. 

A different proof of this relation is given on p. 29. 

Given k unlike things and in addition p things alike of one kind, 
q alike of another kind, r alike of another kind, etc., the number of 
selections which can be made, taking any number at a time, is 

2 k (P + l)(q + l)(r + 1) ... - 1. 

From the p like things we can select either 0 or 1 or 2 or ... or 
p ; we can therefore dispose of them in (p ■+ 1) ways. Similarly 
the other groups of like things can be disposed of in (q 4- 1) ways, 
(r -f 1) ways, etc. 

Also each of the k unlike things can be disposed of in 2 ways 
(taken or left). 

.*. the number of ways of disposing of them all is 

( p + l)(q + l)(r + 1) ... (2x2x2x... k factors) 

= 2 k (p + l)(q + l)(r + 1) — 

But this includes the case where all are rejected. 

the number of selections, taking at least 1 thing, is 

2*(p + l)( 9 + l)(r + l) ... -1. 
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Example 13. How many different sums of money can be made 
up from five £1 notes, one 10s. note, four florins, three sixpences, 
one penny ? 

The number is(5 + l)(l + l)(4 + l)(3 + l)(l+l)-l 
= 6. 2. 5. 4. 2-1 =480 - 1 =479. 


The Value of r for which n C r is greatest is r= jn if n is even, and 
is r=i(n- 1) or r = J(n + l) if n is odd. 

The series of terms 


«C 0 ; j ; n C 2 ; n C 3 ; ; w C r ; ... ; n O n _ x ; n C n 

can be written 

n nn-1 n n - 1 n - 2 
1 ; I ; r 2~ ; I ' 2~ ’ 3 ; ‘ * • 


The multiplying factors which convert each term into the next. 


namely 


n n - 1 n - 2 


..., steadily decrease; and the terms 


themselves steadily increase so long as the multiplying factors 
exceed 1, and steadily decrease as soon as the multiplying factors 
become less than 1. 

But since n C r = n C n _ r , the terms which are equidistant from the 
beginning and end are equal. Therefore the greatest term is the 
middle one when n is even, and there are two equal greatest 
terms, namely the two middle terms, when n is odd ; these are 
given respectively by r =|n and by r = l (n - 1) or $ (n + 1). 


EXERCISE I. d 

1. In how many ways can 6 different books be divided 
between A, B, C so that A has 3, B has 2 arid C has 1 ? 

2. Two elevens are made up from 22 players. In how many 
arrangements will 2 particular players be on opposite sides ? 

3. In how many ways can 6 people bo divided into three 
pairs ? 

4. How many selections can be made from 10 different books, 
if any number may be taken ? 

5. How many whole numbers are factors of 2®. 3 4 . 5 2 . 7.11, 
not counting 1 or the number itself ? 

6. How many selections can be made from the letters, a, a, a, a, 
6, c, d , if any number may be taken ? 
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7. In how many ways can 144 be expressed as the product of 

2 positive integers, counting 1 x 144 as one way ? 

8 . There are 6 points on a straight line and 8 other points. 
What is the greatest possible number of triangles that can ever 
be formod having these points as vertices ? 

9. Prove that the number of ways of dividing up 20 unlike 
things into 5 packets of 4 each is to the number of ways of divid- 
ing them into 4 packets of 5 each as 125 is to 24. 

10. 8 men are to play 4 singles at tennis, the games being 
simultaneous. In how many ways can the games be arranged ? 

11. Two similar dice with faces numbered 1 to 6 are thrown. 
How many different (i) throws, (ii) totals are possible ? 

12. In how many ways can a selection be made from 3 red 
balls, 4 blue bails, 5 green balls, if any number from 1 to 12 may 
be chosen ? 

13. Two crews of 8 are formed from 16 oarsmen, of whom 
4 can row only on bow side and 5 only on stroke side. In how 
many ways can this be done, regard being paid to the order in 
which they row ? 

14. How many circles can bo drawn so that each passes through 

3 out of 9 given points (i) when no 4 of the points are con cyclic, 
(ii) when 5 of the given points lie on one circle and the remaining 

4 lie on another circle, no other set of 4 points being cyclic ? 

15. 5 roads. A, B, C, D, E, meet at a junction, and a car comes 
along each road to this junction. In how many different ways 
may these cars continue their journeys across the junction ? 

In how many of these cases do exactly 2 of the cars go down the 
road A ? 

16. If 3n C r - 3n C n+r , express the value of each in terms of n. 

17. Prove that n C r + 2 . f-„C r _ 2 = n+2 C r . 

18. Prove that the greatest value of 2n C r is double the greatest 
value of 2 n- fir- 

19. In how many ways can 2n people be divided into n couples? 

20. Find the number of ways in which 6 men and 6 women 
can be arranged in 3 sets for tennis (i) if there is no restriction, 
(ii) if each man has a woman as partner. 

21. There are 2 n things of which n are alike and the rest are 
unlike. How many selections can be made, if any number may 
be taken ? 

22. There are m points on one straight line AB and n points 
oh another line AC, none of them being the point A. How many 
triangles can be formed with these points as vertices ? How 
many, if the point A is added ? 
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MISCELLANEOUS EXAMPLES 
EXERCISE I. e 

1. In how many ways can 9 different books be arranged on a 
shelf if two particular books are separated ? 

2. In how many ways can n boys sit in a row if two par- 
tieular boys are excluded from being at either end, and if two 
other boys must sit next to oach other ? 

3. In how many ways can three cards be selected from a pack 
of 62 cards, if at least one of them is to bo an ace ? 

4. Four letters are written and four envelopes addressed. In 
how many ways can all the letters bo placed in the wrong 
envelopes ? 

5. In how many ways can two sets of tennis, 4 players in each 
set, be arranged if 10 people are available ? 

6. How many even numbers greater than 300 can be formed 
with the digits 1, 2, 3, 4, 5, no repetitions being allowed ? 

7. Find the number of arrangements of letters in alchemist if 
the order of the consonants must not be changed. 

8. Prove that there are about 40 million different arrange- 
ments of the letters in inequalities. 

9. In how many ways can a committee of 2 Englishmen, 
2 Frenchmen, 1 American be chosen from 6 Englishmen, 7 French- 
men, 3 Americans? In how many of these ways do a particular 
Englishman and a particular Frenchman belong to the committee ? 

10. Attempts are made to predict the results (win, draw, lose) 
of 10 football matches. In how many different ways can exactly 
6 correct results be given ? 

11. Find the number of arrangements of the letters in 
ratatatatat. How many are there in which the a’s are all 
separated from one another ? 

12. A detachment consists of 3 sergeants, 4 corporals and 70 
privates. In how many ways can a guard of 6 bo selected to 
include 1 sergeant, 1 corporal and 4 privates ? 

13. In how many ways can a lawn -tennis mixed double be made 
up from 6 married couples, if no husband and w r ife play in the 
same set ? 

14. 2m white counters and 2 n red counters are arranged in a 

straight line with counters on each side of a central 

mark. Find how many of the arrangements are symmetrical with 
respect to this mark. 
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15. Find the number of ways in which n boys can be arranged 
in a line so that 3 particular boys are separated. 

16. Prove that (2n -f l)(2n + 3)(2n *f 5) ... (4n - 3) (4n - 1) equals 
/l\ n (4n)!n! 

\2 ) (2n)l (2n)l * 

17. In how many ways can 9 different books be labelled, so 
that 4 of them have red labels, 3 have blue labels, and 2 have 
green labels ? 

18. What is the greatest number of points of intersection made 
by m straight lines and n circles ? 

19. There are 3 pigeon holes marked A, B, C. In how many 
ways can I arrange 10 different postcards so that 5 of them are 
in A, 3 in B, and 2 in C ? 

20. A network is formed by one set of p parallel lines and 
another set of q parallel lines. How many parallelograms are 
there in the net ? 

21. If ABCDEF are 6 points in any order on a circle, the points 
of intersection of AB, DE ; BC, EF ; CD, FA lie on a straight line 
called the Pascal line of the hexagon ABCDEF. How many 
Pascal lines are determined by 6 points on a circle ? 

22. In how many ways can p boys and q girls be arranged in a 
row, if the boys are put in the order of their ages, but not neces- 
sarily together, with the oldest boy at the left end of the row ? 

23. In how many ways can r things be selected from n unlike 
things, if two particular things must not occur in the same 
selection ? 

24. Explain why n C r + W _ 1 C,. -f- n __ 2 C r + ••• + r C r equals n+ ,C r41 . 

25. Find the number of selections of n things from 2 n things of 
which n are alike and the rest are unlike. 

26. In how many ways can the 2 n letters x lf x 2 , ... , x n , y x > 
Vt> ••• » y n > arranged in a line so that the suffixes of the letters 
x and also those of the letters y are respectively in ascending order 
of magnitude ? 

27. (i) Find the number of ways of putting p noughts and q 
crosses in a line, p> q, if no two crosses are together and if a 
nought comes at each end. 

(ii) Find the number of ways in which p like jobs may be 
assigned to (<? + 1) men, if no man is left unemployed, p>q, 
by showing this problem is equivalent to (i). 

28. Prove that, if n and p are positive integers, (np)\ is a 
multiple of (p\) n .nl. 
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BINOMIAL THEOREM : POSITIVE INTEGRAL 
INDEX 

Product of Binomial Factors 

The expansion of(x+a 1 )(a;+a 2 )is the sum of the terms obtained 
by multiplying together 2 letters, one taken from each of the 
2 factors. 

(x +a 1 )(x +a 2 ) —x 2 + xa t + xa 2 + a x a 2 . 

It is convenient to group them according to the number of 
x factors in the terms. 

(x ha x )(x +a 2 ) =x 2 +x(a 1 +a 2 ) +a x a 2 . 

Similarly, 

(x + a 1 )(x +a 2 )(x +a a ) 

s= x 8 + x 2 (a l + a 2 + a 3 ) + x(a 2 a 3 +a z a 1 +a 1 a 2 ) +«ia 2 a 3 * 
Similarly, 

(x +a 1 )(x + a 2 )(x + a 3 )(x + a 4 ) 

=x* + x*(a l + a 2 +a 8 + a 4 ) 

+ x 2 (a l a 2 +a 1 a 3 + a x a 4 + a 2 a s + a 2 a 4 + a 3 a «) 

+ x(a l a 2 a 3 + a x a 2 a 4 + a x a 3 a 4 + a 2 a 3 a 4 ) + a x a 2 a 3 a 4 . 

This may be written 

(a; 4 ■a 1 )(x +a 2 )(x +a 3 )(x -f a 4 ) + s x .r s + s 2 .r 2 + 6* 3 .r -f a 4> 

where s x -the sum of the terms o x , cz 2 , a 3 , a 4 , 

s 2 — the sum of their products, two at a time, 
s 3 — the sum of their products, three at a time, 
s 4 =the product, four at a time, a x a 2 a 3 a 4 . 

This process can be applied to as many factors as required. 
Thus (jc +a 1 )(x + a 2 )(x +a 3 ) ... (x +a n ) 

—x n + s x a: n ~ 1 + s 2 x n ~ 2 +5 3 cc n ~ 3 + ... + s n _ x x +* n , 
where s 1 contains n terms, (a x + a 2 + ... +a n ), 

8 t contains n C 2 terms, (a x a 2 -f a x a 3 +o 2 a f + ...), 

21 
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because it consists of the selections, two at a time, from n unlike 
things, 

8 3 contains n C 3 terms, (a x a 2 a 2 +a 1 a 2 a l + ...), 
and, in general, $ r contains n C r terms. 

If a x — a 2 —a 3 = ... =a w =a, the left side becomes (x4-a) n . 

Also s 1 ~a +a n terms, —na ; 

s 2 =a 2 4-a 2 4- ... , n C 2 terms, ~ n C 2 a 2 ; 
s 3 - a 3 4- a 3 + . . . , n C 3 terms, = n C 3 a 3 ; 

and so on. 

Therefore, if n is any positive integer, 

(x + a) n = x 11 + nx n ~ 1 a + n C 2 x n ~ 2 a 2 n C r x n ~ r a r + . . . + a 11 

= x n + nx n_1 a + x°- 2 a 2 + x“- s a 3 + . . . 


n(n- l)(n - 2) ... (n~ r + 1) 

iT2~ 3.;: r : 


r a r + . . . 4- sr 


This is called the Binomial Theorem for a positive integral index. 

It may also be proved by “ induction.” The method of induc- 
tion consists in showing that, if the theorem is true for some special 
integral value of n, say n =&, then it is true for n~Jc + 1. Con- 
sequently, if it is true for n = 2, then it is true for n = 3, and 
therefore for n— 4, and so on indefinitely. 

Suppose that the theorem is true for n = k, that is, suppose that 
( x -\-a) k — x k 4- j : C x x k ~ l a + k C 2 x k '~ 2 a 2 4- ... 

+ *C r _ 1 a?*- r+ 'a*- 1 + k O f x k ~ r a r + . . . + a k . 

Then (x +a) k + l =(x -fa)(ir + o) fc 

= x k+i + (i + , c C 1 )« fc « + GC 1 + ... 

+ (frC r _i 4- fcC f )# fc-r4l a r 4- ... -fa* +1 . 

But jfcC,..! 4- jcO r =* +1 C r , see p. 13, 

.*. (x + a) fc+1 =#* 41 + k+1 C 1 x k a 4*/ r+1 C 2 # fc ~ 1 a 2 4* ... 

+ fc +x C r a? fc-r+1 a r 4- ... 4- a k + l . 

.*. if the theorem is true for n—k , it is true for n =& 4- 1 . 

But it is true when n = 2 because 

(x 4 -a) 2 —x 2 + 2xa +a 2 —x 2 4- 2 C x xa 4 - a 2 , 
it is true when n = 3, and when n= 4, and so on in- 
definitely. 

/. it is true for all positive integral values of n. 
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Properties of the Binomial Expansion 

(i) The expansion of (x+a) n contains (n + 1) terms, of which 
n C r x u ~ r a r is the (r 4 l)th term ; this term or the rth term is called 
the general term. 

Also tho coefficients of terms oquidistant from the two ends are 
equal, for the (r-fl)th term from the end is n C n _ r x r a n ~ r > and 
»,C r =» C »-r» see P- 12 ‘ 

>(ii) If n is even, there is one middle term given by putting 
r ---In in n O r x n ~ r a r . If n is odd, there are two middle terms given 
by putting r = \ (n - 1 ) and r = \ (n 4 1 ). 

(iii) If a — 1, we have 

(1 4 x ) n = 1 4 n C iX 4 n C 2 ^ 2 4 ... 4 n 0 r x r 4 ... 4 x n . 

(iv) If we write - a for a, we have 

(x - a) 71 —x n - n C 1 .r n ~ 1 a + n C 2 x n ~ 2 a 2 - ... 

4 ( - 1 ) r w C r £ ,w “ r a r + . . . 4 ( - 1 ) n a n . 

Some practice in writing down binomial expansions has been 
given in Part III of A New Algebra , Ch. VIII, p. 123. For 
convenience, further examples are added here. 

EXERCISE II. a 

[Large coefficients should be left in factors , not multiplied out.] 

1. Write down the expansions of 

(i) (x 4«)(# +b)(x 4c) ; (ii) (x 4 2 a)(x 4 2b)(x 4 2c) ; 

(iii) (x +a)(x +b)(x +c)(x +d). 

2. What is the coefficient of .r 3 in the expansion of 

(x 4a 1 )(x 4fl 2 )(.r 4 « 3 )(.r 4tf 4 )(a 4« 5 ) ? 

How many terms are there in the coefficient of x 2 ? What are the 
coefficients of x 3 and x 2 in (x 4 a) 5 ? 

3. How many terms are there in the coefficients of x n ~ 2 , x 2 , x r 
in the expansion of 

(.r4a 1 )(^4a 2 )(^4fl 3 ) ... (x+a n ) ? 

What are the coefficients of x n ~ 2 , x 2 , x r in (x 4 a) n ? 

Write down the expansions of Nos. 4-11 : 

4. (a?4l) 4 . 5. (y-1) 4 . 6. (x+2 af. 7. (z 4 2) 4 . 

8. (o-6)». 9. (y+i)*. 10. (3a: -2 */)*. 11. (a; J + 3 y 8 )'. 
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12. For the expansion of (x 4 - 1)*, find (i) the number of terms, 
(ii) which term involves x 4 , (iii) the power of x in the 7th term, 
(iv) the coefficient of x 6 . 

13. For the expansion of (5# - 3 y) 20 , find (i) the number of 
terms, (ii) the powers of x and y in the 6th term and in the 12th 
term, (iii) the 3rd term, tho 19th term, the middle term. 

14. Find the coefficient of x 2 in the expansions of 

(i) (l+2.r) 9 ; (ii) ( 1 - 3x) 7 ; (iii)(x + 3) 6 ; (iv) (2x - 5) 8 . 

15. Find the coefficient of x z in the expansions of 

(i)(.r-10) 5 ; (ii) (2a;- J)« ; (iii) (x - i/) 10 ; (iv)(a;+t). 

16. Find the 4th term in the expansions of 

(i) (2o~56) 7 ; (ii)(l+3*)«; (iii) (* + !)". 

17. Find the (r + l)th term in the expansions of 

(i)(*-ky)"; (ii)(o-26)»; (iii) (x + |) W . 

18. Expand in ascending powers of x : 

(i) (1 + x) n 4(l ~x) n ; (ii) (1 + x) n -(1 — x) n . 

19. Evaluate (1-0025) 10 correct to 6 decimal places. 

20. Use the binomial expansion to show that £1000 will 
amount to £1480, to the nearest £, in 10 years at 4 per cent, per 
annum compound interest. 

21. What is the coefficient of x 20 in (x 2 4 Sx) 12 ? 

22. What is the coefficient of x n in (1 4- \x) 2n ? 

( l\ 2w 

23. (i) What is the middle term of the expansion of ( x -f ^ ) ? 

(ii) What are the two middle terms for ( x -- ) • ? 

24. Simplify (a + 6) 3 - 36 (a + 6) 2 4- 36 2 (a +6) - 6 3 . 

25. Simplify (x - l) 4 +4(x - l) 3 4- 6 (a - l) 2 +4(x - 1) + 1. 

26. Find the coefficient of x A in the expansions of 

(i) (1 -x)(l +x) 6 ; (ii) (1 + x)(l -x) n . 

27. Find the first 4 terms in the expansion in ascending powers 
of x of (1 +2x)(l ~x 8 ) 9 . What is the coefficient of x 19 ? 

28. Simplify ( y/2 4- 1 ) 5 - ( y/2 - 1 ) 6 . 

29. Find (i) the sum, (ii) the product of (2 4- a/ 3) 7 and (2 - V^) 7 . 
Hence show that the integral part of (2 4- V 3 ) 7 is 10,083. 

30. Simplify x n (x - l) w + n C 1 x n ~ 1 (x ~ l) n_1 (x + 1) 

4-... 4- n C f x n ~ f (x- l) n ~*{x f l) f + ...(# + l) n . 
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Special Terms 

The following examples illustrate the selection of particular 
terms from an expansion. 

Example 1. Find the term independent of x in the expansion 

The general term is 8 C r (3») 8 “ r '\^j in which the power of x 

is 8 - 4 r. Taking r~ 2, we get 8 C 2 (3^) 6 ^ which equals 

j * 2 • 3®. 5 2 — 700 x 3 6 . 

Alternatively , as follows : 

5 V /3a: 4 - ( 3.f 4 - 5) 8 

.r 3 / \ a? 3 ) ~~ x** 

we require the coefficient of a: 24 in (3.r 4 -5) 8 . 

The term in x u is 8 C 2 (3o: 4 ) 6 ( - o) 2 ; 

the coefficient is • 3 6 . 5 2 = 700 x 3 6 . 

Example 2. Expand (2 4 3a: -x 2 ) n in ascending powers of x as 
far as x 2 . 

(2 4 3.r - x 2 ) n — [2 4 re (3 -o*)] n 

= 2” + n . 2" *.r (3 -x) + — 4“ • 2*~ a x*(Z -*)' + ... 

~ 2 n 4- 3no: . 2 W ~ 1 - no; 2 . 2 W-1 -l- (w 2 n) . 2 ?, “ 3 . 9a: 2 4 ... 

= 2 n 4 3nx . 2 n ~ 1 4 (9rc 2 - 13n)o; 2 . 2"~ 3 4 . . . . 

Greatest Coefficients and Terms 

Since the coefficient of x r in the expansion of (l4a:) n is w C,. t it 
follows from p. 17 that, if n is even, the coefficient is greatest 
when r and that, if n is odd, there are two greatest coeffi> 
cients given by r = .J(n-l) and r=l(n4l). Thus if n Is even 
the middle term has the greatest coefficient, and, if n is odd, the 
two middle terms have equal coefficients which are greater than 
all the others. 


D.A.A. 


o 
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To find the greatest term in the expansion of (1 4 X) n , where x 
is positive, and n is a positive integer. 

Denote the rth term by u r . 


Then 


n (n - 1 ) (n - 2) . . . (n - r 4 2) (n - r 4 1 ) r 

rT ~ ' x 

n(n - l)(n - 2) ... (n - r 4 2) n -r 4 1 ^ 

(r-1)! r 

(n -r 4- J ) 

= u r x X. 

r r 

u r+1 >u r if (n - r 4 l)a? >r or nx - rx + x >r , 

or if r 4ra?< +x or if r(l 4 x)< (n 4 1 )#. 

(n4l).T 


Similarly, 


>w r whenever r< 
u r+1 < u r whenever r > 


1 4 # 
(n 4 1 )# 
1 4 X 


(i) Tf ~an integer, q say, then u Q+1 —u Q and u Q , u q ^ are 

greater than an y of the other terms. 

(yi 4 1 )x 

(ii) Tf — | =g a positive fraction less than 1, then u r , rl l ■ n r 

wlionever r<q and also if r—q ; but u r+1 <u r if r—q - f 1 and 
whenever r >q 4 1 . 

^+i > % > u q -i • ■ • »nd u IJU > u q ] 2 > .... 

u q is the greatest term. 

The greatest term in the expansion of (a4x) n , where a , a; are 
positive and n is a positive integer, may be deduced in the same 
way from the corresponding relation, 

(n-r4l) * 

u r , * —u r x • - . 

7 ’ 1 r r a 

If o or x is negative, this method gives the numerically greatest 
term . 


Example 3. Find which is the numerically greatest term in the 
expansion of (5 - 4a;) 12 when x 

The terms in the expansion are alternately positive and negative, 
but the numerically greatest term will be the same term as in the 
expansion of (5 4 4a?) 12 . 
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If w r denotes the rth term, w r+1 > u r if — ~ l ~ 1 • ~ > 1 or if 

8(13 - r) > 15r since x — f . 

w r+1 >w r if 104 - 8r > 15r or 23 r< 104 or r< 4JJ. 
u B >u i >u 9 ... and u B >u 6 >u 7 ... . 
the 5th term is the greatest. 

EXERCISE II. b 

[Large coefficients should he left in factors , not multiplied out.] 

1. Write down the named terms in the following expansions : 

(i) 4th term in (2x - 3 y) 7 ; (ii) 10th term in ^3x +~^J ; 

x\^ / 

~ 2 ~ 3 j i (iv) rth term in ^a; + - \ • 

2. Write down the coefficients of the named terms in the 
following expansions : 

(i) a; 8 in (2 -x) n ; (ii) x* in (^2x ; 

(iii) a; 11 in (3x + 2a; 2 ) 9 ; (iv) x 2r in ( 1 - # 2 ) 4r ; 

(v) x r + 1 in (1 - a;)* -1 ; (v) x 2T in (^x . 

3. Write down the terms independent of x in the following 
expansions : 

<i)(z-?) 10; <ii)(2z»-*) la ; (iii)(x+I) in 

4. Write down the coefficients of the named terms in the 
following expansions : 

(i) .r 2 in (2x 2 - ; (ii) ** in ; 

(iii) x 1 in ( 2 a; -?) ; (iv) x’ in - J^) • 

5. Expand (1 - 2x + 3a; 2 ) 7 in ascending powers of a; as far as a- 4 . 

6. Find the coefficient of x 4 in the expansion of (2 -fa; - a; 2 ) 4 . 

7. Find the coefficient of x 7 in the expansion of (1 -x % -x*) n . 

8. What is the ratio of the ( r -f l)th term to the rth term in the 
expansions of 

(i) (l +1)" ! (ii) (* -§)" ; (iii) (2* + 3y)*' T 
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9. What is the ratio of the (r -h 1 )th term to the (r - l)th term 
in the expansions of (i) (x -y) n ; (ii) ( 2x + 3 y) n ? 

10. Find the value of r if the coefficients of x r and of a; H1 in 
(3a; + 2) 19 are equal. 

11. If x =0-2, prove that the 1 1th term in the expansion of 
(1 -fa;) 14 is ^th of the 10th term. 

12. What is the greatest coefficient in the expansions of 

(i) (1 -fa;) 10 ; (ii) (1 -fa;) 11 ; (iii) (1 +*)«"+» ? 

*13. In the expansion of (1 +.r) ia , the ratio of a certain coeffi- 
cient to the preceding coefficient is ; find the numerical values of 
the two coefficients. 

/ i \3 n 

14. Find which term in the expansion of ( x f- ) has the 
largest coefficient. ' 


15. Find which are the numerically greatest terms in the expan- 
sions of -the following : 

(i) (1 + 2x) 9 if x=i ; (ii) (1 -f 2a;) 9 if a; = 3 ; 

(iii) (7 + a;) 89 if x ~3 ; (iv) (1 -f 3a;) 7 if x = £ ; 

(v) (ax - by) 10 if a = 2, b = 5, x = 3, y = J ? 

1G>. The expression (3-f5) 20 is * expanded by the binomial 
theorem. Prove that each of the 2nd, 3rd, ... , 10th terms is 
more than double the term which precedes it, and that each of 
the 11th, 12th, ... , 21st terms is less than double the term which 
precedes it. 

17. Prove that the coefficients of x 2 and X s in the expansion of 
(x % + 2x + 2) n are 2 n-1 . n 2 and -Jn(n a - 1) . 2 n ~ 1 . 


18. Find the term independent of x in the expansion of 
19 Expand (x (a? -~) in descending powers of x. 


20. Expand (l + x +x 2 ) n in ascending powers of x as far as a£. 

21. If a r is the coefficient of x r in (1 + bx 2 +ca; 8 ) n , prove that 
2na 4 =(n - l)a 2 2 . 

22. Find the coefficient of x r in the expansion of 

(i) (1 -x)(l +x) n ; (ii) (1 + 2a; + a?*)(l +a;) n . 

23. Prove that 

(1 +*)*• -2nx(\ +ar)*"- 1 + 2n ( 2 ""I 2) x a (l +*) !n - 2 

— i?? — — --^**(1 +x) tn ~* + ...(» + !) terms 


equals (1 - x % ) n . 
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24. If n is a positive integer, prove that 
( 1+w+ ^^ + ”fr-y- l) + .,,} x 

{l + 2n + 2n{2, 2 \ - - 1 > + 2n (2n ~ 1 / 2n -* ) + ...} 
equal8 , +3n + ^rJJ + 3ni3n-^(3n- -2) + _ 

25. (i) If (%i+?/ I +Zi)(z 2 +l/a+z a ) ■■■ (x„+y n +z„) is expanded, 
find how many terms contain p factors x, q factors y, r factors z, 
where p 4- q 4- t = n. 

Hence find the coefficient of x v y <J z r in the expansion of 
(x +y -f z) n . 

(ii) What are the coefficients of x?y, x*y a , xhjz , xyzw in 
(x +y + z +M)) 4 ? 

1 / \\n 

26. Find the coefficient of - in the expansion of ( 1 4- x) n ( 1 -f-- ) . 

x \ x/ 

27. Find the coefficient of x r in the expansion of 

(^ + 2)H(x + 2) n ~ l (x 4- 1 ) + (x + 2) n " 2 (.r 4- 1) 2 -f ... 4-(x 4- l) n . 

28. If (1 4-* 2 ) 2 (l 4-»r) n = 
n 2 are in A.P., show that 
find them. 

29. If the middle term of the expansion of (l+.T) 2n is the 
greatest term, prove that x lies between 1 - ^ ~ j and 1 

, Relations between Binomial Coefficients 

For the rest of the chapter, we shall for simplicity denote n C r 
by c r . 

Thus (1 4-#) n ==c 0 +CjX +c 2 x 2 4- ... +c r x r + ... +c n x n . 

Here, c 0 , c lf c 2 , ... , c n are called binomial coefficients. 

In the expansion of (l + x) n , 

(i) the sum of the coefficients is 2 B , 

(ii) the sum of the coefficients of the odd terms equals that of 

the even terms, each being 2*” 1 , 

(i) In the expansion of (1 +x) n , put x = 1 ; 

( 1 4- 1 ) n == $o 4- Cj 4- c 2 4- . . . + p 

c # + c 1 + c a +...+c a =2 ,l . 


a 0 +a v x +a 2 x 2 + a 3 a; 3 4- ... , and if a 0 , a i9 
there are two possible values of n and 
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(ii) In the expansion of (1 + x) n , put x = - 1 ; 

(1 - l) n =c 0 -c x +c 2 - l) n c n ; 

.*. C® +C a 4-C 4 4- ... =C 1 4-C 3 4*C S 4- ... . 

But the sum of all the coefficients is 2 n f 

e 0 4-c 2 4-c 4 4-... =(| of 2 n )=2 n ~ 1 . 

Note . An alternative proof of (i) was given on p. 16. 


Finite Series involving Binomial Coefficients 

The most useful methods of summation may be classified as 
follows : 

(i) Express the series as the sum of two or more binomial 
expansions. 

(ii) Obtain the series by differentiation or integration of a 
finite series whose sum is known. 

(iii) Build up a function in which the given series is the coeffi- 
cient of a particular power of the variable and evaluate this 
coefficient in an independent manner. 

The following examples illustrate these methods. 

«/] Example 4. Sum the series 

c 0 +2 c x x + 3cjj# 2 4- ... 4(n4 l)c n x n . - 

First Method 


The series = (c 0 -|- c x x 4- c 2 x 2 4- ... 4- c n x n ) f (c x x •+■ 2 CjX 1 4- ... 4- nc n x n ). 
The first bracket = (1 +x) n ; 
the second bracket 


= n* + 2 . n - {n ^ x> + 3. n {H - ^ 2 ) 


X s 4- 


= nx{l +(n- \)x+ — x 3 + ... +a: n -i} 


—nx( l 4-x) n ~ 1 . 

theseries =(1 4-x) n 4-nx(l 4-x) n “ 1 . 


Second Method 

c 0 x 4- c x x 2 4-c 2 x* 4- ... 4- c/ +1 5X ( 1 4* x) n . 
Differentiate each side w.r.t. x ; 

c 0 4*2 c t x 4- 3«2^ a 4* ... 4-(n 4- l)c n x n = (1 4-x) n 4-nx(l 4-x) n ~ 1 . 
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Note. The sum of the series 

Cq 4 2 c x +3 c 2 4 ... +(n 4 1 )c n 
is obtained by putting x — 1. 

The sum = (l4l) w 4ft(l4l ) n ~ l = 2 n 4 n . 2 nl -:(w + 2) . 2 n ~ 1 . 
Example 5. Find the value of 

(i) c 0 2 4 Cj 2 +c 2 2 4... 4c n 2 ; (ii) c 0 c 1 4 c 1 c % 4c 2 e 3 4 ... 4 c n _ 2 c n . 

(^o + CjX-f c 2 # 2 4 ... 4 c n x n )(c 0 -fc r T t c 2 rr 2 f ... +c n a? n )s ( l 4#) n (l 4 .r) n . 


(i) The coefficient of x n on the left side 

~ c 0 c n + c l c n - 1 "t c 2 c n~ 2 * + C 7i C 0 

= c 0 2 -f c 2 2 +c 2 2 + ... +c n 2 , since c r =c^_ r . 
r () 2 4-Cj 2 4 ... 4c w 2 equals the coefficient of x n in (1 +x) 2n , and 


this is 2n C n 


_(2n)j 

~ft! ft! * 




( 2n) ! 

n! ft! * 


' (ii) The coefficient of x n ~ x on the left side 


= C oVl + c l<>n-2 +C 2 C n _ 3 + ... 4C n __ 1 C 0 


~c 0 Cj -t CiC 2 4 c 2 c 3 4 - ... 4c n _ 1 c w , since c r = c„_ r 
-coefficient of a;”*" 1 in (1 + x) 2n 

- r -- < 2 “> ! 

” an w -i (ft - 1)! (ft 4* 1)! 

Example 6. the series 

c x 4 2 2 c 2 x 4 - 3 2 c 3 .t 2 4 4 2 c 4 a^ 4- ... 4 ft 2 c u ct ,n_1 
and deduce the value, if ft >2, of 


c, -2 2 c 2 + 3 2 c 3 -... 4- ( -l)*-*nV 


C 0 4 C^C 4 c 2 X 2 4 C 3 :r 8 4 . . . 4 C n x n == ( 1 4 .r ) n . 
Differentiate w.r.t. a?, 

c j 4 2c a a; 4 3c 3 x* 2 4 ... 4 nc n x n ~ 3 = n ( 1 4 a:) n “ 1 ; 

. c x x 4 2c 2 x 2 4 3c 3 .4 3 4 ... 4 nc n x n == nx ( 1 4 x)”- 1 . 
Differentiate w.r.t. x, 

.’. Cj 4 2 a c a & 4 3 2 c z x 2 4 , . . 4 n 2 c n x fl ~ 1 

=zn( 1 4#) w “ 1 4 ft (ft - l)x(l 4a?) n ~* ; 
the sum =n(l 4«) n ~ a (l 4na?). 
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If x= -1, (l4-x) w ~ 2 =0 for n > 2 ; 

.*. c r 2 2 o 2 4-3 2 c 3 -... + (-l)»~ 1 ^ n =0. 
Examp\e 7. Prove that 

c i “ J c 2 + i c s 1 ) n “ x c n = 1 4- i 4- i 4- . . . + ~ • 


1 +c t x 4 c 2 x 2 4-e 3 x 3 4- ... 4-c n x n ==(l fx) n ; 

n i-x^ n - 1 

C J +c 2 x+c 3 x 2 4-... +c n x n ~ 1 ^ y - . 

I £ a n x 

Integrate from x~ - 1 to x = 0. 


c x -|c 2 +Jc 8 4 ... 4 ( - l) n ~ ] 


] 


f° (1 4- x) n - 1 . Cv” - ] . 

= 3 -£ dx - 2- — f dy , where 1 4-x =y, 

j~i .’o y — 1 

= f (I 4-?/4-^ 2 4 ... -4- 2/ n ~ 1 )o?2/ 

Jn 


•i+i +*+... + 5 . 


EXERCISE II. c 

1. What relations are obtained by putting (i) x = 2, (ii) x = - 2 
in the expansion of (1 4-x) n ? 

2. What is the sum of the coefficients of the powers of x, in- 
cluding x°, in the expansion of (i) (1 l x) 8 ; (ii) (1 +x 4-x 2 ) 6 ? 

3. If ( 1 4- 2x 4- 2x 2 ) 3 s= a 0 4- a t x 4- 4- ... 4- a e x 6 , find the values 

of (i) a 0 4-Oj 4 -a 2 4 ... +a 6 ; (ii) a 0 4 a 2 4-a 4 4-a G ; (iii) oq 4-a 3 4a 5 . 

4. Expand (1 - 2x 4- 3x 2 ) 5 in ascending powers of x as far as x 4 . 
Find in the complete expansion (i) the algebraic sum of the 
coefficients of all the powers of x, (ii) the sum of all these coeffi- 
cients, each taken positively, (iii) the algebraic sum of the 
coefficients of all the odd powers of x. 

5. Prove that (1 4-Cj 4-c a 4- ... 4-c n ) 2 equals 

1 + 277^1 +271^2 4 ••• +2n^2n* 

6. Obtain relations by equating the coefficients of x r in the 
expansions of each side of the following identities : 

(i) (1 4-x) n41 ==(l 4-x) (c 0 4-CjX 4-... 4~C n x n ) ; 

(ii) (1 4-x) n+2 == (1 4- 2x 4-x 2 )(c 0 4 -CjX 4- ... 4-c n x n ) ; 

(iii) (I 4 -x) w + 8 =(1 4- 3x + 3x 2 +x 8 )(l 4-x) n . 

7. Prove that (i) c t 4-2c 2 4-3c 3 4-... +nc n -n . 2 n_1 . 

(ii) Cj - 2 c 2 4- 3c 8 4- ... 4 ( - l) n-1 nc n ‘=:0. 
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8. ^ What is the value of c 0 - 2c 1 + 3c 2 ~ ... 4-( - l) n (n 4- l)c M ? 

n ,1 . x 2 x 3 * x n +* 

9. ' «um the series c 0 x 4- c x 7> - + c 2 ^ 4- . . . 4- c n . 

o W -f- J 

Prove that c„ + icj +ic 2 + ... + n *_ { c n = -*-j (2 nH - 1). 

[For a calculus method, use integration.] 

10. Sum the series 


(i) c 0 4- c 2 x 2 4- c 4 x 4 + . . . 4- c n x n , n even ; 

(ii) c 0 4-c 2 x 2 4-c 4 x 4 4- ... H-c^x 71 * 1 , n odd. 

11. Use the identity (1 4-x) n (l -x) 7l ^(l -x 2 ) n to show that 


C i *-0i*+C l *-...+(-I)«C fl *=(-l)»» 

if n is even. 

What is its value if n is odd ? 


n! 

(\n)\ '({n)\ 


12. Prove that c 0 c r - CjC^j 4-c 2 c r _ 2 

( _ 

' ' (|r)! (a -Jr)! 

What is its value if r is odd ? 


-... 4- ( - 1 ) r c r c 0 equals 
if r is even. 


13. Use the identity (1 4-x) m (l 4*x) n = (1 4- x) m+n to prove 
Vandermonde's theorem, 

r/2 C r 4- m O r _i n C ! + rrfir-2 rfi 2 t • ■ • + „C, — m-f r»^ r . 

^14. Prove that 

C 2 4- 3c 3 4 5c 6 4- . . . = 2c a 4- 4c 4 4- 6c 6 4- . . . — n . 2 n ~*. 
d5. Prove that c 0 4- 3cj 4-5c 2 4- ... 4-(2n 4- l)c n ~(n -f 1) . 2 n . 


*T6. Prove that c 2 -t- 2 c 3 4~ 3c 4 4- . + (n - ] )c n = 1 4- (n - 2) . 2 n ~t 

*17- Prove that c, 2 -2c 2 2 + 3c 3 a + . . . + nc„- = ' 

18. Prove that 


c 0 2 4- 2 c x 2 +3 c 2 2 f ... 4(n4 l)e n 2 


(n 4- 2) . (2n - 1) ? 
n! (n - 1)! 


19. Find the sum of the coefficients in the expansion of 
(i) ( 1 4- 2x) 5 ; (ii) (3x 4- lyY ; (iii) (1 4-x 4-x 2 ) 4 . 


20. Prove that 

a 4c x (a +d)x 4-c 2 (a 4- 2 d)x 2 4- ... 4-c n (a +nd)x n 
equals (1 4-x) n “ 1 [o(l + x)4- ndx]. 

21. Expand x p (l 4-x c ) w , where p, q , n are positive integers, in 
powers of x. What identity is obtained by differentiating w.r.t. 
x ? Deduce special results by putting (i) x = 1, (ii) x = -l. 
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22. Use the binomial theorem to prove that, if n is a positive 
integer, (l + ~)” +1 > (l +*)"• 

23. Obtain a relation from the identity 

{(1 + x) 2 -l} 2n ~x 2n (2+z) 2u 

by equating coefficients of x 2n in the expansions of the two sides. 

24. Prove that c 0 +2 2 c t x + 3 2 c 2 x 2 4- ... 4- (n 4 1 ) 2 c n x n equals 

( 1 4 - %) n + 3 nx ( 1 4 - xf 1-1 4 - n (n - 1 )x 2 ( 1 + x ) n ~ 2 . 

25. Prove that c 1 4- 2 3 . c 2 x 4- 3 3 . c 3 x 2 4- . . . 4- n*c n x n ~ l equals 

n( 1 4-z) n “ s [l +(3n - l)x 4- wV]. 

26. If ( 1 4* a? 4- # 2 ) w e= a 0 + a t x + a 2 # 2 + . . . 4 </ r ^ r 4* ... 4- a 2n x 2n , 

obtain expansions by writing (i) - for x y (ii) -x for x> and show 
that a r -a 2n _ r . t x 

What is the expansion of (1 +x 2 +x x ) n ? 

Use the identity (1 -\~x 2 +;r 4 ) w = (1 -f x + a? 2 )”(l - x 4-# a ) n to prove 
ffiat a 0 2 - a/ 2 4- a 2 2 - ... 4-a 2n 2 ~a n . 

27. With the data of No. 26, find the value of 

(i) a 0 4- 4 * a 4 4 - . . . 4 -a 2n ; 

(ii) a 0 4-2#! + 3a 2 4-... 4-(2n-f- l)a 2n . 



CHAPTER III 
FINITE SERIES 


Functional Notation 

Any expression, involving the variable x , whose value can be 
determined when the value of x is known, is called a function of x , 
and may be represented by the symbol f(x) or F(.r) or <p(x), etc. 
Thus /(a?) is shorthand for the words “ function of x .” 

Suppose f(x)= 3.r 4 4;r 3 -f 1, then /( 2) represents the value of 

the function when x -- 2. 

Thus jf(2) — 3(2) 4 - 4(2p + l = 48 - 32 + 1 - 17. 

Similarly, 

/( ~ l)-3( l) 4 -4( - 1) 3 + l =3 + 4 + 1 =8, 

/(0) — 3(0) 4 - 4(0) 3 -t 1-1, 

/(a: -F h ) -- 3 (# + h)* - 4 (a: + h ) 8 + 1 , and so on. 


Example 1. If 

<>) /( 2x), 


2x 3 , find the values of 
(ii)/(.r + l). 


<i)/(2*> = -2(2*)’ 


20.r 


(ii)/(.T4 1) = 


4a? 2 - 1 
10(a? + 1) 
(a? + 1 ) 2 - 1 


1 6 .r 8 , 


2£r+l) 8 


= j°e+i ) _ 2 3 

x 2 +2x 

2 Notation 

A series of terms is completely defined if the rth term is given 
as a function of r, for all positive integral values of r. This term 
may be represented by /(r), but it is often more convenient to 
denote it by u r . Also if 

s n ~u l +u 2 + ... +u r + ... + w n , 
s u is called the sum to n terms of the series, and we write 


n 

= S w r 

r=l 


1 


35 
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The 2 notation is a shorthand method of representing the 
sum of a number of terms of the same type. 

Thus |v*sl 2 + 2 2 + 3 2 + ... + n 2 ; 


\r 2 ~k 2 + (k + l) 2 + (k + 2) 2 + ... -f n 2 ; 


A 

V a ' - q i | a 2 , 
7 .r - a r a: -04 # -u 2 1 


EXERCISE III. a 

l. If f(x)~x 3 ~h3, find the values of /( 1), /( 0), /( - 1 ), f(2a) t 

/(3»). 

v 2. If F(;r)==.r 2 - 3.r 4 2, find the values of F(0), F(l), F(2), 

Fg), F (x-l). 

^ 3. If <p(.r)=s 10*, find the vajues of <p(l), <jp(2), <p(0), <p( -1), 
<p{-x). 

y 4. F ind the values of — IS—} if ( i ) f(x)==x 2 , (ii ) / (x ) s * . 

What expressions are- represented by the symbols in Nos. 5-10 ? 

2r(r + l). 6. fr!. 7."l\r + l)x r . 

1 no 

2 n n 

8. S( - l) r+1 r 2 . 9. 2{(r+])»-r»;. 

l l 

10. lf(r) where (i)/(r)=J, (ii) /(r)= log r. 

1 T 

Use the 2 notation to express the sums of Nos. 1 1-14. 

11. 1.3+2. 4 + 3. 5+4. 6 + ...,n terms. 

12. 1 -J +J -J + ..., 2n terms. 

13 ' n* + (nTiJ 2 + (n + 2) a+ " , + (2 n) 1 ' 

14. f(a) -/(a +^) +f(a + 2h) - ... n terms. 
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What are the values of the series in Nos. 15-21 ? 

n 2n n 

15. 2>. 16. 2(2r-l). 17. 

1 n 2 > = 1 


18. 2{a + (r-i)rf}. 

r = l 


19. |log^±i. 

m 


20. 2{/(r + l)-/(r)}. 

l 


21. Z{/(r-l)-/(r)}, 


22. If /(r)~ Jr (r + 1 )(r -f 2), prove that 

/W-/(r-l)=r(r + l). 

n 

Does this help you to find the value of ]£>(** + 1) ? 

l 

23. If f(r)=~, prove that f(r) -f(r + 1 ) yyy 

Does this help you to find the value of ? 

n 2n 

24. Given that X? ,3 = in (i) 2 (n + l) 2 , find the value of 2>®* 

l n 

v 

25. Given that 2>(r + 1) = \n(n + l)(n -+-2), find the values of 

(i) 5>(r- 1), (ii) 2 r{r + 1). 
l l 

26. If u f is the rth term of an A.P., prove that 


is independent of n. 


w 2 - 2w 2 


Summation of Series 

There is no general method for summing series, nor is it even 
always possible to express the sum to n terms as an elementary 
function of n. No such expression, for example, exists for the 

sum of the harmonical progression, 1 + £*fJ+£ + ... + - • 

Formulae for the sums of Arithmetical and Geometrical Pro- 
gressions have been given in Part III, A New A Igebra , Ch. V, and 
various series involving binomial coefficients have been summed 
in Ch. II ; we shall now discuss some other simple types. 

The Difference Method 

If it is possible to discover a function f(r) such th^r 
u r =/(r + l)-/(r), 

it is easy to sum the series to n terms. 
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We have 

Mi =/( 2) -/( I ) ; «, =/( 3) -/(2) ; u 3 =/(4) -/(S) ; 

V I =/(») -/(« - 1) ; u n = f( n 1 !) -/(”)' 

y 3 + ... +M n :: f (n 4- 1 ) —/(l) 

r £«,=/(» + 1)-/(1). 

t 

Example 2. Sum to n tormB 


l . 2 + 2.3 + 3.4 + " 

The rth term, u r = - - ---- = * - A - . 

1 r (r 4 - 1 ) r r 4- 1 

U x 4- 11$ -f- ... -M/ m 

= (i-i)+(4 -*> + <! -*>• 

i n 


= 1 - 


4 - 1 ??■< 1 ' 


\n n + 1/ 


To sum the series 

l 2 4- 2 2 4- 3 2 4- 4 a 4- . .. 4- li 2 . 

The series IV 2 can be summed by means of the identity 
(r 4- J) 8 - ( r - D 8 =etc. 

But to avoid fractions, we write 

(2r + 1 ) 3 - (2r - 1 ) 8 = 2{3 (2r) 2 4- 1 } - 24r 2 + 2. 

If r = l/ 24 . I 2 {- 2 ~ 3 3 I s . 

If r 2, 24 . 2 2 4- 2 — 5 3 - 3 8 . 

If r 3, 24 . 3 2 + 2 = 7 3 r> 3 


If r=n, 24 . n* + 2= (2n 4- 1) 3 ~(2n - l) 3 . 
by addition, 

24(1 2 4 - 2 2 4- ... 4 n 2 £ 4- 2n = (2n 4- 1 ) 3 ~ I ; 

242> 2 = 8?t 8 4- 12n 2 4- 4 n ; 

1 

.*. 2> 2 — Jn(2n 2 4-3n 4- 1) ; 

2r 2 -=Jn(n 4- l)(2n f 1). 

For an alternative method, see p. 40. 
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To sum the series 

1*4 2*4 3*4 ... 4 n*. 

{r(r 4 - 1)} 2 ~ {(r - l)r} 2 ~(r 2 4 r) 2 ~(r 2 -r) 2 =4r*. 

Thus 4 r* ~f(r 4 1) - f(r ) where f(r) ={(r - ] )r} 2 . 

as before, putting: r — 1, 2, 3, ... , n, and adding, we have 

<*5> 3 ~/(n I- 1 ) ~/( 1 ) = {n (n 4- 1 )} 2 - 0. 

l 

-{Jn(n 4- 1)} 2 . 
l 

It is easy to remember the sum of this series, because it is the 
square of the sum (1 -r 2 4-3 4-... 4 bn). Also the form of the sum 
suggests the “ difference ” which it is most convenient to use. 
For alternative methods, see pp. 40, 42 and Ex. III. e, No. 26. 

To sum the series 

(i) 1 . 2q-2 . 34-3 . 4+ ... + n(n4- 1) ; 

(ii) 1 .2.34-2. 3.443.4. 5+ ... + n(n+ l)(n + 2). 

(i) r(r + l)(r + 2)-(, - l)r(r 4l) 

= r(r 4 l){(r 4-2) - (r - 1)} = 3r(r4l). 
as before, putting r = 1, 2, 3, ... , n, and adding, we have 
3{1 . 24 2 • 3 4 ... +»(n + l))=«(»4l)(» + 2)-0. 

.*. ^r(r+l) = Jn(n+l)(n 42 ). 

(ii) r(r 4 l)(r 4- 2 )(r 4 3) - (r - l)r(r 4 l)(r 4 2) 

=r (r 4 1 ) (r 4 2) { (r 4- 3) - (r - 1 )} = 4r (r 4 1 ) (r 4 2 ) . 
putting r — 1, 2, 3, ... , n, and adding, we have 
4{1 . 2 . 3 42 . 3 . 44 ... +w(n + l)(n + 2)} 

* = n(n 4 l)(n 4 2)(n 4 3) - 0. 

/. Xr(r4 l)(r4 2) = Jn(n4 l)(n4 2)(n+ 3). 

This method can obviously be applied to other series of this 
type. Thus we have 

2' r(r 4 l)(r 4 2)(r 4 3) = Jn(n 4 1 )(n +2)(n 4-3)(n 4 4), 
and so on. 

The results ai*e easily remembered : but it is advisabh to check 
them , whenever they are used, by putting n = 1. 
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The same method can be applied to the more general series of 
this type : 

(i) a(a +d) + (a +d)(a + 2d) + (a + 2d) (a + 3d) + ... , 

(ii) a (a + d)(a +2d) + (a + d)(a + 2d) (a + 3d) + ... , 
and so on. 

It is important to notice that in all these series the common 
difference between the first factors of successive terms is the same 
as the common difference between the factors of each term. 

The results obtained above may be used for summing the 
series, ^r 2 , ^r 3 , i> 4 , etc. 

Thus r B =r(r-f l)-r. 

n n n 

v r 2 = y r(r + l)-2r 

l 1 l 

= \n(n + l)(n +2) - Jnfn. + 1) 

- jn(n + l)(2n + 1). 

Similarly, since r(r 4- l)(r + 2) = r® + 3r 2 + 2r, 
r z ~r(r + l)(r + 2) ~ 3r 2 - 2r 
=nr(r + l)(r 4 2) - 3 r(r 4- 1) + r. 

2r 3 ~in(n 4- l)(n 4-2)(w 4- 3) - 3 x %n(n 4- 1 )(n 4- 2) 4- \n (n 4- 1) 

•— in (n + 1) {(n 2 + 5n 4- 6) - (4 n + 8)4 2} 

~ J n(n 4- I)(h 2 4 -n) ={\n{n + 1 )} 2 . 

Example 3. Sum to n terms 

1.4. 7+2. 5. 8 + 3. 6. 9 + .... 
u r =r(r + 3) (r + 6) =r (r 2 + 9r + 1 8) 

= r{(r + I) (r + 2) +6r + 16) 

~r{(r + l)(r +2) + 6(r + 1) + 10} 

-~r(r + 1) (r + 2) + 6r (r + 1) + lOr 
•\ 2« r =Jn(n + l)(n + 2)(n4 3) 

+ 6 x £n(n + I)(n+2) + 10 x4n(n + l) 
i n(n + 1 ){(n 2 + 5n + 6) + (8n + 16) + 20} 

~£n(n + l)(n 2 + 13n + 42) 

~in{n + l)(n + 6) (n + 7). 
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EXERCISE III. b 

Sum the following series : 

1. l 2 +2 2 + 3 2 + ... +40 2 . 2. I s + 2* + 3 3 4- ... + 20 8 . 

3. l 2 +3 2 +5 2 + ... + 99 2 . 4. 21 s + 22 s + ... + 50 s . 

5. 2 2 +4 2 +6 2 + ... +(4n) 2 . 6. I 2 +3 2 + 5 2 + ... +(4rc ~ l) 2 . 

7. I 3 + 3 s + 5 3 + ... + (2n-l) 3 . 

8. (n 4 l) 8 + (n 4- 2) 3 f- ... + (2n) 3 . 

9. Express in the form ar(r 4 - 1) 4 -br + c, 

(i) r 2 - 3r ; (ii) 3r 2 +r + l ; (iii) (r + 3)(r - 1). 

10. Express in the form ar (r 4- 1 ) (r + 2) 4- br (r f 1 ) 4 - cr 4 - d f 

(i) r 3 4 r ; (ii) (r 4 - J )[r 4 3)(r 4- 5). 

Find the values of the following sums : 

11. V r (r+3). 12. £r(r 2 ~l). 13. ]£(r+l) a . 

1 1 1 

14. Vr(r 4 - 1 ) (2r 4 - 1). 15. i>(r 4~ l)(r 4 - 3)(r 4 - 4). 

1 l 

Sum to n terms the following series : 

16. 1.3+2.4 + 3.54-.... 17. 1 . 3 + 3 . 5 + 5 . 7 + ... . 

18. 1.11+2.12+3.13 + ..., 19. I 2 . 3 + 2 2 . 4 +3 2 . 5 4~ ... . 

20. 1 . 2 2 4 2.3 2 + 3.4 2 + ... . 

21. 1.2.4+2.3.5 + 3.4.6 4.... 

22. I 2 - 2 2 + 3 2 - 4 2 + ... if 71 . is (i) even, (ii) odd. 

23. Evaluate '2, (n ~r)(r - 1). 24. Evaluate 2 r(n -r 4 - 1 ) 2 . 

r 1 r - 1 

25. Equal spheres are piled in a triangular pyramid so that the 
numbers in successive layers or “ courses , ” from the top down- 
wards, are 1, 1 +2, 14 2+3, 1+2 +3 +4, ... . Find the number 
of spheres in a pile of n courses. 

26. Equal sphores are piled in a pyramid with a square base. 
Find the number of spheres in an incomplete pyramid which lias 
n courses, if each side of the base contains 2n spheres. 

27. Find the number of spheres in a pile on a rectangular base 
whose sides contain respectively 15 and 20 spheres, if the top 
consists of a single row, all the spheres being equal. 

28. Prove that the sum of the products in pairs of the first 
n integers is ifan(n 2 - l)(3n +2). 

29. Prove that the sum of the products in pairs of the first n 
ot. j integers is Jn(n - l)(3n 2 -n - 1). 


P.A.A. 


D 
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30. If ( a 4 -rd) and if s 2 — 2 (« + rd) 2 , prove that 

r l r~l 

12(ns 2 

31. Use the identity r»(r + 1)* - (r - l)V=6r s 4 2r* to evaluate 


Ny. 

T 

32. If /(?•)— r 2 (r - l) 2 (2r - 1), .simplify /(r + 1) - /(r). Hence 
evaluate 

i 

Method of Induction 

1 he principle of this method has been explained on p. 22. It 
can only be employed for proving a stated result. 

Example 4. Prove by induction that 

l 3 -! 2*4-3* + ... 4 -»*-}>/*(?/ + 1)2. 

W e first show that if the formula is true for any special value 
a /<\ then it is also true for n ~ l' + ] . 

k 

Suppose that Vr* ~ + 1 ) 2 . 


Then 


k i 1 k 

2 ***=5>® + (£ + i)* 

i i 


— + 1)* 4- (A* + 1 )* 

~ i (^ + 1 ) 2 {& 2 4 4 ( A' + 1 )} 

= *(* + -l) 2 (A* +2)2. 

if the formula is true for » *, it is also true for n-^lc + 1 

But it is true for n =1, because )» *. R 2 * • ... it ia true for 

!' ; ■ ■ ; n = , 3 ’ tt , nd 80 ° n - Therefore the formula is true for all 

positive integral values of n. 

start’ 6 u PPlUati °r ° f indUCti ° n ^ 8u “io„ of series is sub- 
slant, ally eqmvaient to the difference method. For if the state- 


u x + w a +w 3 + ... +u n ™/( n ) 
is true for all positive integral values of n, then 

Ul +W 2 +U 3 + ... +W n _ 1 ~ 1). 

.’. by subtraction, =/(n) -/(n - 1), 
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This gives the necessary “ difference ” relation, and when it 
has been proved to be true, the work can be set out in the ordinary 
d i ff eren ce -manner . 


EXERCISE III. c 

Prove the following results by induction : 

1. |r(r + l)=Jn(n + l)(n + 2). 

2. £r(r + 2)=£n(n + l)(2n + 7). 

l 

4. 2 (2r - l) 2 =Jn(4n 2 - 1). 

l 

» 1 n 

6 - “ (3r - 2) (3r TT) = 3n+ l 

7. 1 2 — 2 2 -h 3 2 — 4 2 -f- . . . to n terms = i ( - 1 ) n_1 n(n + 1 ). 

8. l.l!+2.2!+3.3! + ... to n terms = (n + 1 ) ! - 1, 

9. |(r» -r)=Jn(n + l)(n-t2)(n-I). 

n 4 2 

10 - f r(r"+ 1 ) (r + 2) = 1 ~ (n+T) (n + 2)‘ 


3 v - = — 

^ r (r + I ) n + 1 

* 1 n 

f 4r 2 - I 2n + I 


11. l(r 2 + l).rl^ n .(n f 1)!. 
1 


12 . 


8 


12 16 


1 


0-5.7 + 77»-- to n terms = i + ( - 1 ) n_1 • 27T+T 

13. If n and r are positive integers, prove that 

. ,”(” + 1 ), , n(n + l)(n + 2)...(» + r-l) 

!+«.+ — gT" + ••• + 7 — Ti 

equals ±I_). 

14. If w r+1 =2w r + l for all positive integral values of r, prove 

n 

that u n + 1 = 2 n “ 1 (u x 4- 1 ). Also find the value of 2 u r if u x — 1 . 

l 

it T , ^ 3 3 , 3 3 , , . 

15. If 4 — — ~u x + — ~u 2 + -- —u 3 + — = ... , prove that 

Wj Wj Wg 

3n+l_ 3 
“n -3,1+1 _ f 
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16. If /(n)s3 2n + 7 where n is a positive integer, prove that 
f(n + l)-f(n) is divisible by 8. Hence prove that 3 an + 7 is 
divisible by 8. 

17. If/(n)s(3n ■+■ 1) . 7 M - l wliere n is a positive integer, prove 
that f(n *f 1) -/(n) is divisible by 9. Hence prove that /(n) is 
divisible by 9. 

18. If w, =0 and if u n4l — (1 -x)u n +nx for all positive integral 

values of n, prove that u n - 1 + (1 ~x) n ). 

19. Jf 2ii l -a + b, 2u 2 ~b +u l9 2u 3 ~u 1 +a 2 , etc., prove that 
3w n -«{l-(-*n+6{2 + (-i) n }. 

20. If 8 r is the sum of 1c terms of an A.P. whose first term is r 

m 

and common difference 2r - 1, prove that '2s r =^km(km + 1). 

l 

Power Series 

The simplest series in ascending powers of a variable x is the 
series in which all the coefficients are equal, namely the geo- 
metrical progression, a+ax -far 2 + ... + ax n ~ l 9 whose sum is 

a(l ~x n ) 
l-x ' 

Other power series have been discussed in connection with the 
binomial theorem in Ch. II. We shall now consider series where 
the coefficient of x r is a rational integral function of r ; the 
method used for summing a G.P. can be extended to such series. 
We first take the case when the coefficient of x r is a linear function 
of r ; this is sometimes called the arithmetico-geometric series. 
It will be found that the product of s n and 1 -x reducas to a 
G.P. together with extra terms at the beginning and end. 

To sum the series 

a+(a+d)x+(a+2d)x a + ... + [a+ (n- 1) d] x ni . 

s n —a + (a +d)x -f (a + 2 d)x 2 + ... -f [a + (n - 1 )d] x n ~ 1 . 
xs n =ax + (a +d)x 2 + ... +[a + (n - 2)d]x n “ 1 + [a +(n - 1 )d]x n ; 
s n - xs n - a+dx - f dx 2 + ... + dx n ~ l - [a + (n - 1 )d]x n ; 

»n(' - * )~n +- X ~\~ — J - [a + (w - l)d]x n ; 

. ^ a -[a + (n - l)d]x n t dx(l ~ x 11 * 1 ) 

8 „~ 1 -a: + ~(T^*j i 
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Similarly, if the coefficient of x r is a quadratic function of r, it 
will be found that the product of s n and ( 1 - x) 2 reduces to a G.P. 
together with extra terms at the beginning and end. If the 
coefficient of x T is a cubic function of r, the same is true of the 
product of s n and (1 - x) z ; and so on. 

Calculus methods may often be employed with advantage for 
series of this kind, as in the following example ; see also p. 20. 

Example 5. Sum the series, 

s n ~ l 2 4- 2 2 x + 3 2 :r 2 4- ... +n 2 ^ n_1 . 


The coefficient of x r in ( 1 - 2x 4- x 2 ) s n for values of r from 2 to 

n - 1 is 

r 2 - 2 (r - l) 2 +(r - 2) 2 =r a - 2r 2 4- 4r - 2 +r* - 4r 4-4 =2 ; 
s n ( 1 - x) 2 — 1 4- x (4 - 2) + 2x 2 4- 2x 3 + ... 

4- 2x n ~ l + x n [(n - 1 ) 2 - 2n 2 ] + n 2 x n + x . 

«„(1 - a;) 8 = 1 + +x”(I -2 !«-n 8 )+nV*-H; 

. 2# ( 1 - £ n_1 ) 1 - x n ( n 2 4- 2n — 1)4- ri l x n + 1 

• • 8 » + ~~ (i 


Alternatively , as follows : 

x + x 2 4-rr 8 4- ... 4-# n 


.r( l -x n ) 
1 - x 


x - x n + x 
1 -x 


Differentiate w.r.t. x , 


, o 0 5 o i 1 - n + 1 x n x-x n + x 

. . 1 4- 2.t 4- 3x 2 + . . . 4- nx n ~ l = V -1- rs J 

1 -x (1 - x) 2 

050 * x~(n + l)a : n41 x 2 -x n ^ 2 

. . x 4- 2x 2 4- 3x* 4- . . . 4- nx n = — - 4- , , — ,, • 

1 -x ( 1 -x) 2 

If we now differentiate again w.r.t. x , we shall obtain the given 
series and its sum. 


EXERCISE III. d 

Sum to n terms the series in Nos. 1-8 : 

1. 1 4- 2x 4* 3a? 2 4- 4- . . . . 2. 1 - 3x -f 5x 2 - 7x? 4- ... . 


3 1 + | + F 8+ |f + ••• • 


.,23 4 , 

4-1 3 + 3 8 3* + ' 


5. +|(o 4<f) + 4 2d) 4 " (a 4* 3 d) 4* . . . • 

6. x n ~ x - 2 x n ~ 2 y 4- 3a? n “ 3 t/ 2 - 4 x n ~*y* 4- . . . . 

7. 1 4- 3a; 4- 6a? a 4- 10a; 3 4- . . . 4-ir(r + l)x r ~ x 4- ... . 
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8. l+3x + 7x» + 15a:* + ...+(2 r --l)x r ' 1 -+ ... . 

9. What is the coefficient of x r in 

(1 - 2x + x 2 ) . 2 (« + rd) v r 
o 

for values of r from 2 to n inclusive ? 

10. What is the coefficient of x r in 

( 1 - -r) 8 • N (a -f br -f cr 2 ) x r 
o 

for values of r from 3 to n inclusive ? 

n 

11. What is the coefficient of x r in (1 -x) A . 2 r ** r values of 

r from 4 to n inclusive ? 0 

12. Find the value of N(2 r -? ,2 )a' r h 

l 


MISCELLANEOUS EXAMPLES 


EXERCISE III. e 

1. Find the least value of n such that the sum of the first 
n positive integers exceeds 1000. 

2. Sum the series 


3. If/(*)sa: + ^ prove that {/(x)} 8 /(:r») = 3f(x). 

4. If u r — 2* r - 2r - 1, find 5/w r . 

l 

Sum to n terms the series in Nos. 5-8 : 

5. 2.5+5.8 + 8.11+.... 6. 1 . 5 4 3 . 7 + 5 . 9 + . . . . 

7. (n + l) a + (n + 2)*+(n + 3) 2 + ... . 

8. (2n) # + (2n ~ 1 )* + (2n - 2)* + . . . . 

9. If n is odd, prove that 1 +x 2 + x* + ... + x 2n 1 equals 

(1 + # +# a + ... + # w ~ x )(] -x +x 2 - x* + ... + ar n ~ x ), 

10. Find the sum of the series, 

1 .n + 2(n - 1) + 3(n - 2) + 4(n - 3) + ... + n . 1. 
Prove the statements in Nos. 11-16. 


11 • ?(r + ljV 


(n + 1)!' 


12 $■ L-iT : - 1 )* -! ,"-l 

li ' f r! 1+ n! ‘ 
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$ r 2r -i_ 2 " +1 14 £ 1 _ 3 _ 2 n + Z 

la - ^(r + 2)'.~ (n + 2)!* fr(r + 2)~4 27»T+l)(ii +f) 

15. ir*(r + l)=^n(n + l)(n + 2)(3n + l). 

1 

n 2 r 1 

^l+rHr 4 "^ 1 + n + n a 

17. If ^ n == 2 nl - 3n + 5, prove that 

u n = 4 w n _i - 5w n _ 2 + 2t/ n _ s . 

18. If i/j, t4 2 , ^ 3 , ... form a G.P. with common ratio U, find 

n 

in terms of k and u x the value of 2(tq.w r+1 ). 

19. Sum to n terms the series 

1.3. 5+2. 4. 6 + 3. 5. 7 + .... 


20. Prove that 2r log 


r + 1 


log nT - ' 


21. Prove that the sum to n terms of the series 

1 +*(1 +x) + x a (l + X +X 2 ) +x*(l + X+X 2 4-r 3 ) -f .. 
(1 -o; n )(l -rE w +1 ) 

“(1 ~r)(l -x*) ‘ 


equals 


22. Prove that JJ (r 8 4 - 3r 5 ) = Jn 8 (n + 1 )*. 


23, The population of a town increases in such a way that if it 
is N at the beginning of a year, then at the end of the year it is 
a-f&N, where a, b are constants. Show that, after the lapse of 

k years from the time when it was N, it is 


24. If f(x)= (x 2 -x + 1 )*/(x -a 2 ) 2 , find the values of 
/(I -*) and /(^) 

and deduce those of 


25. Prove that \ = - - + — 

x(x + l)(x + 2) x x - 

Hence sum to n terms the series 

1 3 5 


5 

x + 2* 
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26. Find the number of terms in the first (n - 1) brackets of the 
series, 

(1) +(3+6) +(7+9 + 11) +(13 + 15 + 17 + 19) + ... . 

What is the first term of the nth bracket ? What is the sum of 
the series in the nth bracket ? 

n 

Hence evaluate 2 r z . 

l 


27. If UnUn ± 1 | Un + u n± i ) ^ — i n , for all positive integral 

*i nJt - " " - L ' w ^ " 


u n u m ^ j - 3 a(u n + w n+ 


...... hi) + 

values of n, prove that 



( w n -«)(Vl 
Hence prove that 


3 (n -f 2) 


o) 2(n + 4) 
9(n + 1) 


and that 


(wj -a)(n 2n - a) 4(2n + 3) 


w i^ 2 n + 3a + u 2n ) - Sa 2 _ 2n 
u i u 2n ~ 3 a (u 1 + u 2n ) + 3 a 2 ~n + 3* 


28. Simplify 


1 


1 


29. Simplify 


r(r + 1) (r + l)(r + 2)‘ 
n 1 

^r(r + l)(r + 2) 


Hence evaluate 


1 


Hence evaluate 


r(r + l)(r +2) (r + l)(r + 2)(r + 3)’ 
« 1 
t r(r 4- l)(r +2)(r + 3)* 


30. If f{r)~ 3r 4 (r - l) 4 - 4r 8 (r - l) 3 , simplify f(r + 1) -f(r) and 

n 

deduce the value of 

1 

31. If /(r) = r 3 (r-l)3(2r-l)-r 2 (r-l) 2 (2r-l), simplify 

n 

f(r + I) -f(r) and deduce the value of 

l 


TEST PAPERS A. 1-10 

(i) find V when S =73-45 ; (ii) find S when V = 107-2. 

2. If a, /? are the roots of 2x % - 3# = 7, find the equation whose 

, a @ 

roots are -*» 
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3. Find (i) the coefficient of x n in (1 -x 4-a? 2 )(l +x) 2ri + 1 ; 

/ 1 \ 12 

(ii) the term independent of a? in fa? ) . 

4. In how many ways can 3 cards be selected from a pack of 
52 cards ? In how many of those ways will the cards be of 
different suits. 

5. (i) If u r ~r(2r + 1) f 2 r+1 , find the value of 2) u r . 

(ii) Express in factorials 4n C n . 3n C 2n . 

A. 2 

1. (i) If n“]og3 : iog(^l 4- ]qq) ’ h&d n when r = 3J. 

(ii) Simplify (x^ - 1 4 af^)(a?^ + 1 + aT^). 

2. Find r if x 4- 1 is a factor of a* 3 4 -cx 2 ~ 5x - 6, and in this case 
find the other factors. 

n 

3. (i) If 2£w r — 2n 2 4 3n for all values of n, find u n and the 

l 

2 n 

value of 2] u r - 

71- i-l 

(ii ) Sum to 2 n terms, 2.54-3.6 4-4.7 + .... 

4. How many numbers greater than 6000 can be formed with 
the digits 3, 4, 5, 6, 8 if no digit is repeated ? How many of these 
are odd numbers ? 

5. (i) Find the coefficients of x 2 and a? 3 in (x - 1 ) 2 " ( x 4- 1 ) n . 

(ii) Simplify {(n 4- 1)! - (n - 1) !} ~~n !. 

A. 3 

1. (i) If r find the least integral value of n for which 

~ — is less than 0 0001. 

1 - r 

(ii) Evaluate x 2 4- 4.r when x — \/ 5 - 2. 

2. The sum of 50 terms of an A.P. is 200, and the sum of the 
next 50 terms is 2700, find the common difference and the first 
term. 

3. (i) Simplify 

(a? 4 - 2 y) 6 - 5y (x 4 - 2y) A 4 - 1 0 y 2 (x + 2y)* 

- 10y*(x + 2y) 2 + 5y 4 (a? + 2y). 
(ii) Evaluate (1-02) 10 to 4 places of decimals. 

4. In how many ways can 4 boys and 3 girls be arranged in a 
line if the girls are not separated. 
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5. (i) Sum to n terms, 3 + 4x + 5a: 2 + 6a: 8 + . . . . 

(ii) Sum to 2n terms, l 2 + 2 3 + 3 2 + 4 8 + 5 2 -f 6* -f- . . . . 


A. 4 

1. (i) If o# 2 ™&+log y/c, find x when a =3-142, 6 = 1-895, 
c = 128-6. 


(ii) Simplify log 8-^log J. 

2 - rf a b = r d j- r rove that 54-ryl 


(o* -<•*)(<■* e 2 ) 


3. In how many ways can the letters in tobacco be arranged ? 
Tn how many of these wavs are there exactly 3 letters between 
the c’s ? 


4. Which is the greatest coefficient in the expansion of 
(3a: -f 4 y) 9 ? What is the difference between the sums of the odd 
and the even coefficients ? 


5. Sum to n terms, 

(i)w(a + l) + (?i + l)(w +2) +(h + 2)(w +3) + ... . 

I 1 1 


(ii) 


n(n + 1)" (n 4 - l)(n + 2) f (n 4 2)(n 4-3) 




A. 5 

1. (i) If W oc r* and if S x r 2 , what is the effect on W of doubling 

S? 

(ii) Find x : y : z if 2x -3 y — 3 z and 2x -f y — 5 z. 

2. If a, ft are the roots of x 2 +qx +r ~ 0, find the condition that 

(i) 2a —3$ ; + J = 

3. If s n denotes the sum of the first n terms of an A.P., prove 
that its common difference is s n - 2,s n+1 +s n+2 . 

4. In how many ways can 12 people take their seats in a row 
of 12 chairs if two of them must be separated and if two others 
must sit next to each other ? 

5. (i) Find the coefficient of x 2n y n z n in (x +y -f-z) 4n . 

- (ii) Find the coefficient of x 2n ~ 2 in (1 -x + 2x 2 ) n . 

(iii) Prove that 2 n+A + 2n+1 C l + an+i c s n terms, =4>" - 1. 

A. 6 

1. Solve (i) 8* = 16; (ii)8* = 13. 

2. Find the values of a, 6, c if, for all values of x 9 

20a? _ a b c 

(x + l)(i - 2)(aT+3)~3? + 1 + x~^2 + x + 3* 
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3. How many even numbers between 100 and 1000 can be 
formed with the digits 4, 5, 6, 7, 8, if no digit is repeated ? How 
many, if digits may be repeated ? 

4. If ?i!=0 and if u r , x ~ ( 1 + x)u r ~rx for all positive integral 
values of r, prove by induction, or otherwise, that 

u n =^J[l+nx-(l +.r) n ]. 


5. (i) What is the term independent of x in the expansion of 




(1 4 * 


(ii) If (1 +3:) n =f„ -t ^lc r x r t prove that 


c Q c % f c,c 3 f c 2 e 4 4... +c n 


(2n)! 


"(n + 2)! (n - 2)! 


A. 7 

1. Write in a form not involving logarithmic notation, 

(i) 2 logo- 3 log& = 2 ; (ii)clog3 = 4; (iii) logo; — y log 2 + 1 • 

2. What is the greatest value of 

(i) 5-(2*-]) 2 ; (ii) 8x~3x 2 ? 

3. How many integers are factors of 2 4 . 3 2 . 5 8 . 7, excluding 1 
and the number itself ? 


4. 


5. 


(i)If f(r) = ~, prove that f(r) -f(r + 1 ) == - 2 ^“{y 2 , and 

deduce the sum to n terms of 
3 ( 5 7 

p 2 2 1 2 2 . 3* * * * * 

(ii) Evaluate -r)(r 4 2). 

1 

(i) Find the greatest term in the expansion of (3 4 5x) 10 when 
x~\. 

(ii) If (1 4x) n = 1 4wC/, find the value of 

2c x - 3c a 4 4c 3 ... 4 ( - l) n+1 (n 4 l)c n . 


A. 8 

1. Solve, correct to two places of decimals, 

(i) x 4a? \/3 =8 ; (ii) x 2 +x \/3 =8. 

2. If (s - a) : (s - b) : (s -c) = 1:7:4 and if « =J(o 46 4c), find 
a : b : c. 

3. (i) Find the sum to n terms of 

1 4(3 454 7)4(9 4 11 4 13 4 15 4 17) 4 ... . 

(ii) Find a relation between p, g, r if these numbers are the 
2nd, 9th, 11th terms of a G.P. 
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4. In how many ways can n unlike things be arranged in a row, 
n > 6, so that 4 particular things are separated ? 

5. (i) Find the value of 2£ n C r a; r (l +x +x 2 ) n ~ r . 

1 

(ii) Prove that 3 2n+4 - 2 2n is a multiple of 5, if n is a positive 
integer. 

A. 9 

1. Factorise 

(b +c){(c + a) 2 - (a -f 6) 2 } +(c +a){(a +b) 2 - (b + c) 2 } 

+ (o +6){(5 -f-c) 2 - (c 4- a) 2 }. 

2. (i) Solve \/(2x -f 1 ) 4- \/(2x - 2) =3. 

(ii) Simplify 9 2w + 1 . 3 1 - n -f27 n + 1 . 

3. There are 3 sets of parallel lines containing respectively 
p lines, q lines, r lines. What is the greatest number of parallelo- 
grams that can be formed by the system ? 

4. (i) Prove that 2 r | r + A)(l) r =' 1 „ ^(i)" 

(ii) Sum to n terms, (i) if n is even, (ii) if n is odd, 
l 3 - 2 3 4- 3 3 - 4 3 4 . .. . 

5. Prove that 


nC *l +nx + * , ° a 


J_+ 2x 

(1 +nx) 2 


1 +3x 
3 (1 -\nx)*' 


A. 10 

1. Simplify (i) \/(73-40v3); (ii) log 125 — log 25. 

5 

2. Prove that the value of . yr-y cannot be between - 1 

(» + l)(r -1) 

and -4. Sketch the graph of this function. 

3. (i) In how many ways can 12 people be arranged at 4 similar 

round tea-tables, each of which holds 3 people ? 

(ii) There are p letters a, q letters 6, r letters c. How many 
selections of k letters can be made from them if 
(i) k <p <q<r, (ii) p <k <q < r ? 

4 . Proye that the sum to n terms of the series, 

111111 
2 ' 1* . 3* 3 2 3 . 4 s + 4 3 1 . 5* + " ’ ’ 

ie . 1 1 _ 

16 4(n + lj*(n + 2)*' 

5 . If (1 -fx) n =~r 0 f^c r rr r , 

(i) prove that Jc, + iy + Jc 6 + ... ! 

1 • 

n + 1 6 ”' 


(ii) find th$ value of c 0 - 4- Jc a + ... + ( - l) n 
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LIMITS AND CONVERGENCE 

Sum of a Series 

We have investigated in Ch. Ill expressions for the sum to 
71 terms of various series, using the notation 
s n -u x -fw 2 +M 3 + ... +M n . 

Here n is necessarily a positive integer, and s n is called a function 
of the positive integral variable , n. The object of this chapter is to 
discuss the behaviour of 

*'„=/■(«) 

where n is allowed to take integral values which increase in- 
definitely, that is, to take the values 1, 2, 3, 4, 5, ... and so on 
without end. 

The special case, where u j, w 2 » w 3 > ••• are terms of a G.P. has 
been examined in detail in Part III, A New Algebra , Ch. VI, 
pp. 77-79, and illustrates the various ways in which s n can behave. 
We shall now consider some further examples. 

To avoid tedious repetition, the convention will be made that 
whenever the letter n is used in this chapter, it denotes a positive 
integer. 

The Idea of a Limit 

Consider /(n)~ 3 

Suppose n takes in succession the values 

2 5 10 50 100 1000 100000, etc. 

then the values of 3 + ~ are respectively 

3-5 3-2 3 1 3 02 3 01 3 001 3 00001, etc. 

As n increases, 3 + * steadily decreases ; and the larger n 

n i 

becomes, the more closely the value of 3 + - approaches 3, and 

53 
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for all sufficiently large values of n, the value of 3 + ^ is as near 3 
as we please. This behaviour is described by the statement : 

3 + - tends to 3 when n tends to infinity, 
or 

the limit of 3 + ^ is 3 when n tends to infinity. 

For brevity, this is written 

3 + -->3 when n-> oo or limf 3+^=3. 

Although we say that the “ limit ” of 3 + ~ is 3 when n->», 

there is no value of n for which 3 + ^ equals 3. 

n 

The reader should never say - = 0 if n=co or ™ =0, because the 
J n co 

word “ infinity,” or its symbol oo, as used above, does not repre- 
sent a number ; the phrase, “ n tends to infinity ” is merely a 
short way of saying that there is no restriction on the size of the 
values n is allowed and supposed to take. 

Next consider /(n)== 3 -~- 

This function steadily increases as n increases ; and the larger n 

becomes, the more closely the value of 3 ~~ approaches 3, and 

for all sufficiently large values of n, its value is as near 3 as we 
please. We therefore say 

3 ->3 when n->oo or lim f 3 — 3, 

n n-**A nj 

although there is no value of n for which 3 ™ equals 3. 

A function can, of course, tend to a limit without steadily 
increasing or steadily decreasing. Thus 

/(n) = 3 +(-!)»- 

is greater than 3 if n is even and is less than 3 if n is odd, but for 
all sufficiently large values of n, its value is as near 3 as we please. 

3 -f( - l) n i-v3 when n-> oc. 

' ' n 
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In general, if f(n) is a function of the positive integral variable n, 
and if, for ALL sufficiently large values of n, the difference between 
f(n) and a constant / is as small as we please, we say that 
f(n) -*/ when n->oo or lim f(n)=/. 

n-+oo 

This means that the person who names the difference can 
choose as small a number as he likes, small not zero, but he must 
speak first . After lie has spoken it rests with his opponent to 
find a number N such that the difference between /(n) and l falls 
below the named amount whenever n> N. It does not mean that 
the second man must be able to find in advance a number N 
which will suit every conceivable small difference that can after- 
wards be chosen. 

The word ALL is important, because it is not enough that some 
sufficiently large values should exist. 

Non-existence of Limits 

There are several ways in which a function /(a) may behave 
when oo. 

Thus the function 3n 2 - 1000 takes values as large as we please 
for all sufficiently large values of n ; it does not therefore tend to 
a kk limit,” in the sense in which this word is used above. And we 
write 

3n 2 - 1000 ->oo when n->oo. 

Similarly 1000 - 3 n 2 takes negative values, numerically as large 
as we please, for all sufficiently large values of n % and so we write 
1 000 - 3n 2 -> - ■ oo when n oc . 

Again, the function 1 -f ( - l)” +1 w 2 is positive when n is odd and 
is negative when n is even, and takes values numerically as large 
as we please, both positive and negative, for all sufficiently large 
values of n. We therefore say that 

1 4-( ~ l) n+1 n 2 oscillates infinitely when n-*- oo. 

Similarly we say that 

/(»)=3y»(i+(-lH 

oscillates infinitely, although it is never negative, because 
/(n)->oo when n-*o o through even values, and 
/(n)~> 3 when op through odd values. 
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In all these cases, no limit of f(n), when n-> oo , exists. It does 
not even follow that a limit exists when all the values of f(n) lie 
between fixed boundaries. Thus if 

/(n) = 3+ r 1 t +2( -1)", 

no value of f(n) is less than 1 and no value is greater than 5L 
But lim f(n) does not exist, because when n is large and odd, /(a) 

n—r<X) 

takes values near 1, and when n is large and even, f(n) takes 
valuas near 5, and we say that the function oscillates finitely when 
p x . 

Behaviour of x n when n-oo 

The symbolism introduced above may now be used to express 
concisely the important results established in Part III, A New 
Algebra , Ch. VI, pp, 78-79. 

If 1 <„ x< 1, wlien n~> °o, 

if x ;> 1 , x n -+cc when n->oo, 

if x < - 1 , x v oscillates infinitely when n -> oo , 

if x= -1, x tl oscillates finitely when n-^oo. 


1. For what values of n does 


EXERCISE IV. a 

Sn -f- 1 


001 ? 


n + 2 


differ from 3 by less than 


yft Ij 

2. For what values of n does differ from | by less than 


0*001 ? 


3. For what values of n does 


00001 ? 


2n 2 + 1 
1 0” 

10 ” - 1 


differ from 1 by less than 


4. For what values of n is 
n 


(i) VfT< 0*001 ; (ii) . > 1000 ? 
w ft 2 + 1 v ' n - 1 

5. For what values of n is n 2 - lOn greater than 

(i) 144, (ii) 1000000? 


6. Find the least integer k such that -j— + ( - l) n exceeds 10 

whenever n>k. What is the least value of n for which the ex- 
pression exceeds 10 ? 
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7. Can you find an integer k such that n + ( - 1 ) n n exceeds 100 
whenever n > k ? 

Discuss the behaviour, when n->oo, of the functions in Nos. 
8-22 : 

9. 2-1529. 
n 


8 . 1 


1 




11 . £{!» + ( 

14. n 2 - 2n. 

17. n { 2 + ( - 1)"}. 

20 . ( -}) n . 


12. ( -l) n . 


15. n + ( - l) n 

18 - 2n 
18. 1+ 2'n* 

21 . ( - 11 ) n . 


10 . 


3a + 4 


n + 1 

13. *{2n( -l) n + 1}. 

16. m{ 1 + ( - l) n }. 

19 (0 ‘ 1)n 

1 +( 0 - 1 )" 

22. n + ( - l^n*. 


Discuss the behaviour when n-+cc of s n where s n denotes the 
sum to n terms of the series in Nos. 23-32 : 

23. 1 -f 2 + 3 + 4 + ... . 24. 1-1+1-1+.... 

25. 1 -f + I + g 4- . . . . 26. 1 - I f i - J + . . . . 

27. (] -|)4(*-*)+(i -i) + ••• • 

28. 1 - 2 + 3 - 4 +5 - 6 + 7-.... 

29. 1- l + l-l+i-i + i-J + .... 

30. (2-l)-(2-J) + (2-|)-(2 - £) + .... 

31. 1-2-3 + 4 + 5-6-7+8 + 9-10-.... 


32 


■HH 


1 + 


3 2 


-(i* 


2 T 3 3 


bHl 


•IMW)-G 


3 6 / 




Infinite Series 

If v r is a given function of r, the series, 

M 'll 2 , W’3, ... j 

in which there is a first term and every term has an immediate 
successor, is called a sequence or progression, and is the only 
kind of infinite series with which we shall be concerned in this 
book. 

The sum of the first n terms of the series, namely 
Uj +u 2 +u z 4- ... -fw n , 

is denoted by s nf and the series itself by 2w r . 

If s n tends to a limit s, when n tends to infinity, the series 
is called convergent and a is called its sum to infinity. (Cf. New 
Algebra , Part III, p. 79.) 

D.A.A. B 
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Thus, if u r 


1 

“r(r + !)’ 


1 1 1 2 

Sn ~l .2 h 2.3 + 3.4 + * ' + n(n + l) 

=■ (1 " D +(i ~i) +(i ~i) + ••• +(" 


JL__ 
n + 1 


) 


But — 1 n ~f i 1 w ^ ien n->ao ; 

this series is convergent and its “ sum to infinity ” is 1. 

The sum to infinity is not a sum in the ordinary sense, because 
the word “ sum ” means the result obtained from a process of 
successive addition which eventually terminates. The operation 
of adding up the terms of an infinite series, one by* one, can never 
be eompleted. However many times the operation is repeated, 
the process remains unfinished. But if a series is convergent, the 
successive sums tend to a limit, and the sum to infinity is not 
” a sum ” but “ the limit of a sum.” 


If s n -u 1 + m 2 + m 3 + ... +u n > 

arid if s n -> x when n~>x , the series 2u r is called divergent and 
is said to diverge to oc . 

If s n -> - oo when x, '£u r is also called divergent and is 
said to diverge to - x . 

Thus, if u r — r, 

8 n — I + 2 + 3 + ... + n — (n . + 1 ) ; 

.*. s n -->cc when n-sx ; 

'Ir is divergent and diverges to oo . 

Similarly - r) is divergent and diverges to ~ x . 

If s n oscillates finitely or infinitely when n->x , the series 1' u T 
is called an oscillating series, and is said to oscillate finitely or 
infinitely. 

Thus, if u r ~~ ( - l) r +h 

s M — 1 -1 + 1-1 terms ; 

s n = 1 if n is odd and s n = 0 if n is even ; 

~ l) r+1 oscillates finitely. 
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Also, if u r -( - l) r+1 r, 

£ n = l- 2+ 3- 4 + 5- ... n terms ; 

.\ a n ~ - Jn if n is even, and s n = J (n + 1 ) if n is odd ; 

2( - X) r+1 r oscillates infinitely. 

If a series is divergent or oscillating, it does not possess a “ sum 
to infinity,” as defined above. The phrase, “ sum to infinity,” is 
restricted to convergent series. 


EXERCISE IV. b 


Sum to n terms the following series and find whether they 
are convergent, divergent or oscillating. Find also the sum to 
infinity, when it exists. 


u f. 1+3 +5 4-7 + ... . 2. 1 -3 + 5-7 +9-... . 

1 +2 + 1 +2 + 1 +2 + ... . HT . 1 + 01 + 001 + 0001 +.... 

6. 1+2-3 + 1+ 2- 3 + 1+ 2- 3 + ... . 

7. 1-2+4-8 + 16-.... t*f^l -0-1+0-01 -0-001 + .... 

9- t-1 +1 +J -3+1 +J -5+V+--- - 

JLjL log 2 +log § +log $ +log £ +... . 


u- 

© 


2.6 + 6 


1 1 

. 8 + 8 . 11 


+ ... 


12 3 4 

2! + 3! + 4r + 5! + "' 


( X + 2 /) + (# a + y 2 ) +(o; 8 +t/ 3 ) + ... , x> y> 0. 

(1 - x) + (x - X 2 ) + (x 2 - X*) + . . . 

(i) if 0 < x < 1 ; (ii) if x — 1 ; (iii) if x > 1. 


uar. x + 


- + > 


» + ... 


1 + x ' (1 +x) 2 

(i) if a? > 0 ; (ii) if a? = 0 : (iii) if — 1 < a: < 0 ; 

(iv) if - 2 < x < - 1 ; (v) if x = - 2 ; (vi) if x < - 2. 

16. Prove that j—g + 3 >, +••• + (2^TTf(2n + l) == 2h + 1' 

Hence find the sum to infinity of ^ ^ + . . . . 


17. Use the identity 


1 


1 


(3r-2)(3r + l)“3r-2 3r + 1 
infinity the series — ^ 4 + . . . • 


to sum to 
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(j®) Prove that f r(r + l)(r + 2) = 1 “ (n + l)(n + 2)’ 

Deduce the sum to infinity of the series, 

1 1 1 
1 72 . 3 2 . 3 . 4 + 3 . 4 . 5 ‘ * * * 


19. Prove that, if x^\, 

1 + 2x + 3x 2 + . . . + nx n ~ 1 — 


( n + l) x « 


(1-x) 2 1 

Deduce the sum to infinity of the series, 

1 +2x + 3# 2 + ... if - 1 < x < 1. 


20. Use Example 5, p. 45, to find the sum to infinity of the 
series, l 2 -l- 2 2 x + 3 2 .r 2 + 4 2 a: s + . . . , if - 1 < x < 1 . 

21. Sum to n terms 1 + % lA x + ^ ^ x 2 + # 3 + . . . , and de- 

due© the sum to infinity if - 1 < x < 1. 


If tlie sum to n terms, s n , can be expressed by elementary 
functions, the nature of the series can be determined by finding 
whether this expression tends to a limit or diverges or oscillates, 
when n -> oo . But the main object of this chapter is to discuss 
methods for deciding the question of convergence when it is 
impossible or inconvenient to express s n in this way. 

It is beyond the scope of this book to give rigorous proofs of 
those fundamental theorems on limits upon which the principles 
of convergence depend. The reader will, however, find little 
difficulty in accepting the results enunciated below. 

It is often convenient to use the following symbol : 

| x | denotes the value of x if x is positive, and the value of ~x 
if a; is negative. It is called the modulus of x, or more shortly 
41 mod .r.” 

Thus the positive square root of a 2 is denoted by | a |, the 
difference between a and b can be written [ a - b | without specify- 
ing which of the numbers a, b is the greater, also the condition 
- 1 < x < 1 can be put in the more concise form, | x | < 1. 


General Properties of Limits 
If lim s n =s, and if c is any constant, then lim (cs a )~cs. 

B»0O H—>00 

If Sjj —> co when n~>oo and if c is any positive constant, then 
cs a ~> oo when n-*»oo ; if c is any negative constant, cs,* - oo. 
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The first theorem states that if | s n - a | is as small as we please 
for all sufficiently large values of w, so is | cs n ~cs |. This is true 
because | cs n -cs\ is less than any chosen positive number k for 

all values of n for which |a n -s \ is less than \ if c 0. If c~0, 
both cs n and cs are zero. 

The second theorem states that if s n takes values as large as 
we please for all sufficiently large values of n, so also does cs n if 
c is positive ; and if c is negative, cs n takes negative values, 
numerically as large as we please for all sufficiently large values 
of n. 

If lim s n =s and if Umt^t, then lim (as n + btj^as + bt, where 

n 5-00 n ->oo n— >oo 

a, b are constants. 

The theorem states that if | s n - s | and | t n - 1 | are both ns 
small as we please for all sufficiently large values of n, so also is 
|(as n +bt n ) -( as+bt)\ , because it equals | a(s n ~s) +b(t n 
3n + 2 

For example, since lim =3 and lim (J) n =0, it follows Jbliat 

n->rj ri n ~> go 

lim ild'L+l) - lOOO(J)’ 1 )} =(7 ■ 3) -0 = 21. 

n ->oo y n ' 

If lim s n =s and if lim t n =t, then 

n >oo n -ao 

(i) lim (s n tn) = st; (ii) lim ( !“)=! if t + 0. 

n-H >oo n-*oo' * 


(i) can be inferred from the identity, 

Vn ~8l=S n (t n -t)+t{S„-s). 
(ii) can be inferred from the identity, 

£ n _ £ H*n -s)-s(t n -t) 

t n 1 


Example 1. Find the values of 

..... (3n + 2)(2n-5) ...... 2n 2 +n-l 

' (l) n h !S n*- * " n-™ 3 n ^n ~+~5‘ 


(i) 


(3n + 2)(2n - 5) 


= 3 + 


SX-3- 

n— >oo ^ 7?— >oo \ rij ^—►oo V rij 


= 3 x 2=6. 
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(ii) 


2 n a + n - 1 
3n a - n + 5 " 




3-' + ® 
n rv 


r 27ir 2 -f n-l f j 

lim o-“ 2 — = Ii™ ( 2 + r 

n— * oc 


-n+5 

= 2-^3 = 


W lim ( 

' 3 -i + 

4) 

/ ?i— *-ao 

s. n 

n 2 / 


3* 


If s n is a function of n which steadily increases as n increases 
and if Sq is always less than some fixed number c, then lim s n 
exists and has a value less than or equal to c. T1 


We shall not prove this theorem in this book, but it can be 
illustrated graphically as follows : 

L 

4 » 1 < , « ■■■' “H ► 

o P P P P O X 

V t r 2 3 4 

Fig. 1. 

Draw a straight line Ox and, following the usual conventions 
for sign, mark on it a point C such that OC —c. Mark points 
P 3 , P 8 , P 3 , ... on Ox such that 

OPj—Sj, OP 2 ~^ 2 , OP 3 =s 3 , ... . 

Since s n steadily increases as n increases, the positions of Pj, P 2 , 
P 3 , ... advance steadily from left to right along O.r. Since s n < c 
for all values of n, every point P n lies to the left of C. 

The theorem says that there exists a point L, either on the left 
of C or coincident with C, beyond which P n never passes and 
which is such that the length of P n L is as small as we please for 
all sufficiently large values of n. 

Then, if OL =?, lim s n ~l whore l ^ c. 


- , 1 1 
s n ~ * + 1 + n f o — o + « 


Example 2. Discuss the behaviour of s n when n~>ao , if 

1 1 1 1 

* n + 1! 2! + 3! ' f "* + (n~ 1)!* 

1 1 

2 T 2 . 3 T 2 . 3 . 4 + ' " + 2 . 3 . 4 77. (n - 1) ’ 
suppose n > 4, then 

* B < i + 1 + \ + ~ ^ + ~ + . . . + j j ; 

/. «*<l + l+i + (i-J)+(i-i) + ... 
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*n<l + I + i+i- r 8 :!:i= 3 - w * ] <3- 

But SJ<S 2 <<S 3 < ...<s n <s n+1 < ... . 

s n steadily increases as n increases but is always less than 3. 
s n tends to a limit when n-*oo and this limit < 3. 

The Number e 

The value of the limit in Example 2 is not a rational number 
but, like n, it can be calculated to as many places of decimals as 
required. It is always denoted by the letter <?, and it can be 
shown that e =-2*71828 .... Properties of the number e will be 
discussed in Ch. VI. 

General Theorems on Convergence 

The properties of limits, discussed above, may be used to 
obtain some general theorems on convergence. 

If Uj + Uj + Ua^* ... is convergent with sum to infinity s, then 
u m+1 + u m +2 + • • • is convergent and its sum to infinity is 

, S-(Uj + U 2 +... +u m ), 

where m is any given positive integer. 

lim (w „ 1+1 +u 

m+2 t 

n-*xi 

^limlXtij + u 2 K . . -f 

n-->o 0 

r - lim (Wj 4%+nl -(W'l-t U 2 + . .. -f U m ) 

~s — (u 1 -f u 2 + . . . -f u m ). 

Similarly if u 1 +u 1t + ... diverges or oscillates, so also does 
u m+i + ^ m+2 - 4 - ... , where m is any given positive integer. 

Therefore in discussing the convergence of a series, any finite 
number of terms at the beginning may be ignored. 

If Uj + Uj + Ug-H ... is convergent with sum to infinity s, and if c 
is any constant, then cu x + cu 2 + CU 3 + . . . is convergent with sum 
to infinity cs. 

lim (ctij +cu 8 4- ... +cit n ) =c lim (u 1 +u 2 + ... +w n ) =cs. 
w~-*ao n— > qo ^ 

Similarly if Mj +«* + ... diverges or oscillates, so also does 
cu t + cu 2 + ... t unless c = 0. 
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If Ui + Uj-K.. and Vj+Vj-f-... are both convergent, with sums 
to infinity s and t, then (au x 4- bv x )4- (au 2 + bv 2 )4- ... is also con- 
vergent with sum to infinity as 4 - bt, where a, b are constants. 

lim {(au l 4- bv x ) 4 ( nu 2 + bv 2 ) + ... -f f au n 4- bv n )) - 

M,— *00 

a lim (u x +u 2 4 ... +u n ) +b lim (v t +v 2 4- ... 4- v w ) -as + bt. 

n-*oo n - — v <® 

If u 1 + u 2 +... is convergent, lim u n =0. 

00 

lim u n -lim (u x + u 2 -I- ... -fw n ) -lim (u Y +u 2 + ... +« n ^) 

n -*oo n~* oo n ^oo 

= 5 - S - 0. 

The converse theorem is not true ; the series u x +?/ 2 4- ... may be 
divergent when limw n :=0. This is evident from the following 

, n-fjo 

example. 

Example 3. Prove that the series 

+ ••• + ~ + ••• 

is divergent. 

= l +1 + \ + l> i-l '> 

and so on. 

s 4 > 1 4- 4 + 4 ; s s > 1 4- \ 4- 4 4- 4 ; > 1 4 J 4 | 4- 4 4- 4 ; 

and so on. 

the sum of 2 P terms is greater than 1 4- ip. 
s n -» oo when n-* ac. 

.*. the series is divergent, although u n =~ -► 0 when n~voo. 


Tests for Convergence 

Certain useful tests for convergence apply only to series in 
which all the terms are positive. These will be discussed first. 
Such tests can also be used for series which contain only a finite 
number of negative terms, because the convergence is unaffected 
if any finite number of terms at the beginning of a series are 
omitted. 
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Series of Positive Terms 

A series of positive terms cannot oscillate. If a constant k 
exists such that 

s n =u 1 + u 2 +...+u n < k 

for all values of n, the series u^Ua-f ... is convergent. If no such 
number k exists, the series is divergent. 

Since all the terms are positive, s n steadily increases as n 
increases. 

if 8 n < k for all values of n, Jim s n exists and is equal to k or 

«— >oo 

is less than k , and the series is convergent. 

If whatever number k is chosen, a value of n exists for which 
s n ' k t then s r k whenever r > n, and therefore cc when 
n oo . 

The series is therefore either convergent or diverges to », and 
so it cannot oscillate. 


Comparison Tests 

If Uj + Ua-f ... and v^Va-H... are two series of positive terms 
and if 2v n is convergent, then 2u n is convergent if either 

(i) u n <: cv n for all values of n greater than a fixed integer k 

or (ii) lim ~ =/ 

n — xjo V n 

where c, / are positive constants. 

(i) If t is the sum to infinity of v x + v 2 + ... , 

v i +v 2 + ... +v n <t for all values of n. 
j + u k + 2 + • • . + u n < c ( v k+ 1 + v* +8 + . . . + v n ) < ct 
for all values of n greater than k. 

But k is fixed, u x 4- u 2 + ... is convergent. 

(ii) Since lim — - =/, the value of — - is as near l as we please for 

n~*ao v n v n 

ail sufficiently large values of n. 

/. a fixed integer k exists such that ~^< l + 1, say, whenever 

n>k. Vn 

it follows from (i) that 2w n is convergent. 
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Example 4 . 


Prove that the series 
2 2 2 2 3 ' 2 * 2 5 


1 +y-j + 2' ! + 3 ! + 4 i^ 5 | + *-' is convergent. 
Compare this with the series 


, + l + 2%2* 

1 ! 2 1 2 




2 2 /2\* 


2! V 3 


+ ... . 


From the 5th terrrt onwards, each term of the given series 3w n 
is less than the corresponding term of the series ^v n chosen for 
comparison, that is, u n <v n whenever n> 4. 

But if we omit the first two terms of 2v n , we have a G.P. with 
common ratio 3, which is therefore convergent. 

2 v n is convergent ; '2u n is convergent. 


If u 1 + . and v 1 -hv 2 + . .. are two series of positive terms 

and if !Sv n is divergent, then £u n is divergent if either 

(i) u n :> cv n for all values of n greater than a fixed integer k 

or (ii) lim Un -~/, where c, l are positive constants. 

n >oo V n 


(i) Since 2 v n is divergent and since k is fi xt>d, 

( v k+ 1 + V k-Y 2 + ••• + v w) 

takes values as large as we please for all sufficiently large values 
of n. 

But (w* + i+v fc+ * + ... +^ n )>c(v / . +1 +v A . 42 + ... +v n ) where c, 0; 
(u k + x -f u k + 2 -f ... +u n ) takes values as large as we please for 
all sufficiently large values of n ; ^ u n is divergent. 

(M) Since lim where 1>Q> the value of Vn is as near l as 

n-^v n V n 

we please for all sufficiently large values of n ; - > \l , say, 

since 1 4 - 0, for all sufficiently large values of n. The result then 
follows from (i). 


Example 5. Prove that the series 

1 2 3 4 . 

0 + 3T5 + 5T7 + 7T9 + -” ,S <1,Verg6nt - 

The given series is 2 u n where u n ; 

Yt \ 1 

*’• M » > 2 n . 3n = fin' Com P are 2 “» with ~ v n where v n =~. 
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Since u n > \v n and since Hv n is divergent, it follows that 
is divergent. 

The utility of the comparison tests depends on having at our 
disposal standard series which are known to be convergent or 
divergent. One such standard series is the Geometrical Progression 

1 +r +r 2 +r 3 + , 

which is convergent if 0^r< 1 and is divergent if 1. This 
was employed for comparison in Example 4. We shall now 
consider another series, a special case of which was discussed on 
p. 64 and used in Example 5. 

The series 

1 1 1 1 
jp + gp + 3p + • • • + n p + . . . 

is convergent if p > 1 and is divergent if p ^ 1 . 

(i) Suppose p > 1 . 

11 

s n ]*> + 2 j P" K *' +n p 

< ( /*) ' (i ■ + i) - + ( i + • • • +jp) + • • • ton bracketa 

where successive brackets contain 1, 2, 4, 8, 16, ... terms. 

12 4 . . 

•*. Jp+2p + 4 ~p + "' to n terms; 

.*• *«< 1 + 2 P --1 + P -1 + *- ton terms; 

1 * i 

• * 5 n < l_ (J ) P ~ 1 ’ 

that is, 8 n is less than a constant k , for all values of n. 

,\ by p. 65, the series is convergent. 

(ii) Suppose p ~ 1. 

The series is 1+J + J + J + ..., and it was shown on p.*64 that 
this is divergent. 

(iii) Suppose p < 1. 

If p< 1, n p <n when n> 1 ; ,\ -^>~whenn>l. 

n v n 
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each term of the series after the first, is greater than 
the corresponding term of the series 2 ^* 

But 2^ is divergent, is divergent if p - 1. 

Example 6 . Examine the series 

5,7 9 11 

1 2 4^2 3 5 1 3 4 6^4 5 7 ^*’ 


The given series is 'Zu n wliere ~ — -- — . 

a n w n(n + l)(n + 3) 

3 n 3 

V n ■ ' =--2' 

71 n ,n . n nr 

Compare Sw n with where v n — 

Since u n < 3v n and since '2v n is convergent, it follows that ^iu n 
is convergent. 

EXERCISE IV. c 

Determine whether the following series of positive terms are 
convergent or divergent. 


; i- *+*+*+*+••• • 

, & yip + + 1 .32 + + 42 + • • • 

,1 2 3 

>/5 ‘ 2 . 4 + 4 . 6 + 6 . 8 + **’ * 


2 . 1 + i + .? 5 + 4 V + s\ + ... 
.Ill 

1 .3 + 2.4 + 3.5 + *’* * 


9. 2* 


1.3.5 3.5.7 1 5.7 .9 ‘ 

1+2 1+2+3 1 +2+3+4 

__+ ~ 3 + j, +... 

> 1 J 1 1 

V8 + V27' f V64 + V125 + **‘ * 


*2n s + 1" 

10. 2 8 • 
n 8 

11. 2->— 
y/n 

10" 

13. 2 

14. 2+ n " 1 . 

n! 

n + 1 

» 3 + i 

3” + 1 

16 v 71 

17 v (n + 2)(n+4) 

4 n + 1 * 

^n 8 - 10 ‘ 

~n(n +3)(n +5)* 
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- « 1 a a 2 , ^ 

18 ' i +5 + 1 + 5 * ' + i+a» + - where a > °- 


19. 

20 . 


Ill u 

r+s + i [+^ + t+s? + - wherea> °- 

1 .f - - a - -| . 4 T-— a + . . . where a > 0 . 


1 + 11 +a 2 1 +a 4 1 4 -a 6 


21. ^—4- 1 -{ -- 4 - ... where a > 0, d> 0. 

a 4 -fl a+ 2 d fl + 3 rf 


22 . 2 


__ 1 

V (^ 2 4 - 2 n) ’ 


23. 2 


1 


V(rc + 1 ) - 


24. 2 


V(n 4 - 1 ) ~ \/n 


D'Alembert's Ratio Test 

The series of positive terms, Uj + u^-f... , is convergent if either 

(i) Js. > k > 1 whenever n > m where m is a fixed integer 
U n+l 

and k is a constant, 
or (ii) lim Un =/ > 1. 

n ->~co u n + 1 


(0 Wfn fcUm+i i 
similarly u m+2 « Un 


• • u m-\ l ^ * 

+- 1 u m ? 

£ “ < ^jiT > u m+ 3 < 


1 < - ~ ; and so on. 


each term of the series w m+1 +w m+ 3 + ... is less than 

the corresponding term of the G.P., 

u m , . u m , 

- F + F' + ~F + - • 

Since the common ratio ~ is less than 1, this G.P. is convergent. 


since m is fixed, *£u n is convergent, 
(ii) Since lim - -- ~l> 1, the value of 


is as near l as we 


n-> ao t*n+i 


^n 41 


please for all sufficiently large values of n. if & is a constant 
such that l >k > 1, we have > fc > 1 for all sufficiently large 

u n + 1 

values of n. The result then follows from (i). 
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The series of positive terms, u x + u 2 + ... , is divergent if either 


(i); 


^ 1 whenever n ^ m where m is a fixed integer, 


or (ii) lim 


=/< 1. 


n -*-co «n+i 


(i) u, 


tn-fl ; 


*r»+2^ 


-t-l ^ u m » u m + 3 7 ^ u m+ 2> u m » so on * 
each term of the series, w m+ i+u ?n+ 2+w f , H 3 + ... is greater 
than or equal to the corresponding term of the divergent series. 
U m + Mm "t W m + . . . . 
since m is fixed, 2 u n is divergent. 


(ii) Since lim 


-l < 1, the value of 


is as near l as we 


please for all sufficiently large values of n. But l < 1, — n < 1 

u n + 1 

for all sufficiently large values of n. The result therefore follows 
from (i). 

Each of these limit-tests is useless if lim~ Ul1 =1. In this case 

n~>ooU n+1 

the series may be either convergent or divergent. 


Thus if u n = 1 , 


= ?L±. 1 = 1+ i ; 

n n 

lim-^=l. 


And if v„ 


1 . 


1 

~n v 


n~* <x ^n+l 

Jn + l) 1 


i 2 1 

1 + - +-» 


lim 


1. 


l 

1 


But 2 ~ is divergent and 2 “2 * s convergent. 

Further, no conclusion can be drawn from the non-existerlce of 
u n 


the limit of 


n + 1 


Thus for the series 


111 1 1,1 
2 + 4+2j + p + 2» + i» + - 


successive values of 


are 2, 1, 4, £, 8, £, 16, ... , so that 


3 

u. 


n+1 


oscillates infinitely, and yet the series is convergent. 
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Example 7. Prove that the series 


X* X ' 1 x* 

*+2 + 3 f 4 + - 


is convergent for 0 ^ $ < 1 and divergent for x > 1 . 


if x -4- 0 , 


=(i + i)I* 

V njx 


If 0 < x < 1 , 
If x > 1, 


n->a lA/ n t-1 

is convergent. 
^Lu n is divergent. 


If x — 1, the test fails ; the series then becomes 

1 + & + i + i + ••• >"> 

wlncli is divergent, see p. 64. 

If r = 0, each term is 0, and the series is convergent. 

EXERCISE IV. d 

1 hscuss the behaviour of the following series, assuming that x 
positive. 


HT" 1 +2x - 3» a , 4a* 3 

« l 1 1 

•5* i -O O 9 ^ 


_ x x* r* 

2. I pi + 2! 3! + * 


1 

i 

1 

A 

X X 2 X s 

.r 

f 2a: 2 4 

3.r 3 r 


1 9 2 3 1 3 4 + ‘ 

O' 

x 2 

a; 3 


1 2! 3! 

I 2 

+ 28 + 

3 2 * 

6. 

x cr 2 + .r 8 ^ 

a? + 2 2 .t 2 

, 3V 1 4 2 .r 4 




+ (2 l 3)r-r(2* f 3 2 ).r 2 -} (2 3 -4 3 3 ):r 3 + ... . 


1 1.3 


10. *x + 


1 . 3.5. 7 . 

2.5.8. 11* 


**• •+5*S+i;*S-~ 


13 . .+!<* 
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14 * X _ 

# + l + :r-f2 + a;-f3:E-f4~ < "*'* 

15, j;'+ 1 H '2a: 1 + l + aB» + i + '" ' 

Series of Positive and Negative Terms 

The proof, given on p. 64, that lim w n =0 is a necessary con- 

n—*x i 

dition for convergence still holds good when the series contains 
both positive and negative terms, and this fact sometimes makes 
it possible to say that a given series cannot be convergent. But 
here again it must be remembered that the converse is not true, 
and it is easy to construct oscillating and divergent series for 
which lim u n — 0. Thus 

oscillates finitely, and 

1 -£ 4- J + - £ + £+ &+ £+ J + £-1+1 f... 

diverges. 

The most useful method is that of “ absolute ” convergence, 
which is explained on p. 74. But series whose terms are alter- 
nately positive and negative can often be dealt with by the 
following theorem : 

If u x - u a + u 3 - u 4 + . . . is a series of terms alternately positive 
and negative, and if u n > u n+1 for all values of n, and if lim ^=0, 
then the series, is convergent. B 

S Zn= z ( U l -U 2 )+(U 3 -U A ) + ... +(M 2n _! ~U 2n ). 

Since each bracket is positive, s 2n steadily increases as n 
increases, that is, s 2 < s 4 -r s 6 < s 8 < . . . . 

But S ln =U 1 -(U„ -U t ) - («4 -U„) -(w 2n .j -«2n- 

Since each bracket is positive, s 2n < u r 

.*. lim s 2n exists and equals l, say, where l ^ u v 

n~>o c 

But s in+1 =s 2n +u Zn+1 and lim w 2n+1 =0, 

n-> oo 

lim «2n+i ex j s ^ s and =lim s 2n ~l. 

* n~+x> n-> qo 


/. the series is convergent. 
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Example 8. Prove that the series 1 - J 4 J - J - ... is 
convergent. 

In this series, 

(i) the terms are alternately positive and negative ; 

(ii) the terms steadily decrease in numerical value ; 

(iii) lim u n — 0 since lim - —0. 

n—*o c n - >ao n 

the three conditions for convergence are all satisfied. 

It is important to notice that if any one of the three restrictions 
imposed by the data of this theorem is -removed, the series need 
not be convergent. 

Thus in the series 1 J - lj-flj - l^ 4- . . . 

and s 2n+1 = l+Jfl H (i )*■+>]. 
whenn- co,s !B ^J and * Sn+1 -*l£. 

the series oscillates finitely and is not convergent. Here, 
the terms are alternately positive and negative, and steadily 
decrease in numerical value, but lim u n i- 0. 

n— >30 

Again, since 1 4- \ 4- J f J f ... is divergent and since 

i + i + i +i’«+- 

is convergent, the series 

1 ~ I + i ~ i + i " l + i ~ u\ + 

is divergent. 

Here, the terms are alternately positive and negative, and 
lim u n ~0, but the terms do not steadily decrease in numerical 

?i— >oc 

value. 

Again, since 1 +1 4- J 4- J 4- . . . is divergent and since 
| 4- £ 4- f + A 4- . . . 

is convergent, the series 

l-i+I~l4-j4-j4-I-~j4-j4-...4- 1 1 g- 1 \f 1 V4-... 
is divergent. 

Here, the terms steadily decrease in numerical value and 
lim u n =0, but the terms are not alternately positive and negative. 

n— >00 * 

p 


B.A.4. 
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Absolute Convergence 

If a series of positive terms is convergent, and if a new series is 
obtained by changing the signs of any of the terms of the given 
series, then the new series is convergent. 

Suppose Mj J rU 2 ~vu z +u 4 -f ... is a convergent series of positive 
terms, and suppose the new series is 

U t r u 2 -U 2 + u 4 - u 5 - U. ~U 7 +U S 4- U» - U lb + ... . 

Consider the two following series, 

W] ~fM24-0-f^4 4-0-}-0+0+ Ug 4 u 9 +0 4- . . . , 

0 4-0 4* t/ 3 4" 0 4- U 5 4* Uq -4- U 7 4-0 4-0 4- Uiq 4- . . . . 

Compare each of these with the given convergent series, 
u x 4 -u 2 4-^3 4 - w 4 4-^5 4 ... . 

From the test on p. 65, taking c = l, it follows that each of 
those two series is convergent. 

by p. 64, the “ difference ” of these two series 
u x 4 U 2 -U z 4 -W 4 ~U 5 -Ug ~U 7 -Mi„ 4- ... 
is also convergent. 

The same argument can obviously be used whichever terms of 
the original series have their signs changed. 

If a series contains positive and negative terms, and if the new 
series obtained by changing the sign of every negative term is 
convergent, the original series is called absolutely convergent. 

Thus the series, 

1 1 11 1 1 

1 2" a 3 a + 4‘ 5 2 “ 6 a + 7 2 " ' ’ 

is called “ absolutely convergent ” because the series, 

.1 1 1 1 

1 + 2 a 4 3 2 4 42 + 52 f * * * ’ 

is known to be convergent (see p. 67). 

This definition does not state that an absolutely convergent 
series 2u n is itself convergent, but only that a different series, 
namely 2 \u n \ is convergent. The phrase “absolutely con- 
vergent ” would of course be most misleading if a series could 
be 44 absolutely convergent ” but not “ convergent,” that is to 



IV] 


LIMITS AND CONVERGENCE 


75 


say, if 2|w n | could be convergent when 'Zu n was not convergent. 
But it has just been proved that 2 u n must be convergent when- 
ever 2|w n | is convergent. This fact is often stated in the form, 

A series which is absolutely convergent is also convergent. 
Thus the series, 

1 2 I_i__ J J _ 

1 2 2 3 2 + 4 2 5 2 6 2 + 7 2 


is absolutely convergent and must therefore also be convergent. 

If a series of positive and negative terms is convergent, and if 
the new series obtained by changing the sign of every negative 
term is divergent, the original series is called conditionally con- 
vergent, or sometimes semi- convergent. 

Thus the series + is convergent (p. 73), 

but the series 1+J + J+ J + J4-... is divergent (p. 64). 
the series, + , is called conditionally convergent. 


Example 9. 


Prove that the series 


_ x 2 x 8 x 4 

l+Z + gjH 3! + j| + . 


is convergent for all values of x. 

(i) Suppose a; >0. 

All the terms are positive ; .'.we can use D’Alembert’s test, 

p. 69, 

x n ~ x _x n . u n _ n 

“ n ~(n -l)!’ ,tfl+1 ~n \ ’ 
u n > 2 u n+l whenever n > 2x . 

.’. the series is convergent for all positive values of x . 

(ii) Suppose x < 0. 

Put x = - y where y > 0. The series becomes 


1 


~ 2 / + 


y?_y 3 , y* _ 

2! 314! 


From (i), it follows that this series is absolutely convergent for 
all values of y ; it is therefore also convergent. Therefore the 
given series is convergent for all negative values of x. 

(iii) If a?=0, the series is 1+0 + 0 + 0 + ... and is therefore 
convergent. 
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Note. Since this series is convergent, it follows from p. 64 
that lim - =0 for all values of rr. This result can be deduced 

n-->ac n ! 

independently from the relation u n + x < \u n whenever n>2x > 0. 
Example 10. Prove that the series 

X 2 X 3 X 4 

X ~J + 3 ~ 4 + '“ 

is convergent if - 1 < x ^ 1 and diverges to - x if x ^ - 1 and 
oscillates infinitely if x > 1 . 

Example 7, p. 71, shows that the series is absolutely con- 
vergent if - 1< x< 1 and is therefore also convergent. 

If oj = 1, the series is 1 - | -f £ - \ + ... , which is convergent, 
p. 73. 

If x — - 1, the series is which diverges to 

- x, p. 64. 

If x < - 1, each term of the series is negative and is numerically 
greater than the corresponding term of the divergent series 
1 + i +$ + ••• » an d therefore diverges to - oo . 

If x > 1, then x -■ 1 + c where c > 0. 

Then x n = (1 +c) n ^ 1 + nc + (n - \ ) c 2 > In (n ~ 1) c 2 * 


l(n - 1 )c 2 ; 


*■ x when n->ao. 


Also x n ln>x n ~ 1 l(n- 1) if x(n- l)>n, i.e. if'n>;r/(a;- 1 ) 9 =-m, say. 


5 2«-fi — % + 


/ x 3 a; a \ / x 5 # 4 \ / x 2n+l # 2n \ 

( 3 ~ 2 J + \H ~ 7 ) + + \2n +T ~ln) '’ 


s 2n+1 steadily increases as n increases, if 2 n>m; 
either «, n+l -Kx or s in+1 -+l, say, when n-+cc . 

/ x 2 \ / x 4 x 8 \ /# 2n # 2n-1 \ 

* an = V 2 “V “ U "“3J _ “ \ 2n ~ 2n^-l/ ; 

s 2n steadily decreases as n increases, if 2n>m; 
either 0 ln -> - x or 8 in -+l\ say, when n->x . 

But 8 tn+i -a in -x 2n+1 l(2n+ 1), when n-*oo ; 

the statements, I, 8 in ~> l\ cannot both be true, 

the series oscillates infinitely. 
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EXERCISE IV. e 


[In this exercise, both positive and negative values of x should 
be considered.] 

Discuss the behaviour of the following series : 


1. 1 -i + l -}+... . 
3. 2 -2 + J -i + ... . 


o L_ _ 1 , J 

2.3 3 . 4 + 4 . 5 *'• * 

4. l-Jv2+iV3-iV4 + .... 


5. 


6 . 


1 11 11 1 

1 2! + 3 4! + 5 6! + 7 ' ' 

l -2x + 3x* -4x* + ... . T.x- X *+% 

3 5 


0*7 

7 


8. 


a? a ? 2 rr 3 
T. 2 + 2. 3 + 3.4 4 *" ’ 


9. 


x x 2 a" 3 
23 + p + 43 + 


10. 1 f (1 A-2)x + (l + 2 2 )x 2 +(l -f 2 8 )x* + ... . 


11. 1 f 


V2' 

1 


" s x 4 

/3 + V4 


12. — L. i-r + ..., X not integral. 

aM-lx + 2a?-f3a;+4 0 


13. zia + v*. 
n 2 

15. E, *" , 1 +na i 0. 

1 -f 


14. 2 


1 


n 2 + 1 


16 y 2n — 2 3 ;" 
A0 * ^ 2 n + 1 ' 


irr , rn(m-l) „ m(m-l)(m-2) „ , . , 

17. I f ma? -I — ^ j ' z 2 H — - x* 4 - . . . where m »s not 

a positive integer and | x | =£ 1 . 


IqX j x i 11 

li5, 172 4 2.3 ~ 3 74 ~ 4TB + 57 6 + 6™ 7 ~ * 

19. If a w is the sum of n terms of 1 - J + J - I -f ... , and if t n is 
the sum of n terms of 1 - J . - J + J - J - J + £ ~ ^ ^ + } ~ * • * * 

prove that £ 3n =i« 2 n* What inference can be drawn Ttrora this 
relation ? 


20. If s n is the sum of n terms of 1-J + J- J + ... , and if t n is 
the sum of n terms of l+i~i+I+}“J+i + ..., prove that 
t Zn =s 4n + is an . What inference can be drawn from this relation ? 
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THE BINOMIAL SERIES 


If m is a positive integer, the series 


1 + mx + 


m(m- 1 ) , m(m - l ) (w - 2) 

1 ft w T i rtn ^ 


terminates automatically after (m + 1) terms, since each later 
coefficient contains the factor (m-m)= 0 ; and the sum of this* 
finite series is (1 + x) m , (see Ch. II, p. 22). 

If m is a positive fraction or any negative number, the series 
does not terminate. For example, the series becomes, 

if m = - 1 , 1 -x -f x 2 -x 3 + x 4 - ... ; 
if m — - 2, 1 - 2x f 3x 2 - 4x 3 + . . . ; 


if m = - 1 - |x + : t 


2.4.6 


x s + . . . ; 


if m = {, 1 + \x + x ! - ( 2“T: 6 "" x * 

' , (-Q.I-3.5 
+ 2.4. 6. 8 

Series of this form are called binomial series ; they do not 
possess “ sums to infinity ” for all values of x , but it is easy to 
prove that a sum to infinity exists if - 1 < x < 1 . 

The binomial series 

l + ... + m < m - 1 >^^^± 1) i* + ... 

is absolutely convergent if - 1 < x< 1. 

Denote the rth term by u r ; we may suppose x=£0, because if 
x -- 0, the series reduces to 1+0 + 0 + 0-K... 


lx x\ r J 


M x^O, =—J— .L= -£-r( 1 
u r+i w-r + lx x V 

lim r ^^== ~ >1 since |x|< L 
u r+1 \ |x| 
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by p. 69, the series is absolutely convergent, and therefore 
convergent (p. 75), for - \<x< 1. 
i Tf I 

vSince limp — — < 1 if | a? | > 1, the series either diverges or 
|M r +i I 

oscillates infinitely for | x | > 1 . The special case | x | = 1 , when 
this ratio test fails, is too difficult for discussion here. 

Signs of Terms in the Binomial Series 

u r+ i _m -r + \ ' X __( j _ w- + l 
u T r \ r 

m soon as r ^ m . -f 1, is negative if x >0 and is positive 
\i x 0 . Ur 

after a certain stage, the terms are alternately positive and 
negative if x "> 0, and are all of the same sign if x 0. 



Numerical Values of Terms in the Binomial Series 

The numerical value of any term is not affected by changing x 

into x : we may therefore take x positive. 

The case when m is a positive integer has been discussed on 

p. 26. Two other cases require examination. 

(i) Suppose m is a positive fraction . 

As on p. 26, taking x > 0, 

, iiii (m + l)x 

I «r+ 1 1 > I I 80 lon S as r< 


and 


u r + 1 


u r | whenever r 


(m -}- l);r 
1 ■+■ x 


The position of the numerically greatest term, or of two numeri- 
cally equal greatest terms, is therefore given by the conditions on 

p. 26. 

(ii) Suppose m is negative. 

Put m — - n where n > 0, 


then 


u r , . n-r + 1 n+r-1 

--- — x— x. 

u r r r 

taking x > 0, \u r + 1 \>\u r \ if (n+r-l)ar>r, 
or if (n - 1)#> r(l -x), 


and, if 1 - x is positive, this requires r < when 0 < x < 1 . 

w JW 

If n^l, there is no positive integral value of r < ~ , where 
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0 < x < 1, and therefore the first term is numerically the greatest, 
and thereafter the terms steadily decrease in numerical value. 


If for 0 < x < 1, 


(n - l)x 
1 -x 


= a positive integer k + a positive proper 


fraction, the argument of p. 26 shows that the terms steadily 
increase in numerical value up to and thereafter steadily 

(n - l)x 

decrease; also if - — - ‘ positive integer k , there are two 

numerically equal greatest terms, Uj c and % +1 . 

Thus for all values of m, if | x | < 1, the numerical values of the 
terms of the binomial series in powers of x either steadily decrease 
from the start or steadily increase up to a certain stage and 
thereafter steadily decrease. 


Notation 

It is often convenient to write the binomial series in the form 
m 0 -tmj# + ... fm/ + ... , 

, , , m(m - l)(m - 2) ... (m -r + 1) , A 

0 r 1.2.3 ... r 

The numbers ra 0 , m v m 2 , m 3 , ... are called binomial coefficients ; 
this name was used in Ch. II (see p. 29), in the special case 
where m is a positive integer. 

Some of the relations between the binomial coefficients, which 
were established in Ch. I-II for positive integral values of m, 
are true for all values of m. Thus it may be proved (see p. 13) 
that, for all values of m, 

m r + m r _ Y = (m 4 - 1 ) r 
where r is any positive integer. 

If | x | < 1, lim m r x r - 0. 


By p. 64, if u 1 +u 2 + w 3 + ... is convergent, lim u r =0. 

r—*- oo 

But '£m r x r is convergent when | x | < 1 . 

lim mpf = 0 if | x | < 1. 

r-^-oo 

Sum to Infinity 

Expressions for the sum to infinity of some special cases of the 
binomial series have been obtained in Ch. IV. 
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Thus the G.P., 1 -x + x 2 -x* + ... , | x | < 1 , given by m = - 1 , 

has sum to infinity . * — =e (1 -fa;) -1 . 

1 4* x 

Also the series (see Ex. IV. b, No. 19, p. 60), 

1 - 2x 4 3x 2 - 4x s + ... , | x | < 1, 

given by m = - 2 , has sum to infinity 7 — ^ — ^ = (1 + #)” a * 

(l +x) 

The general theorem is best proved by using the methods of 
the Calculus. We shall assume the fact that if f(x) is positive 

r b 

and continuous whenever a< x< b, then \ f (x) dx > 0 , and it follows 

•'a 

that if 4>(x), yjf(x) are continuous functions such that f>(x) >yjs(x) 
whenever a<x<b, then 

( <l>(x)dx>[ \ls(x)dx, since f {(f) (x) - yfr (x)} dx > 0 . 

)a Ja -'a 

The moaning of this statement can be illustrated in a simple way 
by regarding the integral as the measure of an area. 

According to the usual convention, the function (1 +x) m where 

7 ) 

1 4 x > 0 has two values if m where p and q are positive or 
negative integers, and q is even.^ 

Thus (i + tr 4 =<ar i =±jv'3- 

But the sum to infinity of the binomial series for any given 
value of x for which it is convergent has only one value. In the 
proof which follows, we shall for simplicity use the symbol (1 +x) m 
to denote the positive value of (l +x) m . 

Even if it is necessary or desirable to postpone the formal 
proof of the Binomial Theorem, applications can be practised 
without difficulty. 


The Binomial Theorem for a Fractional or Negative Index 


If m is a positive fraction or any negative number, and if | x 
the sum to infinity of 


< 1 , 


1 + m + m(m-l)(m-2) „ 

1 a A 


1.2.3 


X 8 4 . . . 


is the POSITIVE value of (1 4 x) m . 
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Denote the sum to n terms by f n (z). 

Then f n (t) =m 0 + m x t +m 2 t 2 + ... +m r t r + ... +m n _ 1 t n ~ 1 ; 
j r /n(^) =m i + 2m + ... + rm r t T ~ x + ... -f(n - l)w n _^ n ~ 2 . 

Consider the function, (1 +t)^f n (t)-mf n (t), in which the 
coefficient of t r for r =0, 1, 2, 3, ... , n - 2, is 
(r + l)m r+1 +r . m r -m . m T 

=(r + 1) — — 2 ~(rn) 


. .m(m - 1) ... (m -r + 1) 

-(m-r)-^ i .2 ,..r =0; 

also the coefficient of £ n_1 is 

(n - I)m n _ 1 ~m . m n _ x — - (m -n + l)w w ^ — -n . m n . 

(1 + t )j t fn( t ) -™fn{t)= -n.m n t n ~i. 


Dividing each side by (1 +/) m+1 , we have 

d f fnW \ - -. n ■US?' 1 

dt\(\ +t) m i (1 +«)“+>' 
Now if t lies between 0 and x where x > -- 1 , 


lies between 1 and 


(1 +^) wl + 1 ' (1 + x ) m +' 

^ ^ es between - nm n t n l and nm ” 




(1 +x) m +i 

Integrate from t — 0 to t —x where x> - 1 . When t = 0, f n ( t ) = 1 
and ( 1 + t) m = 4- 1 ; 


( ifJr ~ 1 = _nw " A = Aw » x ”> 

where A has some value between 1 and — i-7=i= • 

( 1 + x) m+1 

But from p. 80, when n->o 0 , m n x n ^0 if [ar|< I ; 
when n -*® > ~ l-^0 if | * |< 1. 

/. lim f n (x) =(1 +x) m if | x \< 1. 

n->oo 

The reader should notice where precisely this proof breaks down 
when x~l and when x — - 1. It can, however, be shown that the 
theorem holds for x — 1 if m > - 1, and for x ~ - 1 if m> 0. 
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Expansions in Powers of x 

If a series a 0 + a x x + a z x 2 4- ... 

is convergent when \ x\ <k, say, and if its sum to infinity is /(»), 
we write / ( x ) ~a 0 +a t x +a 2 x 2 + , \x\ <k, 

and the series is called the expansion of f(x) in ascending powers 
of x. 

Thus the binomial series, 

1 -fraj# + m 2 x 2 + ... , |a?|<l, 

is called the expansion of (1 +x) m . 

Expansion of (a+x) m 

If where q is even and if a-\-x> 0, the function (a 4-#) m 

has two values; but for simplicity we shall use the symbol 
(a f x) m to denote only the positive value. 

If I X <1, and if a m exists, we write 
a 

(a + x) m =a m ^ I = a wl {l+m 1 ~?+m 2 ^ 5 +...}« 

If |~ J > 1, we cannot expand the function in ascending powers 
of :r, but, if x m exists, we may write 

(a +x) m ~x m ( 1 =x m { 1 -p j — 

thus expanding it in descending powers, the indices being frac- 
tional if m is fractional. 

Example 1. Expand (1 -x)~ z given \x\< 1. Find also which 
is the greatest term in the expansion, if (i) x = §, (ii) x =§ . 

(1 - x)-» = 1 +( — 3) ( -x) + ( - *) 2 

= 1 + 3 a:+ rfi a:a+ rtl a;S+ -- • 
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The (r + 1 )th term 
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( ~ 3)( - 4)( - 5) ... ( - r - 2) 


1 . 2 . 3 . . . 
_(r + l)(r + 2) 

~ r.2 * • 

. u r , . r+2 _ 


(~*r 


[CH. 


(i) >u r so long as 


4(r -f 2) ^ 
5r 


1 if x = or so long as 


4r + 8 >5r, that is, if r< 8. 

If r = 8, u rJrX —u r ; and if r>8, u r+1 <u r . 

the 8th and 9th terms are equal to each other and are 
greater than all other terms. 

(ii) u r+1 >u r so long as — >1 if x — or so long as 

5 r 4- 10 >8r, that is, if r< 3J. 

If r<^3, u r+l >u T , but if r>3, u r+l <u r , 

the 4th term is greater than all other terms. 


Example 2. Expand ( 1 + 2x )* given | x | < £. 

The function can be expanded in ascending powers of x if 
| 2x | < I, that is, if | x | < The first 4 terms are 

1 + $ (2a;) + t-l (2a;) 1 + * ] (2a;) 1 

. 5 {2x\ 5 . 2 f2x\ 2 5.2.(-l ) (2x 

or l+ 1 (-j) + s-of-)+- , V o 


1.2.3 


1 . 2 \ 3 , 

The terms which follow are alternately positive and negative, 
and the general term is 

( _ 1)f 5^1.4 . 7 ... (3r -8) (2x^ ^ 


1 . 2 . 3 . 4 . 5 .. 

1 


3 ) 


r >2. 


Example 3. Expand — ^ given x > 1 . 

1 ; = 1 (l +- 1 ,) *; but 0<-< 1, 

) X\ X 2 ) X 

fl 


VG+x 2 ) 

1 


va+x 1 ) 


-it 


1 1 


JL+LJ. 

a? 2 z . 4 ir 4 


1 1.3.51 


r 2 

1.3 


2.4.6 x? 
1.3.5 1 


2 ar 8 2 . 4 x* 2.4.6 
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EXERCISE V. a 

Write down the first 4 terms and the coefficient of x r in the 
expansions in ascending powers of x of the following functions. 
In each case, state when the expansion is valid. 

1. (1-x)-*. 2. (1 +3;)-’. 3. (1-3*)-*. 

4. ( 1 - 5a:)- 1 . 5. (1 -2z)~ l . 6. (l+4a;)*. 

7. (I-* 8 )'*. 8. (1+3*)* 9. y/(4+x*). 

10. (1 -*)-». 11. j—- 12.(o+*)-*. 

13- V(q - r_ x ,y 14. y(8 -*»)*. 15. <1 -**)■*. 

Find the named terms in the expansions of the following : 

16. 10th term in (1 - 4^)~ s if | a: | < 

17. 9th*term in ( 1 - 5x)~ 2 if | x | > J. 

18. 4th term in ( 1 + 3x)** if | x | < 

19. 5th term in (1 +4.r 2 )~ 2 ^ if \x | > J. 

20. 6th term in ( 1 - 3.r 2 )~ n if | x | < J. 

21. What is the first negative coefficient in the expansion of 
( 1 + .r ) 2 ^, where | x | < 1 ? 

22. How many terms are positive in the expansion of (1 -# 2 )^ 
where | x \ < 1 ? 

23. How many terms are negative in the expansion of (1 ~ # 2 )^, 
where | x | < 1 ? 

Which is the numerically greatest term (or terms) in the 
expansions of the functions in Nos. 24-29 ? Give the argument in 
full . 

24. (1 +a:) 1 ^ when # 25. (1 when x =0-9. 

26. (1 + when x =§, 27. (1 -x)~ 10 when x = J. 

28. (1 when x = £. 29. (1 when x = 0-8. 

30. What can you say about the value of x if the 5th term of 

the expansion of (1 -x)~% in ascending powers of x is the numeri- 
cally greatest term ? 

31. Expand in ascending powers of x } as far as x*, 

(1 -a:)- 1 -2(1 -2z)-i+(l -3x)-i 

32. By expanding (100—2)^, obtain the value of y'2 to 6 
places of decimals. 
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33. Expand in ascending powers of x as far as x z , ( 1 - x + a? 2 )~ . 

34. If the expansion of (1 +x) x can be deduced from that of 

(1 +x) m by replacing m by x , verify that the first 4 terms are 
1 + g# 4 . 

35. Find the coefficient of x 8 in the expansion of 

(1 +3a>r*(l +2x)K 

36. If n is a positive integer, prove that the middle term of 
(1 +x) 2n is the same as the (n -f l)th term of (1 - 4#)“^. 

37. Prove that the coefficient of x r in (1 equals the 

coefficient of x m in (1 -x)~ T ~ x . 


Forms of the Binomial Series 

The examples in Exercise V. a show the various forms to 
which the binomial series may be reduced. It should be noted 
that coefficients which do not immediately appear to be of t‘ho 

form — ~ j— y ^ — can often be manipulated so as to assume 

this form, as illustrated in Examples 4, 5, p. 87. It may assist 
the reader to see the reduction in the two following cases, m — - n 


and m = 

7 

If \%\< L 


( 1 - x)~ n is the sum to infinity of 


1 4 ^ -»)+■ < 


1.2 

( - n) ( - n - 1 ) ( - n - 2) 


1.2.3 




and we write 

Similarly, we have 

(l +*)-» = ! -5* +!)*. £±*>». + ... , 

P P 

and if we replace n by we have ( 1 - x) q 

= iA +£l£+2)*. + p(p+Mp±Wi x * + . .. 

£ ? • 2 ? q.2q .3q 

, P(P+g)fx\ x l p(p+q)(p+2q)fx'$ . 

+ ro — l?; +•— 
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'] 


The expansion of (] +x) q where - is positive is sometimes less 


easy to recognise in numerical examples, because when the factors 
of each coefficient are all written positively, they decrease first 
and afterwards increase ; this is illustrated by Example 2, p. 84. 


Example 4. Find the sum to infinity of the series 
10 *10 . 16 10. 16.22 
+ 9 + 9. 18 + 9. 18.27 + ‘" ‘ 


The factors in the numerators form an A.P. with common 
difference 6 ; we therefore divide each of these by 6. 

The factors in the denominators form an A.P. with common 
difference 9 ; we therefore divide each by 9. Hence we have 


nVV.-S/ay +S-3-V/6) 1 

l'tt/ 1 . 2 \9/ 1 .2.3 W 


+ ... ; 


and, since 1, the sum to infinity of this series exists and 

equals (1 -§)~* ; 

the sum to infinity = ( J )~S = 3® — 3 £/9. 


Example 5. Find the sum to infinity of the series 
2 _ 1-3 1.3.5 

24 24 . 32 + 24 . 32 . 40 •*“ 


Proceeding as in Example 4 we write 

S:= IJ2\ A-%-5 


3 . 4 \ 8 


+ 3.4.5 


/ 2\ a 

\8/ 


In order to express this in the standard binomial form, the factors 
1 . 2 must be inserted in each denominator, and two additional 
factors must then be inserted in each numerator to secure that 
the number of factors in the numerator is the same as that in 
the denominator. In order that the factors of the numerator may 
remain in A.P., the additional factors (which should be the same 
in each term) must-be -I. 

3-1.1 -3 -113 

3 * 2 * 2*2 1 2 2 * 2*2 1 

** 8“ 1.2.3 4 1.2. 3. 4 * 4 2 + ' ; 

3 1 j-l 3.1 -1 -3 

; Zs 1 2 2 * 21 2 * 2 * 2 * 2 1 

“ 8 * 4* ~ 1.2.3 * 4 s 1.2. 3. 4 * 4* ** ’ 
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3s /. iv ,,31 3.1 1 
128 + i) + 1 + l '4 + l .2 4 2 

_ 5\/5 - 3 3 __5yJ> 179 

8 +I h 8 + 128'" 8 + 128 : 
s = J(179 -80y5). 


EXERCISE V. b 

What results are obtained by substitution and reduction in 
Nos. 1-4 ? 

1. Put x = 1 in (1 - x)~~* and in its expansion. 


2. Put x - 


in ( 1 - .r)~” and in its expansion. 


3. Put x - i in (1 - cr 2 )“‘“ and in its expansion. 

4. Put x — l in (1 ~x)*~ and in its expansion. 
Find the sum to infinity of the following series : 

, , J 4\ 6.7/4\ 2 6.7.8/4\ 3 

5 - 1 + ^(5) + 1 . 2(5) + 1 . 2 . 3(5} + --- - 
6. 1+2(J)+3(D 2 +4(D 3 + .... 


?• i + K2) + ; 


1.3. 5/3 


2.4.614 


8 . 1 + " • 2 • 2 2 + n -^-t • 2 * + ... . 


9 1 1,1-3 1-3.5 

4 + 4 . 8 4.8.12 

10 1 1 , l- 4 1-4-7 | 

10 ‘ 1 5 + 5. 10 5.10. 15 + ‘" ' 

„ , 1 1.3 1.3.5 

8 8. 16 8. 16.24 ^ 


- 0 1 1 11 1.3 1 1.3.5 1 

2 2 4 2.4 2 8 + 2.4.6 2 12 2 . 4 . 6 . 8 ’ 2 ie + *" 

13 1, 13 1.3.5 1. 3. 5. 7 

3 + 3.6 + 3.6.9 + 3.6.9.12 + **‘* 

14 -l(s) + U(iMi§7i(-S)’ + -- 

4 4.7 4.7.10 

20 + 20.30 + 20.30.40' f *“* 


. 3 . 4\3/ + 
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i fi 3 34 , 3 - 4 -5 

* 2.4^2.4.6 + 2.4.6.8^“' ' 

17 , I _ JLiJL + _ . 

5 5. 10 5. 10. 15 *“ 


1.3 


1.3.5 


« a n , X • t J A X . U . U c 

i8. *"+-3+374* + 57175 * +- ” 


1*1 <b 


_n(n + l)(n + 2)/l -iy\ 3 

172.3 * vriT/J + -- 

01 - 1 .3 9 1 .3.5.7 4 . . 

1+ 2.4‘ r + 2.4.6.8 a: + **‘’ I I < 1 * 


22. Prove that the sum to infinity of 
3 3.5 3.5.7 

1 + 8 + 8 . 10 + 8 . 10. 12 " K ” 

is double that of 

1 1.3 1.3.5 

4^4. 0^4. 6. 8^ 


y> 0 . 


%>h 


Partial Fractions 

3 * 6 

When the two fractions ~ and r are added together, the 

X ju X “T 1 

8ic + 13 

result is 7 ow.'~i\ ; ^ orm i s f° r many purposes less 

useful than the original sum. The opposite process of resolving 

a fraction like 7 — “stt— -T v into the separate fractions 4- —7 . 

(a: +2)(# + 1) 1 x+2 x + i 

is often required, for example when expanding in powers of x or 

in integration ; it is called the expression of the function in 

partial fractions. 


Example 6. Express 
Assume that 


4x 4 - 7 

(x - 2) ( 2x~+Y) 

Ax 4- 7 _ a 

~ x 


in partial fractions 
b 


(x - 2)(2x 4 - 1)’ 


2 + 2* + 1 


where a, b are 


d.a.a. 
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constants (independent of x). This assumption is justified because 
it is equivalent to 

4# + 7=Ea(2# + 1) -f &(# - 2), (i) 

or 4x + 7~x{2a +6) + (a - 26), 

and this will hold for all values of x if values of a, b exist such that 
2a +6 =4 and a~2b — 7. The solution of these equations gives 
a — 3, b = - 2, but usually it is better to find the values of the 
constants as follows : 

Since (i) is an identity, it holds for any value of x we like to 
substitute. 

If =2, 8 -f- 7 — 5a , /. a =3. 

Ifz=-£, ~ 2 + 7 -- - 2\bj 5b =-10, b = -2. 

4a? + 7 3 2 

*• \x-2)(2x + iy~x-2 2x + r 


Example 7. Express * n P ar ^i a ^ fractions. 

It would be wrong to assume that 

4x __ a b 

(x-i)(x + vf “ + jaT+T)* 

where a, b are independent of x, because this is equivalent to 
4 x^a (x + 1 ) 2 + b (x - I ), 
or 4a-~=a.r 2 ~\~x(2a +6) + a - 5, 

which will hold only if values of a, b exist such that a = 0 and 
2a + b — 4 and a - 6 = 0. In general, two numbers cannot be found 
to satisfy three conditions, and here in particular it is obviously 
impossible. 

It is, however, correct to assume that 

4 x _ a b c 

(x - l)(a; + l) 2 “z - 1 + (x + 1)* + x -t 1 

because this is equivalent to 

4 x^a(x + l) 2 +b(x - 1) +c(x + l)(a? - 1), p) 

or 4#sr 2 (a + c) + #(2a -f-6) -fa -b -c, 

which holds if values of a, 6, c exist such that a + c — 0 and 2a + b = 4 
and a -b -c ~0. In general, three numbers can be found to satisfy 
three conditions, and here in particular the solution of these 
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equations gives a — 1, 6 --2, c = -1. But the values of a, 6, c are 
best found as follows : 

From the identity (i), 

if x = 1, 4=4 a, o = l; 

ifa?=— 1, -4= -26, .\ 6=2; 

equate coefficients of a? 2 , 0 =a+c, c=-l. 

4x 1 2 1 

•• (x - 1 )(# + l) 2 #-l + (a?-M) 3 x + l' 

It would also be correct to assume that 

4x _ A Bx 4- C 

(x“- 1)(* + l) a= «^l + (X -I l) 2 ' 

This form can be justified in the same way but is less convenient. 
It should also be noted that 


B.r + C 

(x + 1? 


can be written 


B(a? + 1) + C 


which reduces to 


B C - B 

aj + l + (i + l) a 


5x — 7 

Example 8. Express ^ + 3^ ^ ^ 2) ** P artia ^ fractions. 

It would be wrong to assume that 

5x - 7 _ a 6 

(x + 3Hi* + 2) “ xTS + x 2 ~ + 2 

where a, 6 are independent of x , because as in Example 7 this 
requires that the two unknowns o, 6 must satisfy three conditions. 
But the arguments used above show that it is correct to assume 

5x - 7 __ a bx +c 

(a; +3)(fC 2 +2) = « + 3 + * 2r +2’ 
which is equivalent to 

5x - 7==a(# 2 -f 2) + (6x +c)(a; + 3). 

If a? = — 3, - 15 - 7 = 11a, a=-2. 

Ifx=0, -7=2a+3 c, 3c = -7+4, ,\ c=-l. 

Equate coefficients of x 2 , 0=a+6, 6=2. 

. 5x-J 2 2x - 1 

‘ * (x + 3) (x 2 + 2 ) x + 3 + x 2 + 2 ’ 
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Alternatively , after finding the value of a, we may continue 
5x -7 4 2 (a; 2 -f 2)=s (bx 4 c)(x + 3) ; 

2x z + 5x - 3= (x + 3) (2x - l)==(6a; 4c)(a; 4 3) ; 

6a; 4c=s2a; - 1. 


Example 9. 


Decompose 


x 3 4 a ; 2 + 6 
a; 2 - f~ 


Since the degree of the numerator is not less than that of the 
denominator, we must start by dividing, as with improper 
fractions in arithmetic. We then find 


a; 8 4 a; 2 4 6 


— X 4 1 4 


a; 4 7 


x' 4 - 1 ~ ' ‘ ’ a; 2 - 1’ 

and then by the method of Example 6 we obtain 


x 3 4 a? 2 4 6 


=a;4 1 4- 


3 

x 4 1* 


a ; 2 — 1 1 a; - 1 

Alternatively , it is sometimes convenient to combine the 

division with the rest of the work by assuming, for oxample, 

x 3 4 a ; 2 4 6 , c d 

1 S z — ax 46 H i H ; — f • 

x 2 -l x - 1 x 4 1 


2*2 _j_ Q 

Example 10. Express ^ (x-2) 3 * n P art * a * factions. 

First Method. 

A x 2 - 8a; 4 9 a b c d 

Assume ( - + iyj^ _ 2)» = xTI + (k""2T s + (a; - 2) a + F^2’ 

then x 2 - Sx 4 9= a (a; - 2) 8 4 6 (a: 4 1) 4 c (a; 4 l)(a? - 2) 

4d(a; 4 l)(a? - 2) 2 . 

If a; = - 1, 148 49= -27a, a=-$; 

if a; =2, 4-16 49 = 36, 6 = - 1 ; 

equate coefficients of a; 8 , 0=a+d, d= J; 

if x = 0, 9 = - 8a 4 6 - 2c 4 4d, 2c = - 9 4 ^ - 1 4 f ; 

c = - 1. 

eXpreSSl0n = " 3(x + l) ~ (*-2)» " (x-2)» + 3(x^2j' 

Second Method. 

If, as here, the denominator contains a factor repeated three #r 
more times, it may be shorter to proceed as follows : 
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Put x - 2 =?y, then the expression becomes 

(y + 2) a -8(y - f 2) + 9 _ y* -4y - 3 
y‘(y + 3 ) 2/ a (3/ + 3)‘ 

But -Z-iy +»/*= - (3 +j/) - 3y +i/ 2 = -(3+y) -y(3+y) + 2j/* 

= -(3+»/)-i/(3+2/)+fi/ ii (3+^)-?|- ; 

■ ~4y -3 i i . 2 2 

2 / s («/ + 3) _ 2 / 8 y 2 Zy 3(2/ + 3)’ 

which gives the same result as before. 

Note . The process of expressing functions in partial fractions, 
although elementary, is often laborious. In such cases, the 
alternative methods given in Examples 8, 10 are preferable. 


EXERCISE V. c 


Express in partial fractions : 

- 5a? 4- 5 0 2 

(a?-l)(a?+4 )* x 

4 J? +1 5 

(x + 2) a x ! 

7 £+i 8 

'• x a - 1' 8l Ji 

- 0 3a? a - 2a? - 3 

(x-l'Hx~'2y(x'~3)' 

10 9a? -8 

a?(a? - 2) 2 ‘ 

14 3 ^ + 1 

(a? - l)(a? 2 - 1)’ 

16. 17. 

(a?-3) 8 a?(a?' 

IQ 7a? 2 + 12a? + 2 

(a? + 1 ) 8 (a? -2)\ 

2 i 3a? 4- 3 

* (a? - l)(a? 2 4- a; 4- 1)’ 

9 o 1 - 2a? 

23 ‘ i*+T 

2 5 (6 - c)(c ~ a)(q -6) 

(a? -a) (a? -6) (a? - cl’ 


a? 2 (a? + 3)' 


7a? - 8 

(a? 4- l)(4a? - 1)" 
a? - 1 
(x+W 
a? 2 - 4a? + 2 
a? 2 - 5a? + 6 


a? + 2 
a? (a? 2 + 1)* 


6a? 2 

(a? 2 - l)(a? - 2)* 

6a? -3 

(a? + l) 2 (a? - 2)’ 

5a? 2 - 11a? + 8 
(1 -a?)(2 -a?) 2 ’ 

18. K + -t- 

a? 2 - 1 

2a? 2 4- 3a? + 1 
(a? -2) 8 '(x - 3)’ 
12(a? a 4- a? - 3) 

(aT a ~- lj(x* - 4)* 

4a? 2 

(^T) r (a? 2 + 1)‘ 
a ~ b 

( x -a) 2 (x - by 
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27. Use the method of partial fractions to prove that 

— — — n P-i -f n ^ 2 — i / __ j \n n^n 

x(x + l )(x +2) ... (x +n) x #4-1 x+2 *“ ' ; x+n 

What special results are obtained by putting (i) x = 1, (ii) x—2, 
(iii)x=£. 

28. Prove that 

x 6 a 8 6 s __ . 

(x-a){x-b) (a~b)(x~a) (6 -a)(x -6) +a + 

jjS _ 2 

29 o Express 2 — i * n Partial fractions. 

x* 4“ x c 4- 1 

30. Express - r - — k\ * n partial fractions, and deduce the 

n(n 4- o){n 4- o) n4-10 

sum to infinity of the series whose nth term is — ;rr - . 

J n(n 4- 3)(n 4- 5) 

Example 11. Find the coefficient of x r in the expansion in 
3 cc 

ascending powers of x of ^ — gccp’ 

If \x\< J, (1 -2#)- 2 = l 4-2(2#)4-3 (2#) 2 + ... 4-(r 4- l)(2#) r + ... ; 
the coefficient of x r in (3 -#)(1 -2x)~ 2 is 
3(r 4-1) . 2 r -r . 2 r ~ 1 = 2 r " 1 ( 6r 4- 6 - r) =2 r ~ 1 (5r 4- 6). 
Example 12. Find the coefficient of x r in the expansion in 
ascending powers of « of { ^ . 2 ., 1 )(3+ . r) - 

12 1 

fl -2*)(3'+a;> _ 7(l - 2.r) + 7(3 +*) 

= ?(l-2a:) -1 + ^j(l +|) _1 * 
if | x | < 4, the expression 

= f(l +2* +2V + ... )+2l(l-l + p --•} 

the coefficient of x r = 1 . 2 r+1 + ( - 1 ) r . 

= } {2 r+1 + ( - 1 ) r . 3~ f_1 } . 


EXERCISE V. d 

State the condition for expanding the following functions in 
ascending powers of x, and find the coefficient of x r . 

- x 0 1 - 2x o 1 +x 

(2 -a;) 2 * (l-*) 2 * ' (1 -x)*' 

a c 1 

(1 - 2#)(1 - 3 #)’ (3 -#)( 4 -#)* 
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6. 

9 

7. 

(l+tf) a 

(1 +2a?)(4 -x)’ 

(1 -*j 4 ’ 

8. 

1 +x 

9. 

2-3* 

1 +x - 2x 2 ‘ 

1 - 3* + 2x 2 ’ 

10. 

9x 

11. 

12* - 34 

(x + 2)(2x + 1) 2 ‘ 

(x-2)(* + 3)(*-4)' 

12. 

a - b 

13. 

(a - b)(b -c)(c -a) 

<5 
; 1 

I 

' l 

(1 -ax)( 1 -bx)( 1 - ex)* 


14. If | x | < 1 , expand in powers of x, s + 

What result is obtained by taking x — % ? 

15. Prove that the coefficient of x r in the expansion of 
is 4 r 2 + 2. 


5x — 3 

16. If ex P an ded in powers of x t prove that the 

coefficient of x T is r - 3 or r -f 1, according as r is even or odd. 

17. What is the coefficient of x r in the expansion of 

(1 +# +X 2 ) -1 ? ^Note that 1 +x +x 2 = ~ — 

18. What is the coefficient of x r in the expansion of - — ^ ? 

19. What are the conditions which allow — — — -5 to be 

expanded in the forms x “ 5x + 6 

(i)p 0 +P l x+PiX 2 + ... ; (ii)?o + y + |l + --- 1 

Prove that q n+1 =6 

20. If n is a positive integer, find the coefficient of x n in the 

- (1 + 2x) n 
expansion of — — 

[Replace 1 + 2x by 3 -2(1 - x ).] 


21. If n is a positive integer, prove that the coefficient of x n in 

( 3 # - 2) n 

the expansion of is 1 - 2 n. [Use the method of No. 20.) 

a/( 1 -f- x) 

22. What is the coefficient of x r in the expansion of — -I in 

ascending powers of x ? v ( 1 ~ x ) 


23. If fa ) can b 0 © x P a nded in ascending powers of 

x y prove that the coefficient of x T is 

(r + 1 ) a r + 2 - (r + 2) « r +*6 + 6 r + 2 . 
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Approximations 

The practical utility of an infinite series depends on the rapidity 
with which successive terms diminish. The most useful series aCTe 
those in which the sum of the first few terms is a good approxima- 
tion for its sum to infinity ; such series are said to converge 
rapidly. 

Example 13. Evaluate y/2 to 6 places of decimals. 

Since 100 - 2 =98 = 7 2 . 2, 7 y/2 =(100 - 2)* = 10(1 - 0-02)4 ; 

“j W = 1 - 4 (°-° 2 > - i (0-02)* - ft (0 02) 3 - , j* (002)« - . . . 

= 1 - 0 01 -0000,05-0000,000,5 -0000,000,006... 

= 0 989949494 ... ; 

\/2 = 1-41421356 ... . 

.\ \/2— T414214 correct to 6 places of decimals. 

Degree of Accuracy 

Since the successive binomial coefficients steadily decrease 
after a certain stage , we can estimate the degree of error caused by 
considering only the first few terms. Thus, if in Example 13, 
we had taken only 4 terms instead of 5 terms, the error in the 
7 a/2 

value of would certainly be less than 

f fe [( 0 * 02) 4 + (0 02) 5 + ( 0-02 ) 6 + . . .] 

and this is less than 

4"^ <°000, 000.007; 

and therefore the error in the value of y/2 would be less than 
0-000,000,01, which shows that, for the required approximation 
4 terms are sufficient. 

Example 14, Find an approximation for if x is so 

small that terms involving x* may be neglected. 

(1 + 2z) 4 = 1 +* - J (2a;) 2 = 1 +x - Ja: 2 , 

(1 +3a;) _ i == 1 -a? + f (3a;) 2 = 1 -a; + 2a; 2 ; 

^l+ia; 2 . 
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Note. If x* and higher powers of x are neglected, the error is 
said to be “ of order x 8 .” 


Example 15. If x is large, find an approximation for 
V(ar* + 1)- V(^-l). 


(** + !)*=*( I +J,)" 


--*( 1 +2^2 - '8*0’ ne K lectin f? J6- etc - 


Similarly, (x* - 1 )i = * ( 1 - ; 


Vfc 8 + 1 ) - V(x* - 1 ) — neglecting etc. 

The error involved in this approximation is therefore of order 
— 5 . If a more precise estimate of the degree of accuracy is required, 
we may say that the error in the expression taken for (x 2 + 1)^ is 
less than 


1 


* Cite* + 16.t 8+ 16x1° + " 4 ] 

I 

and therefore the total error < 


< 


16x5 i L 1 ’ 


8a ,s (x 2 - 1 ) 


Example 16. If p-q is small compared with q, obtain an 


approximation for / \J—' 


V p+q/ \ p+qJ 




V! 


: fl + _g.zg ^U(i- PjzSLA 

\ ^ n(p+q)f'\ n(p+q)f 
(n + l)p +(n - l)g 


(n - l)p + (n + l)q 
If we put p - q = qx , so that # is small, this result becomes 

y {1+x) Zri+Jp±l)X' 
vx 7 2n + (n-l)a? 

It can be shown (Ex, V. e. No. 15) that the error is of order x*> 
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EXERCISE V. e 

1. Evaluate VI *02 to 5 places of decimals. 

2. Evaluate £/999 to 5 places of decimals. 

3. Evaluate £/3250 to 5 places of decimals. 

4. Use the expansion of (1 evaluate %/2 to 5 places 

of decimals. 

5. The surface S sq. in. of a sphere is connected with the 
volume V cu. in. by the relation, S 3 =367rV 2 . If the volume of a 
spherical soap bubble is increased by 10 per cent., show that the 
surface is increased by about 6-5£> per cent. 

Prove the following approximations if x is small : 

6 . (I -x)- * -(l+x)*^lx* + lx*. 

7 1 ~ x + i x * ~i x> - 

s. 

10. ^/(l + 3#) 4- V(1 -2x)^ 1 + 2x -f lx 2 +y ^ 8 . 

11. (1 + ax) v ( 1 +6x)<?4-(1 +cx) r 1 -f (ap + bq -cr)x. 

13. {( 1 - *)-* - ( 1 +*)*} 4- {( 1 - J*r* - ( 1 + i*) 4 } = 4 +x. 

14. {(1 +a:) s - 2(1 +x) a +(1 + #) 10 } 

4- {(1 + 2x) - 2(1 + 2.r)» + (1 + 2x) i ) = 


1. 


15. V( 1 + ») 


2n +(n + l)x^ n 2 - 1 


2n + (n- l)x 1 2n z 

16. If a; is large, prove that 

y(**+6) -#(*»+ 3) 

17. Find a rough approximation to the small positive value of 

x which satisfies = 1*05. 

(1 - a ) 4 

18. If x ia so large that ^ is negligible, obtain an approximation 

x. +/l<r% — **' 


for 


x\/(x 2 - 2x) 

~ (X + 1)*~ 
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19. If ( p -q^-r-q* is negligible, show that 

Ip = p | p+g ^ 

\ q P+q iq 


vq p+q 4q 

20. If a; is nearly equal to 1, prove that 

i/x -*Jx 

'*‘21. If T^/^, and if the values of L, G differ but 

slightly from those of Z, g respectively, prove that 
T-Z_l/L-Z G -g\ 

T 2 v L G / 

22. If ac is small compared with 6 2 , show that 

c ac 2 , b c ac 2 

- r - vo and - - 4- t 4 - tt 

6 6 3 abb 8 

are approximate values of the roots of a# 2 4-6# + c =0. 


Homogeneous Products 

The various products of degree r which can bo formed with 
any or all of n given letters are called the homogeneous products 
of r dimensions formed from n letters ; it is to be understood that 
repetitions of a letter are allowed. Thus the homogeneous 
products of 2 dimensions formed from the 3 letters a, b, c, are 
a 2 , 6 2 , c 2 , 6c, ca, ab. 

These are the terms in the coefficient of x 2 in the expansion of 
( 1 -\- ax 4- a 2 x 2 ) ( 1 4- bx 4- 6 2 # 2 ) ( 1 4- c# 4- c 2 # 2 ). 

Similarly, the homogeneous products of r dimensions formed 
from the 3 letters a, 6, c are the terms in the coefficient of x r in the 
expansion of 

(1 4 ax + a 2 x 2 + ... -f a 171 #™) ( 1 + bx 4- . . . 4 b m x m )( 1 4- cx 4- . . . 4- c m x m ) 
if m > r. 

This expression 

_ (1 ~g™+l X m + i)(j -frtn+ism+l)(l - C m+i x m+ 1) 

(l -ax)(l -bx)(l - cx) 

the sum of all the homogeneous products is the coefficient 
of x r in this expression and, since m + 1 > r, this is the same as 

the coefficient of x r in the expansion of 

* (1 -ax) (l -bx)(l -ex) 
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which may be found (see Ex. V. f, No. 30) by the method of 
partial fractions. 

If we put a — b = c — 1 , each term in the coefficient of x r becomes 
1, and therefore the number of homogeneous products of r dimen- 
sions formed from 3 letters is the coefficient of x r in the expansion 

of jy—p = ( 1 - *)~*. namely J (r + 1 ) (r + 2). 

This method can be applied to any number of letters. 

The homogeneous products of r dimensions formed from n 
letters are the terms in the coefficient of x T in the expansion of tho 
n factors 


( 1 + a x x + a t 2 x 2 + ... + a 1 m x m ).. . ( 1 + a n x + a n 2 x 2 + . . . + ct n m x m ), 

where my>r, and this is the same as the coefficient of x r in the 
expansion of ^ 

( 1 ~a x x) ( 1 - a z x ) ... (F- a n x) % 

the number of homogeneous products of r dimensions 
formed from n letters is the coefficient of x r in the expansion of 

JL = (1 - x)~ n ; this number is denoted by n H r . We therefore 
(1 ~x) n 

have 

^ _n(n+ l)(n+2) ... (n + r- l)_(n + r~ 1)! 
n r 1.2 .'3 . . r ~ r! (n - 1) ! ’ 

This result shows that 

n^r — n+r-iC r 

and can be established independently by the principles of Ch. I. 
Consider the following example : 

Example 17. Find the number of ways in which a row of 
13 dots can be divided into groups by 9 strokes, if the strokes 
need not be separated by dots and may come at either end. 

One such method of partition is as follows : 

I • • I • I • • • 1 1 • I ! I • • I 

The total number of ways is the same as the number of ways of 
arranging, say, 9 A’s and 13 B’s in a row, and, by p. 7, this is 

22 ! _ 

9TT3!-™W3- 
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Suppose the dots all written down first and that the strokes 
are then inserted in succession from the left. In the particular 
partition shown above, the strokes cut off in succession 
0, 2, 1, 3, 0, 1, 0, 0, 2 dots, 
leaving 4 dots at the end. 

This corresponds to the term 

a°b 2 c 1 d 3 e 0 f 1 g 0 h°i 2 j i f 

which is a product of degree 13 formed from the 10 letters a, b, c, 
... i, j. Each homogeneous product of degree 13 formed from 
these 10 letters corresponds to one mode of partition, and con- 
versely. Therefore the number of these homogeneous products 
J0 Hi 3 equals the number of modes of partition, 22^13* 

The same argument may be used for any number of dots and 
strokes. 

The number of ways in which a row of r dots can be divided 
into groups by n - 1 strokes is r+n _iC r , and this corresponds to 
the number of homogeneous products of degree r that canjbe 
formed from n letters, namely w H r . 


Example 18. In how many ways can a total of 15 be thrown 
with four dice of different colours, whose faces are numbered 
1, 2, 3, 4, 5, 6 ? 

Consider the expression 

( x -fa ; 2 +x 8 -f ... +#*)(# f x 2 -f ... + x*)(x +x 2 + ... +.T 6 ) 

x(.t +* 2 + ... +x t ). 

Any term x v . x Q . x r . x s in the product equals x 16 if 
p +q +r -f s = 15 ; 

therefore the number of these terms is the same as the number of 
solutions of the equation p+g+r+*= 15, where p, g, r, 8 may 
have any of the values 1, 2, 3, 4, 5, 6. 

the required number is the coefficient of a; 15 in 
(x +x 2 + x z 4- ... +x*) 4 . 


which equals l x ’ 

This equals the coefficient of x 11 in ( 1 - 4# e + 6# 12 -...)( 1 - a?)"" 4 ; 
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Sum of the First r Coefficients of a Power Series 

Suppose that a 0 + a x x + a 2 x 2 + . . . 4- a r x r + . . . 

is absolutely convergent for ] x | < k with sum to infinity f(x). 

Then a 0 +a z 4- ... +a r _ x is the coefficient of x r ~ l wlien the 
product ^ -f x + x 2 4- ... + x r ~ 1 )(a 0 -\-a x x + o 2 r 4- ... ) 

is rearranged as a power series in x. It can be proved that this 
process is legitimate if the series 2 | a r x r | is convergent, and the 

sum to infinity is then But the coefficient of x r l in 

the expansion of this function is the same as that of x r ~ l in the 
, f(x) 

expansion of y 

a Q -f »i + ... +a r _i equals the coefficient of x r ~ x in the 

, f( X ) 

expansion of 

Example 19. Given 

(1 ~x) m — 1 ~m x x +mrfc 2 -m z x 8 + ... , | x |< 1, 
find the value of 1 -m 1 +m 2 -ra 3 4- ... 4-( - 1 ) r m r . 

The expression equals the coefficient of x r in the expansion of 

M=d-,r. 

1 - x 

It therefore equals ( - l) r . (m - l) r . 


EXERCISE V. f 

Describe, as on p. 99, the nature of the following coefficients 
in Nos. 1-3. 

1. Coefficient of x 8 in 

( 1 4 - £a r x r ) ( 1 4- b> T x T ) ( 1 4- 2 c r * r ) ( 1 4 - £d r x r ). 

13 11 

2. Coefficient of x 12 in 

(ax 4- a 2 x 2 + . . . ) (bx 4 b 2 x 2 4 - . . . ) ( cx 4 - c^x 2 + ...). 

8 8 8 

3. Coefficient of a; 8 in '£(a r x r ) . 2(b r x r ) . £(c r x r ). 

2,1 o 

4. Find the coefficient of (i) x 4 ; (ii) x 7 in the expansion* of 
(1 4 - x +x 2 4-# 8 4- a? 4 ) 3 . 



vj THE BINOMIAL SERIES 103 

5. Find the coefficient of (i) cc 5 ; (ii) £ 10 in the expansion of 
(x -I- x 2 +x 3 +x*) 9 . 

6. Find the number of homogeneous products of 4 dimensions 
formed from 10 letters. 

7. How many terms are there in the expansion of 

(i) (a 1 +a 2 +a 3 +o 4 ) 5 ; (ii) (a 1 +o 2 + ... +a n ) k 
whore & is a positive integer. 

8. How many unequal triangles can be drawn if every side is 
either 5, 6, 7 or 8 cm. long ? 

9. A man receives from a photographer 4 different proofs of 
bis photograph. In how many ways can he select 6 copies ? 

10. In how many ways can a total of 10 be thrown with three 
dice of different colours, the faces being numbered 1, 2, 3, 4, 5, 6 ? 

11. In how many ways can 5 like things be arranged in a row 
of 3 pigeon-holes (i) if there is no restriction, (ii) if there is at 
least one thing in each pigeon-hole ? 

12. How many numbers less than a million have 6 as the sum 
of their digits ? 

13. How many solutions are there of the equation 

cl -\-b c d c — 12, 

if each df the letters must have one of the values 1, 2, 3, 4 ? 

14. How many selections of 8 letters can be made from 5 a 1 s, 
6 V s, 8 c’s, if each selection contains at least 1 a, 1 6, 2 c’s ? 

15. In an examination there are 3 papers for each of which the 
maximum mark is 100. Find the number of ways in which a 
candidate can obtain a total of 200 marks for the 3 papers. 


16. 

of x 2n 


By writing 1 -f x 2 in the form 2x + ( 1 - x) 2 , find the coefficient 


in 


(1 + x 2 ) n 


17. If n and r are positive integers, prove that the coefficient 

, . (l-Sx) n . Ar 

of x n + r m — - — is 4 r . 

1 - 4x 


18. Prove that n H r = n _iH r + n H r _ 1 . 

19. What is the coefficient of x r in (1. + x + x 2 + ... +z Tn ~ 1 ) n if 
r ^ m ? Find also the coefficient of x m + 8 . 


20. Express in two ways the coefficient of x r_1 in the expansion 

of (1 -x)~*. 

21, Use the product (1 -x) -1 . (1 -x)~^ to find the value of 

11.3 1.3.5 1 .3.5... (2n-3) 

1+ 2 + 2.4 + 2,4.6 + ‘’* + 2.4.6...(2n-2)‘ 
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22. Provo that, if |ft|< 1, 

' +2*a: + 3¥+4V + ..., 

(1 -ft) 3 

and deduce that, if n is a positive integer greater than 2, 

1 - w Cj . 2 2 + W C 2 . 3 a - W C 3 . 4 2 -f ... “0. 

23. Use the product (1 - x) n . (1 -ft)~ 2 to find the value of 
n(n ■ 


• (m - 1)n + (m - 2) • - 




to t m terms, where m, n are positive integers, m< n. 

24. If a r = —3 f — — » and if n is odd, prove that 

r 2 . 4 . 6 . . . 2r 

a n +a 1 a w _ 1 + a 2 a n _ 2 +■ ••• > to | (n + 1) terms, = 

25. Find the sum of the first r coefficients in the expansion of 

2ft + 4 , , ( 

in ascending powers of ft. 


(1 +x)(l -2ft) 


integer to prove that 


1 


26. Use the product ( 1 — ) ( 1 - x)~ m where m is a positive 


1 - 


m 2 (m 2 - l 2 ) m 2 (rn 2 - 1 2 )(m 2 - 2 2 ) 
i 2 :2 2 .3 2 


+ ... 


I 2 1 2 .2 2 

to (m + 1) terms is zero. 

27. If m , n are positive integers, m<n- 1, find the value of 
(m + l)m - n C x m (m - 1 ) + n C 2 (m - 1 ) (m - 2) - . . . 
to m terms. 


28. If n is a positive integer, prove that 

n + (n-I)J + (n-2)i^i+(n-3)td^ + ... 


to n terms equals 


7_.JL0. 13.^. 
S "" 1 . (n 


(3n +J) 
- 1 )! ‘ 


29. By expanding (1 -2ft+ft 2 )“ 1 in tw T o different ways, prove 
that if n is a positive integer 

2 n - (n - 1 )2 n 2 | " 2)(n. — ~ 3 ) ( ti — 4 ) (n — 5) ^ n-e „j_ 

1.2 1.2.3 

equals n + 1 . 

30. Prove that the sum of the homogeneous products of r 
dimensions that can be formed from the 3 letters a, b, c is 

- {a r + 2 (6 - c) + b r + 2 (c - a) + c r + 2 (a - b)} ~ {(a - b) (b - c) (c - a)} . 
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LOGARITHMIC AND EXPONENTIAL FUNCTIONS 

Functions defined by Definite Integrals 

The indefinite integral, \x n dx — +c for all values of n, except 
n — - 1. 

It is convenient to consider the definite integral 
f x n dx, where t > 0. 

h 

r— 7W+I- 1 — 1 

K n-f - I, this equals ' , -7-. 

r 1 + 1 Ji n + 1 

rt ] 

If n = - 1 , the integral becomes I and this cannot be 

expressed in terms of elementary 
functions. It represents the area 

between the graph of y - \ the 

x axis, and the ordinates cr = 1, 
x ~t, where we suppose / > 0. 

Approximate values, for given 
values of t , can be found by the 
ordinary methods of practical geo- 
metry such as counting squares, 

Simpson’s rule, etc., but more 
effective methods will be given later in this chapter. 

Since this curve is a rectangular hyperbola, we shall for the 
present denote this area function by the symbol hyp(£), and 
write 

rt 1 

hyp (£)==! ~dx , t> 0 , (1) 

x 

The definition of hyp(t) requires that t > 0. If t 0, we shall 
not discuss or even define hyp (t), and whenever this function is 
used, it is to be understood that t > 0. 
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From the definition, it follows that hyp(l)=0 and that hyp(£) 

steadily increases as t increases. 

Further, if x lies between 1 and 1 +u where 1 + u > 0, - lies 

x 

between 1 and ~ . 

1 +u 

ri+ti i 

hyp ( 1 + u)~ \ -dx lies between 
J i x 

rl+u J (l+u 

dx and \ dx ; 

Ji 1+wJi 

that is, between u and _ u ; 

1 +u 


Y^<hyp(l +U)<u, (2) 

provided that u > - 1, u=£ 0 

In particular, taking u — 1 and u — - J, we have 

i < hyp (2) < 1 and - 1 < hyp (J) < - \ (3) 


Wo shall now prove a fundamental property of hyp(£). 

If n is any rational number, 

hyp(t n ) = nhyp(t). 

rt n i 

By definition, hyp (t n ) — l - dx. 

Ji x 

Put x =z n so that 2 — 1 when x = l, and z —t when x =t n ; also 
dx ~nz n ~ l dz. 

hyp ( t n ) = f ~ • nz n-1 dz =n( - dz ; 

) l Z n J i 2 

hyp(<")=nhyp(«) (4) 

In particular, putting n = - 1, we have 

hyp(j)= -hyp(<) (5) 

From (3), hyp (2) > J, hyp (2”) ~n hyp (2) > ~ if n > 0; 

if x > 2" where n > 0, hyp (#) > hyp ( 2") > ^. 

.*. hyp (x)~+cc when x->oo. 


Also, since 



-hyp (x). 


hyp (a?)-* -oo when x -> 0, (#>0). 
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Thus hyp (x) steadily increases from - oo 
creases from 0 to oo , and is zero when x - 
fore takes the form shown in the figure. 
Also since from the definition it is continu- 
ous, wo may conclude that it assumes once, 
and only once, any given value. In par- 
ticular, there exists a unique value of x 
such that hyp (x) — 1 . This value is always 
denoted by e, so that e is defined by 


-f- oo when x in- 
Its graph there- 


r « i 

hyp(e)=J -d* = 

Since, from (3), 


1 . 




.(6) 



FIG. 3. 


hyp (2) < 1 and hyp (4) hyp (2 2 ) =2 hyp (2) > 1, 

the value of e lies between 2 and 4. Actually e, like ir, is irrational, 
and we shall find later that its value is 2-71828 .... 


Natural Logarithms 

For purposes of computation, numbers are expressed as powers 
of 10, and the corresponding index is the logarithm of the number 
to base 10. For mathematical purposes, it is much more con- 
venient to express numbers as powers of e and the corresponding 
index is called the “natural” logarithm or the Napierian loga- 
rithm. 

Thus, if x~e v , y is called the natural logarithm of x , and wo 
write y~ log e x , or often, simply, y =\og x, if the context shows 
that the base is e. Throughout this chapter, the symbol log x will 
be used in this sense, the logarithm of x to base 10 being written 
log 10 X. 

If x — e v , 

hyp (a) = hyp(e») =?/ hyp(e) =y. 

But y =log f , x =log:r, 

.*. hyp(x)==logx, x> 0. 

We may therefore use the symbol “ log ” wherever hitherto 
we have used “ hyp,” and in future shall do so. 
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Thus the relations established above may be written : 

From (1), log t= P - dx (7) 

Jl X 

where t >0. 

From (2), j— -< log (l + u)< u, (8) 

where 1 + u > 0, u ± 0. 

From (4), log (t n ) = n log t, (9) 

where n is any rational number and / > 0. 


The properties obtained in New A lgebra , Part III, Ch. IV, for 
logarithms to any base hold in particular for logarithms to base e 
and may be proved in the same way, although they can also be 
deduced directly from the integral form (see Ex. VI a, No. 17). 

Thus log ( uv ) = log u + log v ; 

\og(+) = \ogu-logv. 

Also log,, u = !°^“. 

log v 


Differentiation of log x 

By definition, 

A 

dx 4 ~ n h-+ o r 

where we suppose that x and x + h are positive. 


■ log * = lim »<«(« + *> -*<«« = 1 / h\ 

' h h -+ 0 h oh xf 


But from (8), 


h 

x+h 


< 


io g( i+ 3 


h 

X 


~ logf 1 lies between — and - 
k xj x+h x 

y \og( 1 +~) -*> - when h-+ 0. 
h & V x) x 


d i 

S 1°EX = 


.( 10 ) 


EXERCISE VI. a 

1. Draw, on squared paper, on a large scale, the part of the 
graph of y from x — 1 to x =2, and use it'fco find approximately 
the value of log,2. 
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2. Figures 4 (i), (ii) represent the graph of y = * between the 

x 

ordinates x — 1, x = 2 ; the ordinate x = 1 \ is also drawn. What 
are the lengths of the ordinates and the areas of the rectangles 
shown ? Deduce that log 2< 



Fig. 4. 


3. By taking the ordinates x = l, M, 1*2, ... , 1*9, 2, show by 
the method of No. 2 that log 2 lies between 


°' 1 ( 1 + ri + r2 + - + ps 


and 01 


J-+.I+ + 1 - + 1 

l-ri-2 1 + 1-9 2. 


and deduce that 0-66< log 2< 0-72. 

4. Given log 2^0-693 and log 3=^ 1 099, evaluate 

f 3 I f 30 1 f8 ] 

(i) \ -dx ; (ii) dx ; (iii) - dx. 


5. With the data of No. 4, evaluate 


; dz ; (iii) 


6. Find the values of 

1 

(i) log e 2 ; (n) log g ; (m) log y/e. 

7. Find x in terms of e if 

(i) logo? = 3; (ii) log x = - 2 ; 

(iii) log x — 1 -flog 2 ; (iv) log (log x) =0. 

8. Simplify (i) e logx ; (ii) e* log2 ; (iii) log (ex). 

9. Sketch the graphs of (i) log^^; (ii) log a? 2 ; (iii) log (2a;). 

10. If t >0 and if t=f= 1, prove that 

log 


11. What is the value of ^{log ( ax ) ~ log x ) ? 
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12. What is the value of f log "f 1 ^ ? 

dx b fx +g 

d r< 

13. Find xlogx -x) and deduce the value of j log xdx • 

14. Find the maximum value of 

x 


15. If p and q are positive, prove that 

log (p + q) - log p > — 

16. Prove that log x< 2 y/x. 

rut 1 

17. Transform 1 - dx by putting x=tz. 

jt x 

What result then follows from the relation, 



The Logarithmic Series 

If a function f(x) can be expanded as a power series of x 9 
a 0 +(i x x \-a 2 x 2 + ... , \x\<k, 

a 0 is the value of f(x) for x=Q, and ciQ+a^ is its approximate 
value for a small, positive or negative, value of x. Thus the fact 
that log x is undefined when x ^ 0, and that log x~> - co when 
# -->(), x >0, suggests that it cannot be expanded as a power series 
in x. But the function log (a + x) where a> 0 , which tends to 
log a when #->0, is capable of expansion in powers of x for a 
certain range of values of x. It is, however, sufficient to discuss 
the expansion of log (1 +x), because 

log (a +x) =log a + log(^l a> 0. 


If | x | < 1 or if x=l, the sum to infinity of 


is log (1 + x). 


x-4x»+ix* -... + ( 




Denote the sum to n terms by f n (x). 

Then f n (z) —z - Jz 2 -f \z z - . . . 4- ( - 1 ) w_1 - 1 z n . 

71 
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But dz log<il +z ^~r+z if 1+z>0 ’ 

^{/n( z )-log(l+z)}=(-l) n+1 j^- 

But, if z lies between 0 and x where x> - 1, t— ~ lies between 

9 \+z 

1 and ~~* 

1 +x 

~ {f n (z) - log ( 1 + z)} lies between ( - 1 ) n+1 z n and . z n . 

Integrate from z =0 to z =x, where x > - 1. 

When z— 0, f n (z) =0 and log (1 + z) =0, 

if x> - 1, f n (x) - log (1 +x) =( - l) n+1 A ( z n dz 


= (-l) n+1 


0 

hx n+1 
n + 1 


where A has some value between 1 and ^ 

1 +x 

lim x n = 0 if I x I < 1 


But from p. 56, 
and obviously 


n — *-oo 

j.n+1 

lim r — 0 if x ~ 1. 


n->o o n + 1 

. if -lcr<$l, lim {f n (x) -log(l + x)} =0. 
n— 

I™ /„(«)= log (1 +x). 

n-+ oo 

log (1 +x) =x - £x 2 + $x 3 - ... if - 1 < x ^ 1. 


• (H) 


Note, (i) If x = 1 , this gives log 2 = l- j+ J - £ + but this 
series converges so slowly that it is impracticable to use it for 
computing log 2. 

(ii) The series is divergent when x— - 1 (see p. 64), since it 
becomes —(1 4- \ + + ...). 

Writing - x for a; in (11), we have 

log (1 -x) = ~x -£x 2 - Jx 8 - ... if - 1 ^ x < 1 (12) 

Hence by subtraction, 

log(l -f a?) - log (1 -x) =2(x + \x* +£x 5 -f ...), 

or il°8l4| = . x +i x,+ i x6 + - if - 1 <*< 1 (13) 

There are two useful alternative forms of (13). 

(i) Put ^ ~ -y so that x — 4* 
w 1 ~x * y + 1 
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Then y >0 corresponds to - 1 < x < 1 . 


+ ... if 2/ > 0. ...(14) 


, 1+j; p + 1 . , . 1 

(u) Put ^ = - so that x— K r. 

v 7 l - x p 2p + 1 

Then p > 0 corresponds to 0 < x < 1 . 

lo S (P + J > - *°g P = 2 {^Vi + ^ ' (gpTT? + •••}’ p>0 ■ (16) 

For an alternative method of setting out the proof of the expan- 
sion of log(l -fa;), see Durell and Robson, Advanced Trigonometry , 
pp. 84-85. 


Example 1 . Evaluate log 2 to 5 places of decimals. 
Put y~ 2 in the relation (14). 

Then log2 = 2( 3 + 3 • p+g ’ 36+ )• 





1 

3 

= 0-333,333,3. 

1 

3 3 

= 0-037,037,0 ; 

1 

3 ' 

1 

3* 

= 0-012,345,7. 

1 

3®' 

= 0-004,115,2 ; 

1 

5 ‘ 

1 

3 5 

= 0-000,823,0. 

1 

3 7 

= 0-000,457,2 ; 

1 

7 ' 

1 

3 7 

= 0-000,065,3. 

1 

3» = 

= 0-000,050,8 ; 

1 

9 

1 

3* 

= 0-000,005,6. 

1 

3 11 

= 0-000,005,6 ; 

1 

11 

1 

“ 3 11 

= 0-000,000,5. 


sum of first 6 terms ^2x 0-346,573,4 
=£= 0-693,146,8. 
log 2 =0-69315 to 5 places of decimals. 


Degree of Accuracy 

If, in Example 1, we had taken 5 terms only, the error in the 
value of J log 2 would certainly have been less than 


1 ( 1 . 

11 \3 U 


1 

33 - 


1 

316 
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and this is less than y] * * y| * 3X1* 

which is less than 0*000,000,6. 

Therefore, for the required approximation, five terms are 
sufficient. 

Example 2. Show how to calculate log 10. 

Put y =! in relation (14), 

.1 . . 10 1 1 , 1 1 1 

then i '°g ~g - 9 + 3 ' 93 + 5 ‘ 95 + ••• • 

••• log 10=31og2 + 2(i + J- A +...). 

Now make use of the value for log 2 obtained in Example 1. 
See also Ex. VI b, No. 6. 

Example 3. Find the coefficient of x r in the expansion of 
log (1 +x given \x\<l. 

log (1 + # +x 2 ) = log~— ~ =log (1 -x z ) - log (1 -a:). 

But if - 1 ^ x < 1, 

log (1 - a? 3 ) = - X 3 - - J.T 9 - . . . , 

log ( 1 - X) ~ - X - %X 2 - - ... . 

log (1 + x + # 2 ) ~(x + \x 2 + %x z + ...)- (x* -f lx* + ...). 

If r is not a multiple of 3, the coefficient of x r is ~ ; if r is a 

13 2 

multiple of 3, the coefficient ’= — - 

r r r r 


Common Logarithms 


If log 10 N=a?, then N— 10 x . 

l°g c N =log tf ( 10 x ) —x log c 10. 
JogeN 

log* i6‘ 


lOg 10 N : 


Common logarithms, that is, logarithms to base 10, can there- 
fore be calculated by multiplying the corresponding natural 

logarithm by 5 this constant factor is called the modulus 

of the common system, and may be obtained from Example 2 ; 
its value is 0*434,294,481,9 ... , and is denoted by fi. 
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Method of Proportional Parts 

■ * 

logio (N + h) - log 10 N = log J0 = n log, ( 1 + 
if ^ is small, log 10 (N +h) - log 10 N = 
and if ~ is small, log 10 (N + 1 ) - log 10 N =£i= ^ ; 

• L°gio (n +A)_rJ°^p N ^ h 

” log 10 (N + 1) -log 10 N 

if the vahie of log 10 (N + 1) - log 10 N is given, where - is small 
and if h < 1, the value of log 10 (N +h) -log 10 N can be calculated 
by proportion. This is called the “ method of proportional parts.” 

The error in taking ~ as the value of the difference* 

logio (N + 1) -log 10 N is less than 

For example, 7 -figure tables state that 

log 10 34714 =4-540,504,7 and log 10 34715 =4-540,517,2 ; 
log 10 34715 -log 10 34714 =0-000,012,5. 

Suppose that the value of log 10 34714 -48 is required. 

The proportional difference =0-48 x 0-000,012,5 

= 0-000,006,0. 

log 10 34714-48 =4-540,510,7. 

In 7-figure tables, logarithms of all integers from 10,000 to 
100,000 are given to 7 figures ; therefore 

N < T0000’ a,so /* = 0 • ■ 43 • • • £ * 

the error in the “ difference ” computed by proportion is 

less than ^ 8 , an< ^ 80 the computed difference is correct to 8 

places of decimals. 

EXERCISE VI. b 

(As stated on p. 107, log a? denotes log c x.) 

1. Calculate log 1-02 to 4 places of decimals. 

2. Use relation (15) to calculate log 3 -log 2 correct to 5 
places of decimals. Find the Value of log 3, given 

log 2 ^0-693147. 

Deduce the value of log 10 3, given log 10 e =0-43429. 
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3. Given 2-19722 < log 9 < 2-19723, prove that 

2-39789 < log 11 < 2-39791. 

4. Calculate log 13 -log 12 correct to 5 places of decimals. 
Then calculate log 13 to 4 places of decimals, given that 

log 2 0-693147 and log 3 = 1 -098612. 

5. Prove that log If $ 0 0237 16. Hence show that 

log 10=^ 2-302585, 


given that log 2 0 6931472. 

6. If a=logg, 6=logY> c -log prove that 

log 2 =3a 4& 4c. 

Hence calculate log 2 to 5 places of decimals. 

Expand the following functions as power series in #, giving the 
coefficient of x r and the conditions of validity : 

7. log ( 1 - 3x). 8. log ( 1 + \x 2 ). 9. log (2 +x)> 

10. log (1 -fa?) 2 . 11. log{(l -x)(l 4 2#)}. 12. log (1 + 3# 4 2# 2 ). 

13. (1 ~x) log (1 -hx). 14. (1 -#) 2 log(l -x). 

15. (1 4 2#)log(i -2# 2 ). 16. log (1 -x 2 4# 4 ). 


17. log 


v(l_+tf 2 ) 
1 -x 


1 Q | 1 X X 2 

18. log-j-— 


19. log^l 20. log (1 +x +x 2 4 x z +x*). 

21. log(l - 4x + 4.r 2 ). 22. log^l-j?^^. 

23. If | x | > 1 , expand in powers of 

(i) log (x 4 1) -log#; (ii) 2 logo; -log (#4 1) - log (x - 1). 

24. If | x | < 1, expand in powers of x , 

(1 +x) log ( 1 +x) +.(i -x) log ( 1 -x), 

b a 

25. If a, are the roots of ax 2 4 bx 4 c =0 where > c > 0, find 
in terms of a, /?, the coefficient of x r in the expansion of 

log (ax 2 +bx 4 c) 

and state the conditions of validity. 


Summation of Series 

The sums to infinity of certain types of series can be obtained 
from the logarithmic expansion. The method of partial fractions 
is sometimes useful. 
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Example 4. Find the sum to infinity of 

I+ G + 3)^ + (I + J)i + ('6 + l) 


[CH. 


1 ■ iVL + .. 

9 S + 


The series may be written 

/, 1 1 1 1 W1 1 1 1 l 1 \ 

V + 3 9 + 5 9 a + ”'/ + \.2 9 + 4 9 a + 6 9 S + "7 

= 3[(J)+l(i) s +i(J) 5 + -]+H(J)+J(J) 2 +i(i) 3 + ••■]• 

By relation (13), the sum to infinity of the series in the first 
1 4-4 

bracket is J log ^ J log 2 ; also the sum to infinity of the 

series in the second bracket is 

~log(l -J) = -log J =21og3 -3 log 2. 
the sum to infinity of the given series is 

3(Jlog2) -f J (2 log 3 - 3 log 2) = log3. 


Example 5. Find the sum to infinity of 


1 


+ - 1 - j 


1 


}\ + . . . ' 


or, more 


1.1.3 2.3.5 3.5.7 4.7.9 

The nth term is ^YrT-\){2n^ 1) ’ anc * rna y b 0 expressed in 

partial fractions in the form — -- - i-f ~ 

iiYt — 1 n i'xx 4* l 

conveniently, -i-j- ^ 
the sum to n terms is 

1\ /i_2 1\ / 1 2 1_\ 

Vi 2' t 3j'\3 4 5/ *” " 1 "\2n - 1 2n~2n + l) 

= 2(l ~2 + 3 — + 2n^l“2w) _ ( 1 ~ 2nTl)' 
When n->oo, the limits of the two brackets are log 2 and 1 ; 
the sum to infinity is 2 log 2-1. 


EXERCISE VI. c 

Sum to infinity the following series : 


1- 1.2 + 2.2 J + 3.2 a + ”" 

3 1 1 1 , J_. , 

. 1.4 + 3.4» + 5.4» + " ’ 


2 1 1 | 1 
1.3 2.3 a 3.3» 

0*2 <y »4 />»6 

4 -|+4+|+-, I*I<1. 
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2 xy If 2xy \* 1 

x*+2/ s sVa^ + i/V 6' 

( 2xy Y 
^a; 2 + t/ 2 / 

6. 

_L+.i_ + J_ + 

1.2^ 3 . 4 + 5 . 6 + ’ 

7> l73 + 2 

8. 

1 1 1 

9 — 1 , 

1.2 2 . 3 + 3 . 4 •••• 

a ‘ 1.2.3 H 

10. 

a; a? 2 a; 3 

1 . 2 + 2 . 3 + 3 . 4 + “ * * 


11. 

x 2 a; 4 a; 6 

173 3.5 + 5.7 + "’ 

|x|< 1. 

12. 

4a; 6a; 2 8a; 3 

i.3 + 274 + 3.5 + " 

M< 1. 


Vi*.... 


13. 1 + 

14. 

15. 


(H)M 


'.IU 






6 


4 ' 5) 4 2 


1.2.3 2.3.4 3 .4.5 
11 1 




1.2.3" 5.6.7 + 9TlO. 11 


-f ... . 


5 


1 ° 

' 27X72 " W.2 73 + 2 3 73T4 

17. Prove that 

(s “ 2 ) ■ + 2 ( 3 2 + 5*) ' + K i* ~ + i (?« ' + ~2*) + • ' • ■ ■ = °- 

18. Prove that under certain conditions (to be stated) 

11 1 __2 2_ 

x 2 2x 4 3.x’ 6 + y 3 y 8 "** 5y 6 ^ 
where y~2x 2 - 1. 

19. If 0 < x < 1 and if y —~=~ — » express the sum to infinity 

1 T X 

x - \x 2 + Ja; 3 - ... as a power series in y. 

20. If | x | >2, prove that the sum to infinity of 

2 2 s 2 5 
a? 3 - 3a; + 3 \x 3 - 3a;) 3 + 6 (a; 3 - 3a;) 6 + 

. , x - 1 , 1 . x + 2 
18 1 g x + l + 2 l0g 7^2' 

21. If x > 0, find the sum to infinity of 

x - 1 a; 2 - 1 x* ~ 1 

^ + l + 2(a; + l) 2 ' f 3(a; + lJ* + #,## 



118 


ADVANCED ALGEBRA 


[CHv 


22. What is the coefficient of_x n in the expansion 
log (1 - 2x -fx 2 ) =log[l -x(2 -a;)] 

— -x (2 -x) - lx 2 (2 - a*) 2 - %x 3 (2 - a;) 8 

By using the fact that this is the same as the coefficient of x n in 
’2 log (1 - x ), prove that 


2 n -n.2"-*+- 


n(n - 4 ){n - 5) t 


23. Assuming that the coefficients of x 3n may be equated when 
the two sides of the identity log (1 4- x 9 )~ log (1 4- x) 4- log (1 -x 4- x 2 ) 
are expanded in powers of x , find the sum of the series 


3n - 3 (3 n - 4) (3 n - 5) (3 n - 5) (3 n - 6)(3n - 7) 

2! ~ + 3! 4! + 


Approximations 

Some indication has been given in Example 1, p. 112, of the 
size of the error due to replacing the logarithmic function by a 
few leading terms of its expansion. 

If 0 < x <c 1, the terms of the series 
x 2 a 3 

x -? + 9— 

are alternately positive and negative, and steadily decrease in 
numerical value. Consequently log (1 4- a") is greater than the 
sum of 2p terms and less than the sum of (2p 4- 1) terms, where 
p is integral, so that the error in replacing log(l 4-x) by the first 


n terms of the expansion is less than ~ — y 

If -1 < x < 0, the terms of the same series are all negative and 
the error is then certainly less than the numerical value of 
J 

r(l - •••)> 


or less than the numerical value of 


. These results 


(n 4- 1) (1 4- x) 

also follow from the proof of the expansion on p. 111. 

1 4 * 37 

Similarly, if ^logj— where \x\< 1, is replaced by the first 
n terms of the series 


* x 4 4- Jot 6 4- ... , 

the error is less than the numerical value of . 


(2n 4- 1) ( 1 -a? 2 ) 
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Example 6. Show that the error in Napier’s formula, 


log^*(«-6)g+J) 

where a > b > 0 and a - b is small compared with a, is approxi- 

(a-b ) 3 +i (a - 6) 3 (3a - 26) 

mately - and is certainly less than 0^85“ " • 

Put a - b ~x so that - is small and positive. 


log a b = -!<** = -log(l-5)s 


, tl JU 


b a r 2a. 2 + 3a 3 ' 





i(a-6) 


1 1 

a + 6 


. a ^ x* x* 

' 0 ^6^2a 3 "3a 8 “6a 3:: 


(a - 6) 3 
: ' 6« 3 ‘ 


.(i) 


•(h) 


Since ^ is positive, the a{rproximation in (i) is less than the 
true value, but the error 


4a 4 


_ x x A 
1 + + „ 4 

, a a 1 




X *L 

4a 4 ' 


1-* 

a 


4 a 3 (a - .r) 9 


the approximation in (ii) is also less than the true value and the 


x x a 
2a a 3 


. x x* 

1 *f + „ -f ... ) — 
a a 2 


x* 

2a 3 (a - x)‘ 


Since both are errors of defect, the expression 

i( “- 6, (l + y~ ,og 6 

is less than 

x* x? _ x* ( . Sx \ (a - h) 9 ( 3 a - 26) 
6a® 2a 3 (a -x)~6a®V a ~x) 6a z b 
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Example 7. Find the value of lim 


1 - X + log X 


X >1 1 ” V(2a? -X 2 ) 

Put 1 ~x—h and suppose that h is small. 

Then 2x-x 2 = l -(1 -a?) 2 = l - h 2 ; 

\ the function - j 1 h J 

1 - V(1 - h 2 ) 

__ih+\og(i ~h)\{ i -f va -* 2 n 
i -{i -;^ 2 ) , 

_ (h - h \h 2 -ah*){ 1 +1 - bh 2 ) 

/i 2 

where, as in Example 6, it can be shown that 

0<o '"3(r- 1 iA|) and ° <6< 2(T J -F)- 

*. the function = - 1 - 2 ah -f \bh 2 -babh 3 . 
when a?->l, since h-+ 0, the function-* - 1. 

EXERCISE VI. d 

1 If x is small, prove that 

log (1 +x 2 ) - log (1 -fa*) - log (1 -a?) =o= 2x 2 -f ^a? 6 . 

2. If x is large, prove that log(.r-f 1) - log a? . 

3. If x is small, find the best approximation for log (1 -fa?) 
which can be expressed m the form 

(i ) ax . („) r(1 + “- r > . 

K ' 1 +bx’ 1 ' 1 +bx+cx* 

4. If a? is small, prove that 

*- V( l+*).log(l+x) = 

Evaluate the following limits : 

5. limte ’ 6. hm*z!2SiI±*>. 

x ->1 ® 1 x -*0 

7. lim 8. lim 1 ^. 

(I -f x) m - (1 -f x)~ m x—*l x — l 

9. lim - log {log (1 -fa?)*}. 10. limf— \ 

x ^QX x-+i\z-l log xJ 

11. lim V(^ 2 +a?) . {log (a; -f 1) -log a?}. 


12, lim— {(1 -fa?) log (1 -fa?) -f (1 ~x)log(I -a?)}. 
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13. If n is a positive integer > 1, prove that logn lies between 

1 "f* i 4- 4* . . . + r and It -+■ -i- + . . . H — • * 

z * n - 1 A 8 n 

Prove also that 1 + £+! + ... + - - log n decreases as n increases. 

n 1 

[From this, it can be inferred that 1+J+J + ...+— - log n tends 

to a limit when qo ; this limit is called Euler’s constant and 
is denoted by y, the value of y is 0-577 ... .] 

14. Use the statement in No. 13 to prove that 


lim f- * + * ■ - 

n-+ao\n + 1 + 2 



15. Use the statement in No. 13 to prove that 


lim 

n— 


(_} __1 
\n + 1 + n + 2 



where n and p are positive integers. 


The Function e x 


If x is a fraction with an even denominator, e x has two values, 
numerically equal but opposite in sign. But throughout this 
chapter, we shall use e x to denote the positive value only. 

Thus if e x — y, then x = logy. 

Since lo gy steadily increases from 
-- qo to + oo when y increases from 
0 to oo , it follows that e x steadily in- 
creases from 0 to oo when x increases 
from - oo to -f oo ; that is, e Xl > e x 3 > 0 
whenever x 1 > .t 2 . 

The graph of y = e x is of course the 
same as the graph of a: — log y, and is 
therefore obtained from the graph on 
p. 107 by interchanging the axes of x and y , or, equally well, by 
taking the image of y — log x in the line y = x ; it therefore assumes 
the form shown in the figure. 



. i dx d „ ,1 , d,y 

Also drdy (l ° ey)= y ; ■■ 




Therefore also 


|e x dx==e x . 


D.A.A. 


I 
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Expansion of e x in Powers of x 
If we assume that e x can bo expanded in the form 

e x =a 0 4- a x x 4- a^c 2 4 - . . . 4- a 1 x T 4- . . . ; 
and if we also assume that 

and that we may continue to differentiate in this way, it is easy 
to find the values of a 0 , a 19 a 2 , .... 

Putting x =0 in the first equation, we have 1 = o 0 . 

The second equation is 

e x --a x 4- 2 a 2 x 4- 3a 3 x 2 4- 4 a A x 3 + , 
and continuing the process we have 

e x = 1 . 2a 2 4 2 . 3 a 3 x + 3 . 4 a 4 x 2 4* . . . , 
e x = 1 . 2 . 3a 3 4-2.3. 4a 4 # 4- . . . , 

and so on. 

Putting x = 0 in these equations in turn, we have 
l --a 1 ; 1=1. 2a 2 ; 1 = 1 . 2 . 3a a ; ... . 

, 11 


. . Uq — 1 j (Zj — 1 j a 

Therefore the expansion is 


3! , ... - 


e* = 1 + j-j + 2 , + - 3 , + • 

This expansion is called the “ exponential series,” and it was 
proved on p. 75 that it is absolutely convergent for all values of 
x. But the assumptions stated above are not easy to justify. A valid 
proof, however, can be formulated by the same method as was 
used for the expansions of (1 4- x) m and log (1 4-#). 


The Exponential Theorem 
The sum to infinity of the series 

- x x 2 x 8 x r 
1 + r! + 2~! + 3! + "' + r! + '" 
is e x , for all values of x. 

Denote the sum to n terms of the series by f n (x). 
Then f n (z) = 1 4 - z 4- ^ , + 37 + • • • + “jyj * 

d z 2 z n ~ % 

3i / » (z) = 1+Z + 2! + - + (^2)! ; 
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dz JnX ’ (n - 1)! ’ 

^ 'fn ( 2)0 = /„ ( 2 ) -/« («)e~* 

But if 2 lies between 0 and x, e~ 2 lies between 1 and e~ x ; 

d Z n ~ 1 ~—x~n~ 1 

j z Un( z ) e ~ z ) lies between - —y 
Integrate from 2 = 0 to z =x. 

Wlien z~ 0, f n (z) — 1 and e~ z = 1, 

r* 2 n -! 


and 


(n-l)V 


l 0 (n-l)!* A n!’ 


sy*7l 

-B-., 
n ! 


••• /*(*)«-"-! = - Al 

where A has some value between 1 and e~*. 

Multiply each side by e x , 

fn( x ) ~ e ' 

where B lias some value between e x and 1. 

x n 

But from p. 76, lim — —0 for ail values of x ; 
n — >qo ri • 

lim f n (x) —c x for all values of x. 

n— ► oo 

For an alternative method of proof of the expansion of e 0 ' , see 
Durell and Robson, Advanced Trigonometry , p. 91. 

The Value of e 

Putting x — 1 in the expansion of e x , we have 
t 1 1 1 
°-l + Xj + 2! + 5! + ‘" ' 

This series converges rapidly, and successive terms are easily 
computed by continued division. Thus 

1 + 1 = 2 000 000 0 

1/2! = 0-500 000 0 

1/3! = 0-166 666 7 

1/4! = 0-041 666 7 

1/5! = 0-008 333 3 

1/6! = 0-001 388 9 

1/7! = 0-000 198 4 

1/8! = 0-000 024 8 

1/9! = 0-000 002 8 


2*718 281 6 
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The error in taking only the first 10 terms is less than 

io:( 1 + i6 + Io* + "') 

or less than - t 

lu. 1 - i V j 

r less than < 0- 000, 000,4. 


or less than 


Therefore this calculation certainly gives e correct to 5 places of 
decimals; actually e =2*71 82818 and therefore the result is 
correct to 6 places. 

Similarly, e exceeds 1 + }~. + -J-. + ... 4- , — - lT -, by 
1! 2! (n-1)! J 

1 1 1_ 

n! + (n + l)! + (n +2)! + *'* 


and this is less 


or less than 


than 1 (l + - + A + ***) 
n! I n n 2 J 

1 __1 1 

nl\ 1 (»-l)!(n-l)‘ 


1 + ,“, + ••• + 7 TT* < ^ < 1 *+■ ■=-: 4- . . . “h rr, + / 7T11 Tv • 

1! (n — 1)! 1! (n-1)! (n-l)!(n-l) 


To prove that e is not rational 

If possible, suppose c =? where p, q are integers. Then - lies 

1 1^1 11 ^ 

between 1 + , . -I ... -f , and 1 + + - +— — • 

1 ! q ! 1 ! g! 

multiplying by ql, it follows that the integer (q ~ l)\ p lies 

between K and K + where K is the integer, «/!+?! + ...+“• 
q 1! ql 

But this is impossible, because there is no integer between K 
and K +~ since K is itself an integer. 

*\ e cannot be expressed as the ratio of two integers. 

Remainder after n Terms of the Exponential Series 

The error in replacing e x by 

3*8 3*W — 1 

+ t 2! + ,M (n-l)| 
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ytl /y>W-f- 1 

is , + 7 ^ + -. 

n ! (n + 1 ) ! 

and this is often called the “ remainder after n terms.” 

If x > 0, this is less than — , ( 1 H ... and for n > x, this 

nl\ n n 2 / 


is less than 


nl x (n - l)\(n -x) 
n 


If x < 0, the terms are alternately positive and negative and 
decrease numerically after the rth term if r > - x. 

the remainder is numerically less than if n > - x . 


Expansion of a x , a > 0, in Powers of x 

If log a =m, a being positive, then a =e m ; 

_ m 2 x 2 mV 

a x — e mx = 1 -f mx + -g — H — g- 4- . . . ; 

a-l + xloga + ^°p) 2 + ^p) 3 + ...,a>0, 
for all values of a?. 

Example 8. Expand in powers of x 

e x +er x e x -e~ x 

(i) — g — ; (n) -g- — 

* , # 2 a: 3 # 4 

Writing - x for x, we have 

~ x 2 x 3 oc* 

* =l -* + 2rsi + 4i--- 

-v>2 ,>.4 

J(^+e"*) s =l+‘ 2 - ! +|- ! + ... 
and i(e x ~,e~ x ) =a? + + + • •• • 

Example 9. Find the coefficient of # n in the expansion of 

1 - 3.r 4- x 2 


1 - 3# -f a? 2 


: (1 -3# 4V)e~ 
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.\ the coefficient of x n , if n > 1, is 

(_X) n (— + f * \ 

' ' \n'. (n~l)r(n- 2 )U 

= (-l)».i{l+3n+n(n-l)}=(-l)"^ + 1)2 . 

This form is also true for n = 0 , n — 1, because the first two terms 
are 1 - 4 x. 

Example 10. Find the sum to infinity of 
2 2 + l , 2(3 2 4- 1) , 3 ( 4 2 -hi) , 

2! + 3! + 4! + ’" ' 

The nth term =^L ±I>1+I> 

(n + 1)! (n + 1)! 

Bat w(n + l) 2 +n = (^+l)(w 2 +n)+n 

= (n + l)n(n - 1) + 2n(n 4- 1) + (n + 1) - 1. 

the nth term — ^ - - — — 4 - — 

(n4-l)! (n + 1)! 

n + l 1 

+ (n + l)! (n + l)! 

1 2 1 1 - n 

— 7 oT7+/ lx i+— 7-7 —777 for 71 > 2. 

(ti- 2 )! (ti- 1)! 71 ! (n + l)! 

By inspection, 1st term = 2 + ™ ^ f 

and 2nd term - 1 +y? + “ Jj* 

12 11 

By the formula, 3rd term ~ J7 + 2] + 3 ] *“ Jj » 

# and so on. 

the sum to n terms, for n > 1, 

= { 1 + T1 + * * * + (n^2)i} +2 { 1+ D + ‘' 

1 1 
1! (n + l) 

But when n-*<» , these brackets tend respectively to e, e, 1. 

.*. the sum to infinity —e + 2e + 1 =3e + 1. 

EXERCISE VI. e 

1. Write down series whose sums to infinity are 
(ii)e+i; (iii) ~ ; ( iv ) 
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2. Calculate %/e correct to 5 places of decimals. 

3. Calculate 'i/e correct to 7 places of decimals. 
Express as power series in x : 

c 1 +% 

o. — „ • 

e x 


4. ( 1 — x)e x . 


6 . 10 *. 


Find the coefficient of & ,n in the expansions of the functions in 
Nos. 7-11. 


7. 


, -f e X 


8. e 2xf8 . 


x 2 - 3a; 4 - 1 
, e x 


10. 


V(^±- 4 > 

12. 

Simplify (I +i+i+. 

"M 1+ f! + 6! + -) 

Find the sums to infinity of the following series : 

1 1 1 0 3* 3* 

13 ‘ 2!~3'! + '4! ‘ 14 ' 3 + 2! + 3! + ‘" * 

15, 

, 4 4 2 4 s 

2! 3! 4! 

, „ , 4 2 4‘ 

16, 1+ '3! + 5! + -- - 

17. 

, 2 3 4 

1+ l! + 2! + 3! + -"- 

, 0 l 2 2 2 3 2 

18 ’ 2l + 5i + 4! + - • 

19. 

1 2 3 

3! + 5! + 7! + * 

11+2 1+2+3 
20 ‘ 1! + 2! 4 3! 

21. 

1 1+2 1+2+2* 

1 ! 2! + ' 3! + “ 

22. 1 + 2 + 2 '. 4 + 2.4.1 

23. 

l 2 2 2 3 2 

2! 3! + 4! 

03 03 

24. + + 

25. 

2.5 3.7 4.9 

- j, + 2 i + 3! 

I 2 02 02 

26 ‘ 3! + 5 ! + 7! + ’ 


+ ... 


Find the sums to infinity of the series whose rth terms are as 
follows : 


27. 


(rVl)f 


28. 


(2ir - 1)! 


, (x>0). 


30. (-1) ; 


r (log3T 


„ 1 (logr) 2r 
(2r)f - 


29. 

32. 


3r 

(2r -T)T 

X r 


r\ ' (2r)\ ’ (r+2).r! 

33. Find the coefficients of x n and x n+1 in (e* - l) n . 

34. Find the coefficient of x r in the series 

x 4 - 1 (x 4 - 1 ) 2 (x + 1 ) 8 
17 + 2! + 3! + 



128 ADVANCED ALGEBRA [oh. 

35. If n is a positive integer, find the coefficient of x l in 

36. By expanding (e x - l) n in two ways, n being a positive 
integer, and equating coefficients of x n , prove that 

n n - n(n - l) n - 2) n ~ ... , n terms, — n!. 

37. Use the method of No. 36 to prove that 

(i) n"- 1 -n(n - l)”- 1 2)"- 1 - ... , 

n terms, =0 ; 

(ii) n n + 1 -n(n - l) n+1 + — - 2) n+1 - ... , 
n terms, — \n.(n + \)\. 

38. By expanding (e x - e~ x ) n in two ways, n being a positive 
integer, prove that 

n n - n(n - 2) n + n (p-g V ( n ~ 4)« - ... , (n -f 1) terms, =2 n . nh 

The Exponential Limit 
lim ( 1 + ) = e x for all values of x. 

n— >co \ U, 

If n and n +x are positive, from relation (8), p. 108, 

x . /_ x\ x 

, < log 1 -f < • 

n+x nj n 

••• ^ < nlog(l + ?)„log(l +?)”<*. 

But- when n->oc , = - — — 

n + x j x 

n 

.*. lim log ( 1 —x ; 

lim(l + -) n =e* 
n-**A n) 

In particular, putting x — 1, we have 

lim (i +^')°= e , 

n-x»\ 

and writing - x for x we have 
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Example 11. If a; is small, expand (1 +x) x in powers of x, as 
far as x 2 . 


I 1 log (I +x ) 

(1 +x) x =e* — 

— e . e~i x +$ x * 


— e{ 1 - ( - ix 2 ) + ^ ( Jx - J» a ) a } 

e{l - h x + l x ‘ + Wi : 

(1 +x) x =?=e(l - \x +l\x 2 ). 


EXERCISE VI. f 

1. If x is small, prove that -e~ x =^= \x 2 - fix 3 . 

2. Expand - x X ^ in powers of x as far as x x . 

3. If x is small, prove that e 2 -^ 1 -*) + e*' 2 ^ 1 t*) — 2 ; and find 
to what order this approximation holds. 

4. If x is so small that x 4 is negligible, prove that 

, 1 + e* . , a 

log - • 

5. Evaluate lim - ( e ax - e bx ). 

x >o x 

pX-1 i P i~x _ o 

6. Evaluate lim *—-±±—-1. 

X -+1 (l -*) 2 

a x - l 

7. If a > 0, prove that lim = log a. 

x—>o x 

8. Prove that the remainder after n terms of the series, 

1 + n + ~ + 0 -r + . .. , lies between ( 1 + and ( 1 + - Vv 

1! 2! 3! V w + l/n! V n) n\ 

9. If n is a positive integer, use the binomial theorem to prove 

that (i) ^1 increases as n increases, (ii) ^1 +i)"< 3. What 

follows from these facts ? 

10. If x is small, prove that 

(1 + — 1 +# +x 2 +ix 3 . 

11. If jp is small and a > 0, prove that a root of the equation 
x 2 + p ~a 2 is a( 1 - log a) approximately. 
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12. Simplify elogd+z). If x is small, prove that 1 +x exceeds 
by J# 8 approximately. 

13. If x is large, prove that ^1 + -} —ef 1 +J~\ and find a 

closer approximation. \ X J \ ^ X J 

Prove that lim 


l log X - X + 1 


= 3. 


yi/l 


Prove that lim - log 


=b 


/ 1 1 \« 

Prove that lim ( 1 H 1 — « ) =e. 

n— ►ao V n n?J 


17. If p is small, prove that a root of the equation e x +x = 1 + p 
is \p - ^ approximately. 

n 

18. If n P r has its usual meaning, prove that 1 + 2 n P r equals 

the integer next less than e (n ! ) . r-i 

19. If p is small, prove that a root of the equation 

x log x +x = 1 +p 

is 1 ■+ ^p approximately, and find a closer approximation. 

20. If n is a positive integer and if x > 0, prove by differentia- 

,. ^ 4. i 71 + 1 +^) n+1 • 

tion that - — — increases as x increases. 

(n +x) n 

Hence show that ^ 1 ^ 1 -f ^ ^ 


TEST PAPERS A. 11-20 
A A. 11 

w 

i rr log a log b log c . b 2 - 

1 . If — ~ = - — — log x , express — as a power of x. 

p q r o ac r 

2. In how many ways can 3 dots and 5 dashes be arranged in 
a row (i) if there is no restriction, (ii) if the dots are all separated ? 

3. Find the sum of the series 

(i) (1£) 2 +(2J) 2 +(3J) 2 + ... to n terms ; 

1 


(ii) 


1 


2n»- i + 3(2n*~ l)»‘ r 6(2n*- l) 5 
Express in partial fractions 


1 


=rr 6 + . . . to infinity, if | n | > 1. 


(i) 


10# 


(#-l)(#~3)(# + 4) ’ 


(ii) 


x 8 

W-i?' 
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5. (i) Find which is the greatest term in the expansion of 
(1 +6#) 10 when x— J. 

(ii) What is the coefficient of x n in the expansion of 
(1 -x)e'+ x ? 

A. 12 

1. (i) Simplify (2 2n +! - 2 2n ~ 1 )~4 n . 

(ii) Express in factorials (2n -f l)(2n + 3)(2n +5) ... (4n - 1), 
if n is a positive integer. 

2. In how many ways can n boys be arranged in a line so that 
two particular boys have one boy between them ? 

3. Find the sum to n terms of the series, 

(i) 2(3 2 - l 2 ) -+3(4 2 ~ 2 2 ) + 4(5 2 - 3 2 ) + ... . 

.... 1 1 1 

(n- l)!l! + (n-2)!2r (n-3)!3! + '" ' 

4. (i) Write down the first 5 terms of the expansion of ( 1 + 

J| 2il? 

(ii) Find the coefficient of x n in the expansion of -rfi — 

in powers of x. 

5. Expand in powers of x 9 up to x 3 4 * , 

(i) e 8 * - 2e x + er* ; (ii) Jog ~~ - log (~£ ) • 


1. Form the equation whoso roots are the squares of the roots 
of x % - 2x ~ 5. 

x ~~ 2 

2. Express in partial fractions ~ 0 - - v . 

r 1 (x + 1 )-(x - 1) 

Find the coefficient of x n , if this function dhn be expanded in 
ascending powers of x. 

3. Examine the convergence of the series whose nth terms are 

r . 1 + n 2 .... , . n 1 +n 2 
1 1 -)-n 3 * 11 1 +n 3 ’ 

4. Sum the series 

(i) 1 + (1 + 2) + (1 +2 + 2 2 ) + ... n terms. * 


(ii) g f + 


1+2 1 + 2 + 2 2 


+ ... to infinity. 


5. (i) If x is small, obtain an approximation for ^/(1+cc) in 

, 1 +ax 

the form . — =— . 

1 -h 6a? 

(1 + x ) 2 

(ii) If I x\< 1, expand log - ^ in powers of x t giving the 
coefficient of x n if n is (i) odd, (ii) even. 
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A. 14 

1. Simplify 

(i) 4-f-(3- \/5)*; (ii) (logn 6 - logn 3 )— (logn 2 -logn). 

2. How many numbers greater than 5000 can bo formed with 
the digits 7, 6, 5, 3, 0, if repetitions are not allowed ? How many 
of these numbers are even ? 

3. (i) Find the greatest term or terms in the expansion of 

( 1 - 3x)~* when x — 

(ii) Find the sum to infinity of 

_5 J 5/7 5 . 7.9 

3 ,6 + 3 . 6.9 + 3 . 6 . 9. 12 + ’ 

4. Prove by induction, or otherwise, that the sum to n terms 
of l‘-2* + 3* -4* + ... is ( -l)"- 1 Jn(re s + 2n 2 - 1 ). 

5. (i) If |*| < 1 , prove that the sum to infinity of 

x x 2 x 2 

172 ~ 2 . 3 + 3 . 4 ~ ' 

X + 1 , .. . . 

is log ( 1 +x) - 1 . 

(ii) Evaluate lim — 637 \ 

X-M) X 2 


A. 15 

1 . (i) Simplify {V(*+y) ~ V*){ V(% + 2 /) + V*}- 

(ii) Evaluate £ — — — * 

i V(r + 1)+Vr 

2. In how many ways can 3 n people be divided up into three 
equal groups (i) if there is no restriction, (ii) if three particular 
people are in different groups ? 

3. If c r is the coefficient of x r in (1 +x ) n , 

prove that 3c 0 + 3 2 • + 3 s • ~ + 3 4 * ~ + . .. to (n + 1) terms equals 

-i T (4"+ 1 -l). 
n+r ' 

JK Examine the convergence of the series whose nth terms are 

(i) , ; (ii) ( - l) n • s——f 

w n + 1 2 n + 1 

5. (i) Find the coefficient of x 4 in the expansion of (1 +o? +a 7 2 )^. 
(ii) Prove that | + 3 -— - + ... equals 

5 + 276 > + i76* + 476 i+ -- ' 



VI] 


TEST PAPERS 


133 


A. 16 

1. If f(t)=~~Y + \t, prove that f(t) =f(-t). 

Find the coefficient of t l , if f(t) is expanded in powers of t. 

2. Express m the form 

_JL. + b , c 

x -2 (x - i) (* -2) x(x - 1) (a; -2)’ 

where a, b , c are constants. 

3c Sum the series 

(i) 1.3. 5 + 2. 4. 6 + 3. 5.7 + ,.. ton terms ; 


.... 1 1 
< u > 2.3 + 4 


+■ q - — = + . . . to infinity. 
Oo.7 


4. Find the coefficient of x n in the expansions of 


(i) 


/ 1 y. tii) (4x+3)n 

W(1 -4x)J ’ (U> 


(x + 1) 4 ' 


5. (i) If x is small, prove that 

e 3 * _ 4 e * + $ e -x _ 4 e ~3x +e -5x^ i6(x* - a*). 

(ii) Solve the equation log(l +x) — %, correct to 3 places of 
decimals. 


A. 17 


1. If a, ft are the roots of ax* + bx + c ~ 0, find the equation 
whose roots are aa + 6, aft + 6. 

1 + 3x 2 1 

2. If \x\ >1 and if ■ ■ -— - ■ — — 2 is expanded in powers of 

prove that the coefficient of — is 2n + 1 or 2n - 1 according as n 
is odd or even. x 


3. How many permutations can be formed from the letters 
aabbcde, taken 4 at a time ? 

4. Find the sums to infinity of the series : 


(i) 


1 


1 


2 . 3 . 4 T 4 . 5 . 6 + 6 . 7 . 8 


, + 


2 s 3 4 4 4 

< u ) 1 + 2 ! 3 ! + 51 + ' ' ‘ 


5. (i) If rr is large, prove that 


X - 1 

’ 


(ii) Evaluate lim (2 +.»)log(l + *) +(2 -*)log(l^ 

x~H) X* 
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1. Express 1933 in the form 

4 - )* 4 - otg (3!) 4 - U 4 (4 !) 4 * ... 

where, for all integral values of r, a r < r + 1 . 

2. (i) Find the number of integers which are factors of 8400, 

excluding 1 and 8400. 

(ii) Find the number of terms in the expansion of 
(a 4-6 -f c 4 -d) 7 . 


(x - 4)(x - 5 ) 


can be expanded in ascending powers of x, 


- (x - 2)(x - 3) ^ 

find the coefficient of x n . 

4. Find the sums to infinity of the series, 

.... 3 2 5 2 7 2 

(*) 1 +yj + 3j + 5| + ••• > 

1 1 1 1 
123 2 3 4 + 3 4 5 4 55 ^ 

5. <i) If x is large, prove that 

V (X 2 4 - #){log (x + 1 ) - log 07} ^ 1 


24# a + 24# 8 * 


(ii) Prove that lim -- ( e 2x - 3e x 4 - 3 - e~ x ) = 1 . 
V z->oz s 


1. Find the condition that both roots of ax 2 4 - bx 4 c = 0 are 
(i) positive, (ii) greater than 2 . 

2. In how many ways can a total of 30 marks be assigned to 
5 questions, if no question receives less than 3 marks or more 
than 8 marks ? 

i) c 4 " dx 

3 . The expression o+t h ^ can be expanded in the 

form, 1 +x 4 - x 2 + x 9 -hpx 4 4- qx 5 + ... , when | x | < 1 ; find the values 

.of (Z, by Cy dy Pf q. 

Examine the convergence of the series whose nth terms are 


5. (i) Prove that e w 


V(1 + n 2 )’ 
(1 +n)» .. 


„nx 

w-sr 


if n is a positive integer. 


(ii) Show that the coefficient of^p n in the expansion of 
log (1 -f 2 * + 2 x 2 4 -z 8 ) 

12 3 

has one of the values 0, , and distinguish 

the cases. n n n 
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A. 20 


2*2 qjZ 

1 . If the equations ax + by = 1 , ^ -f-— = 1 have only one solution 
in x and y> prove that a 2 c 2 4- 6 2 d 2 — 1 and find the solution. 

2 . If n straight lines are drawn in a plane so that no two of 
them are parallel and no three of them pass through the same 
point, the number of regions into which the plane is divided is 
denoted by f(n). What are the values of /(l), /(2), /( 3 ) ? Prove 
that f(n 4- 1) -J(n) — n + 1 and deduce that /(n) — £(n 2 -f n +2). 


b . b 2 

3 . Tf is so small that - 
a a 

n terms of the H.P., 


3 is negligible, prove that the sum to 
1 1 1 


a + b ' a + 2 b + a + 3 b + " 


IS 


n 1 n(n 4-1 )b 


a 2 


i — —{a - i ( 2r& 4- 1 ) 6 } . 


4 . (i) If p is small, prove that a root of xe x —p is p-p 2 

approximately . 

1 + x 4~ x 2 

(ii) Expand log j _ -- g in powers of a; if | x |< 1. 

5 . It can be proved that the sum to infinity of the series 
1 \ J 2 + A+ i + •• -is \ • Assuming this fact, prove that the sum 

* o * b 1 1 7 r 2 

to infinity of the series 1 + 32 + 52 + ••• i s g &nd the sum 

. r* r 1 I 1 1 . 7T 2 

infinity of 1 - >> 2 + 32 “ 42 + • • • 18 fg* 



CHAPTER VII 


RATIONAL FUNCTIONS 


The two previous chapters have shown that the methods of the 
Calculus are often of great assistance in studying the behaviour 
of a function. In this chapter, we shall use the following property : 

If f(x) is a function which possesses a derivative ^~ /(•£) f° r all 

values of x in a ^x ^.b, and if ™/(rr)>0 whenever a<x<b. 


then/ (#) steadily increases when x increases from a to b ; also if 
™/(rr)< 0 whenever a<x< 6, then f(x) steadily decreases when x 
increases from a to 6. 

We shall also make uso of the tests for maximum and minimum 
values of f(x) which follow from this property. 

The derivative ^ x f( x ) is usually denoted by 


The Quadratic Function 

The properties of the fimction, 


px 2 f 2 qx + r, p 0, 


have been discussed in New Algebra , Part III, see p. 133, by 
using the identity. 


px 2 +2qx +r==p 



g 2 ~ p t \ 
p 2 f 


Suppose f(x)=(x + q ^-^~ p r r > P + 0. 



takes values 


as large as we please for all sufficiently large values of x and for 
all sufficiently numerically large negative values of x ; therefore 
f(x)~+ oo when rc->oo and when x~> ~ oo . ' 

This is often expressed symbolically in the form, 

/(<*>) = » and /( - oo) = oo ; 
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if, however , this notation is employed , it must be clearly understood 
that it is merely a short-hand method of stating the previous 
sentence. 


Further, since f(x)==( x + -- — , when x increases fro 

J V PJ P 2 

- + A _ ^ f ( fy>\ frnrvi nn +rv 7 pV l T tt1i , 


nr q* 

- oo to ~p>f( x ) steadily decreases from oo to 


and when 


_ 


to oo, f(x) steadily increases from 


pr 


x increases from 
to oo . 

If q 2 <«pr, f(x) is always positive, and f(x) = 0 has no (real) root. 

If q 2 > pr, f(x) ~ 0 has two (real) roots, x —■ — 

If q 2 —pr'f(x)^(^x -f =0 is said to have two equal roots or a 


“ repeated root,” x = 


<7 

P 


[For a note on the use of the word “ real,” see New Algebra , 
Part III, p. 130. The word will not be used in this book, except 
in somo of the exercises, where the old-fashioned form of words is 
employed to conform with examination practice.] 


The behaviour of f(x) may be examined by using Calculus 
methods, and for more complicated functions this is often the 
best procedure. 

Thus, since /(*) = z 8 + -^ + -,/'(*) = 2* + 2? . 

’ J V ’ p P P 

.*. f'(x) < 0 if x < and f'(x) > 0 if x > 

as x increases from - <*> to -J|, f(x) steadily decreases, and 
as x increases from to go, f(x) steadily increases ; and the 
least value of f(x) is given by x — - 


EXERCISE VII. a 

Find for what values of x the following functions increase 
as x increases : 

1. x 2 - lQx - 7. 2. 3x 2 + 4x-5. 3. 8 - 6x - 3x 2 . 

Find the maximum or minimum values of the following 
functions : 

4. x 2 + 6x - 10. 


5. 3 -x ~x 2 . 


6. 4x 8 -f- 4x + 1. 
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7. What is the least value of 2a: 2 - x ? What is the condition 
that 2x 2 ~x=c has (i) two (real) roots, (ii) a repeated root ? 

8. What is the greatest value of (x -2) (5 -x) ? What is the 
condition that (x~2)(5 -x)=c has (i) no (real) roots, (ii) a 
repeated root ? 

Sketch graphs of the following functions, without making a 
table of values : 

9. x 2 - 7a: 4- 12. 10. (x + l)(7 -x). 11. .r 2 -6;c + 10. 

12. If px 2 + qx 4 r — 0 has a repeated root, find its value in 
terms of (i) p , q ; (ii) q , r. 

13. Prove that 4a: 2 f 8a; - 8 =m(4x - 3) has no (real) roots if 
3 < m < 4. 

14. Prove that the roots of 

(a 2 + b 2 ) x 2 -f 2 (a 2 -f b 2 -f c 2 ) x -f b 2 + c 2 = 0 
are real, if u, ft, c are real. 

15. Prove that the roots of 

(b 2 ~ 4 ac) x 2 + 4 (a 4- c) x — 4 

are real if a, 6, c are real, and find the condition that they are 
equal. 

16. If a>6>0, prove that x(x -a) ~k(x ~ b) has real roots, 
whatever real value k may have. 

17. Find the condition that the equations 

ax + by — x 2 + xy + y 2 ~ 1 
may have real solutions, if a and b are real. 

18. Find the range of values of A for which the two equations, 
x l + 4a: + A = 5, (x ~ 2) 2 - A =4, are such that one root of each 
equation lies in value between the two roots of the other. 

19. Find the values of rn for which the expression, 

2(a: 2 - 3a; + 4) - m(x 2 - x - 2) 
is a perfect square. Hence find constants such that 
x 2 - 3x -f 4==a(a? -p) 2 +6 (x - q) 2 
and x 2 -x - 2=c(x ~p) 2 +d(x - q) 2 . 


The Cubic Function 
Example 1. Sketch the graph of 

f(x)zz(x + 3)(x-2)(x -5) 
and find its tqming values. 

Since f(x) =0 if x — - 3 or 2 or 6, the graph crosses the a;-axis 
at — 3, 2, 5. 
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Also f(x)-±<x> when x-+cc and /(#)-► - x when x-+ - « ; there- 
fore, using the convention of p. 136, the behaviour of f(x) may 
be tabulated as follows : 


X 

- 00 

- oo to - 3 

-3 

-3 to 2 

2 

2 to 5 

5 

5 to oo 

00 

f( x ) 

- 00 

- 

0 

+ 

0 

- 

9 

+ 

00 


Since f(x) is continuous for all values of x, the form of the 
graph of y—f(x) can now be drawn, but a knowledge of the 
turning points makes it possible to draw it more accurately. 



We have f(x)^x % - 4x 2 ~ 1 lx + 30, 

f'(x)s 3x 2 -8x-ll=:(x + l)(3x~ll). 
f'( x ) > 0 if x < - 1 and /'(#) < 0 if - 1 < x < 
x = - 1 gives a maximum value of f(x ), and this value is 
/( - 1) =36. 

Similarly x— 1 ^ gives the minimum value /ft 1 ) = - 14|?. 

Example 2. Discuss the function, /(#)==# 3 - 9x 2 4- 15# - 2. 

It is easy to see that for sufficiently large values of x, f(x) takes 
values as large as we please ; thus if- x > 18, 9a; 8 < £# 8 and 15# > 2, 
therefore f(x) > £# 8 . 

when #->oo . 

It is also evident the^ for sufficiently numerically large negative 
values of x, f(x) takes negative values as numerically large as we 
please ; /(#)->- - oo when #-> - oo . 

Using the convention explained on p. 136, we write 
/(ao)=oo, /( - <»)=-». 



140 ADVANCED ALGEBRA [ch. 

Since f(x) is continuous for all values of x, its graph must cross 
the #-axis at one point at least ; 

f(x) =0 has at least one root. 

Further, /'(#) ~3x 2 - 18.r + 15 = 3(x - 1)(# - 5). 

/. f'(x) =0 when x — 1 and when x = 5, and/(l) = 5,/(5) = - 27. 

Also f'(x) > 0 if x < 1 and if x > 5 ; f'(x) < 0 if 1 < x < 5 ; 

when x increases from ~ qo to 1 ,f(x) steadily increases from 
- oo to 5. 

When x increases from 1 to 5, f(x) steadily decreases from 6 
to -27. 

When x increases from 5 to oo , f(x) steadily increases from - 27 
to oo . 

But f(x) is continuous for all values of x ; the graph of y —f(x) 
therefore takes the form shown in the figure. It crosses the ir-axis at 

three points, firstly to the left of 
x — 1 , secondly between x = 1 and 
x = 5, thirdly to the right of x = 5. 

x* - 9x 2 + 15# - 2 =0 
has 3 roots. 

The positions of these roots 
can be determined more precisely 
by evaluating/ (x) for additional 
values of a;. Thus we have/(0) = - 2, f(l) = 5,/(5) = -27, /(7) =5; 

the roots lie respectively in the intervals 0 < a? < 1, 1 < x < 5, 
5 < x < 7. 

The reader can easily check the conclusions of this example 
algebraically because the function equals (x - 2)(x 2 - 7# + 1). 

It is instructive to compare this graph with those of the func- 
tions (see Ex. VII b, No. 13), 

(i) z 3 - 9x* + Wx + 25 ; (ii) a* - 9z a + I5x + 74 ; 
which are obtained by moving this graph parallel to the i/-axis 
through distances of 27 units and 76 units respectively. 

The function f'(x) is unaltered, and the turning points are given 
by the same values of x . But the graph of (i) now touches the 
a?-axis at x = 5, so that x 3 - 9x 2 + 15x + 25 = 0 

has a repeated root x = 5 and one other root. 



Fig. 7. 
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And the “ minimum ” value of (ii) is positive, so that 
z* -9a,* 2 + 15# + 74—0 

has only one root. 

These results may be checked algebraically by noticing that 
(i) equals (x + l)(a? - 5) 2 and (ii) equals (x + 2)(x 2 - 11a; + 37). 

One of the best ways of investigating the behaviour of a 
function /(#) is to examine the nature of the roots of the equation 
f'(x)~ 0. In Examples 1, 2, a function f(x) was chosen such that 
f'(x) = 0 had two roots. For comparison, we shall next discuss 
a function f(x) where f'(x) =0 has no roots. 

Example 3. Discuss the function, f(x)=x 8 -f- 3# -f 14. 

As in Example 2, we find that f(x)~+c c when x-+<x> , and 
f(x)-+ - oo when x -* - oo ; therefore, since f(x) is continuous for 
all values of x , its graph must cross the #-axis at one point at 
least. 

Further, f'(x) = 3a; 2 + 3 - 3 {x 2 + 1 ). 

J'(x)— 0 has no roots, and J'(x)> 0 for all values of x. 
when x increases from - oo to + oo , f(x) steadily increases 
from - oo to + oo . 

there is one, and only one, value 
of x for which f(x) =0 ; this value is 
negative since f(0) — 14 is positive. 

The graph of y~f(x) therefore takes 
the form shown in the figure. 

The reader can easily check these 
conclusions algebraically, because the 
function equals (x + 2) (x 2 - 2x 4- 7). 

It may also be noted that since 
/'(#)== 3 (a a + 1) is least when x = 0, the slope of the curve steadily 
decreases from oo to 3 when x increases from - co to 0, and then 
steadily increases from 3 to oo when x increases from 0 to oo ; 
consequently there is a twist in the curve at x =0, and this is 
called a “point of inflexion.” 

The methods of Examples 2, 3 may be applied to other poly- 
nomials. 



I 

Fig. 8. 
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Suppose f(x)==x n 1 +p 2 x n ~ 2 + ... +p n * 

Then we can prove that /(#)-> x when x->cc as follows : 

If z> 1, x n ~ 1 >x n ~*> x n ~*>... ; 

if k is the greatest of the constants, | p 1 |, | Vi l» • • • > I Pn \» 
f(x) > x n - nkx n ~ x if x > 1 ; 
f(x) > \x n whenever x > 2nk 4- 1. 
f(x) takes values as large as we please for all sufficiently 
large values of x. 

Similarly, we can prove that 

fix)-* ao or ^ - oo when x~+ - oo, 
according as n is even or ojld. 

if n is odd, f(x) = 0 has at least one root. 

If n is even, f{x)— 0 may have no roots; but since /(0)=p n , 
f(x)= 0 has at least one negative root and at least one positive 
root, if p n is negative. 

Repeated Roots 

If f(x)~(x~a) i (x n - 2 +q 1 x n - 9 + ...+g n _ 2 ), we say that/(x)=0 
has two equal roots a, or that x=a is a repeated root of f(x) =0. 

Hince 

f'(x) ~(x - a) 2 {(n - 2)x n ~ z + ...} +2(x - a){x n ~ 2 + q i x n ~* + ...}, 
it follows that x - a is a factor of f'(x). 

And more generally, if (x - a) r is a factor of the polynomial/^), 
then (x - a) r_1 is a factor of J'(x). 

repeated roots of f(x)= 0 can be obtained by finding the 
H.C.F. oif(x) andf'(x), see Example 6, p. 143. 

These examples illustrate two important general properties, 
which may be stated, although the proofs are outside the scope 
of this book. 

(I.) If a function f(x) is continuous for the range of values 
a <zx ^6, and if f(a), f(b) are of opposite signs, then the equation 
f(x)— 0 has at least one root between x —a and x ~b. 

Thus, if f(x)zzx* ~ 9x 2 + 15x - 2, see Example 2, p. 139, /( 0) = - 2 
and /(1)=5, so that the points on the curve corresponding to 
x—Q and x = l lie on opposite sides of the a; -axis. Therefore the 
graph, since f(x) is continuous, must cut the x-axis somewhere 
between x = 0 and x = 1 . 



RATIONAL FUNCTIONS 


143 


YIl] 

(II.) If /(#)— 0 when x—a and when x—b and if /'(#) exists 
for all values of x in the range a <x <b f then f'(x) — 0 has at least 
one root between x—a and x — b. 

Graphically this means that if the curve crosses the #-axis at 
two points A and B, and if there exists an ordinary tangent at 
every point of the arc AB, then at least one of these tangents 
must be parallel to the #-axis. 

Thus, in Example 1, p. 138, the curve crosses the #-axis at 
three points, x = - 3, x — 2, x = 5, and has a tangent parallel to 
the #-axis at x — - 1 between x = - 3 and x — 2, and at x — U 
between x —2 and x = 5. 

Another way of expressing this property is to say that all the 
roots of f(x)= 0 are separated by roots of /'(#) = 0, provided that 
f'(x) exists for the range of values of x considered. 

This fact often helps to locate the roots of f(x) —0. 

Example 4. Prove that # 4 + 3# 3 - 1 5# 2 -19# + 13 = 0 has 4 roots. 

If /(#) = # 4 -f 3# s - 15# 2 - 19# + 13, 

/( - 00 ) = + CO , /( - 2) ^ - 1 7, /( 0) = 13, jf(l) = - 17, /(oo ) = cc / 
/(#) =0 has one root < - 2, one root between - 2 and 0, one 
root between 0 and 1, and one root > 1. 

Example 5. Prove that # 4 + 4# +4 = 0 has no roots. 

If /(#) = #* + 4# + 4, f'(x) =4# 8 + 4 = 4 (# 3 + 1). 
f\ x ) < 0 if # < - 3 , and f'(x) > 0 if # > - 1. 
the least value of /(#) is /( - 1) = 1, and since this is positive, 
thdfre is no value of x for which /(#) =0. 

# 4 + 4# + 4 = 0 has no roots. 

Example 6. Solve 12# s - 28# 2 + 3# + 18 =0, given that it has 
two equal roots. 

If /(#) = 12# 8 - 28# 2 + 3# + 18, 

/'(#)= 36# a - 56# +3 =(2# -3) (18# - 1). 

Since /(#) =0 has a repeated root, either (2# -3) 2 or (18# - l) 3 
is a factor of /(#). 

By trial, /(#) = (4# a - 12# + 9) (3# + 2) ; 

the roots are f, f , - 
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EXERCISE VII. b 

1. Show that the roots of a; 2 - 11a; + 9 = 0 lie between 0 and 1, 
10 and 11. 

2. Show that the roots of * - H — ?=r + — ~=0 lie between 

1 and 2, 2 and 3. x-l x~2 x-S 

Find for what values of x the following functions increase as x 
increases. What values of x give turning values of the function ? 
State whether the value is a maximum or minimum. 

3. x s - 12a;. 4. 2 + 3# - x z . 5. x*+x~2. 

6. x* - 6a; 2 -f 9# ~ 4. 7. x* -8a; 2 + 12. 8. x x - 4a; 8 - 20a; 2 - 49. 

9. Discuss the function 4a; 8 ~l2a;+c if (i) c=2, (ii) c = 8, 
(iii) c = 10. Sketch graphs to illustrate your work. 

10. Discuss the function x 3 4- 12# - 20 and sketch its graph. 

11. Sketch the graph of x(x - 5)(x - 8), showing the positions 
of the turning points. 

12. Repeat No. 11 for the function (x - l)(a; - 5)(2x - 7). 

13. Sketch on the same figure tho graphs of x 8 - 9a; 2 + 15a; -fc, if 
(i) c— 0, (ii) c=25, (iii) c~ 74 ; and find the nature of the roots 
of x 3 - 9x 2 -f 15a; -f c = 0 in these three cases. 

14. (i) Show that the roots of a; 8 -3a; 2 -4a; + 4=0 lie between 

- 2 and -1,0 and 1, 3 and 4. 

(ii) Show that x 8 - 3a; 2 - 4a; + 19 =0 has a root between - 3 
and -2 and no other roots. 

15. Prove that a; 8 - 2a; 2 = 1 has a root between 2 and 3 and no 
other roots. 

16. Prove that 2x z + a; 2 = 1 has a root between 0 and 1 and no 
other roots. 

17. Prove that a; 8 - 4a; = 1 has 3 (real) roots. 

18. Prove that x 8 - 12a; 2 + 45a; = 51 has 3 (real) roots. 

19. Prove that (x - l)(a; - 3) (a; - 5) +Jc(x - 2)(x - 4) (a; - 6) =0 
has 3 (real) roots if k =£ - 1, and if k is positive find roughly their 
positions. 

20. Prove that 2a; 3 - 7a; 2 - 12a; +45 = 0 has a repeated root and 
find it. 

21. Solve 4a; 4 - 20a; 8 + 13a; 2 = 1, given that there are two equal 
roots. 

22. Prove that 4a; 4 - 2a; + c = 0 has no roots if c > J. What can 
you say about the roots if c ~ | ? Prove that the equation cannot 
have more than 2 roots, whatever value c has. 
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23. If a > b > c > 0, prove that 

x - a x -b x -c x 

has 3 roots, of which one is negative, and the others lie between 
a and b , b and c. 

24. Find the condition that x 3 - 3p 2 x -f q — 0 has a repeated 
root. 

25. If x 3 - Zqx + r = 0 has 3 (real) roots, prove that q must be 
positive. What are the turning values of x 3 - Zqx + r ? Hence 
find the sufficient condition for 3 (real) roots. 


The Function 


ax* -f 2bx -f c 
Ax* + 2Bx + C 


In the previous examples, we have repeatedly made use of the 
fact that polynomials, and their derivatives, are continuous 
functions for all values of the variable. Rational functions, 
however, may be discontinuous for special values of the variable, 
as was shown in New Algebra , Part III, pp. 97-100. 


Example 7. 


Discuss the function, 


(2x-l)(x- 

(x-l)'(x-4) 


f(x)— 0 when x = |, x — 8, and has no value when 2 = 1, x=4. 
The function is therefore continuous only throughout such ranges 
as exclude the values x = T, x = 4. 

It is convenient to use the notation x = 1 - to denote values of 
x near 1 less than 1, and x — l+ to denote values of x near 1 
greater than 1 . 

Thus for x = I - , f(x) is numerically large and negative, which 
for brevity will be called “large - and for x = l + ,,/(x) is large 
and positive, which will be called “ large + .” 

lx 


(2x - l)(x - 8) 2x 2 -17x + 8 0 

Put x = y, them y = — 2 — — -j- = 2- 
(x-l)(x-4) ** * x 2 - 5x + 4 


x* - Sir + 4* 


7 

if x is large + or large - , y = 2 = 2 ~ . 

if x is large - , y = 2 + , and if x is large + , y = 2 - . 
Also y =2 when x = 0 and for no other value of x. 
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The behaviour oty—f(x) may therefore be tabulated as follows : 


- 00 

- oo to 0 

0 

0 to J 

i 

J to 1 - 

1 - 

1 

2 + 

4- 

2 

+ 

0 

- 

large - 

no value 


X 

1 4- 

1 4- to 4 

- 

4 - 

4 

/(*) 

large 4- 

4- 

large 4- 

no value 

X 

4 4- 

4 4 to 8 

8 

8 to ao 

00 

m 

large - 

- 

0 

4- 

2 - 


The reader should now make a sketch of the graph which represents 
the facts in this table . 

These facts are sufficient for a rough diagram, but a clearer 
idea of the behaviour of the function will be obtained by finding 
the turning points of the graph. 


We have 


2 / “2 - 


JJx 

x 2 - 5 # + 4 * 


Pufc ~ 5T 5X + 4 ~ z so that y= 2+z - 

Then zx 2 - x ( 5z - 7 ) + 42 = 0. 

This equation in x has no roots if (5z - 7) 2 - 16z 2 < 0, that is, if 
(9z-7)(z-7)<0. 

there are no values of # for which { < z < 7. 
y has no value between 2 and 9, and we find easily that 
y — 2\ when x = - 2 and that y— 9 when x — 2. 

The reader should now modify his sketch by using these facts 
which, when considered in conjunction with his former sketch, 
suggest that there is a “maximum” value 2£ at x— - 2 and a 
u minimum ” value 9 at x — 2, 

The accuracy of the form of the graph can be tested by calcu- 
lating/'^). 

Since f(x) — 2 — s — ir~ rA > * 

J x ' a; 2 - 4- 4 

. (a; 2 - 5# + 4) 7 -lx(2x - 5) l(x + 2) (a? - 2) . 

y (*) = + = (x-l)^ - 4)»’ 

• - f'( x )~ 0 when *=-2 and when x =2, and /( - 2) =2J, 
/(2) =9. 
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Also j'(x) > 0 if x < - 2 and if 2 < x < 4 and if re > 4 ; 

/'(x) <Oif -2<x<l and if 1 < x < 2. 
when # increases from - oo to 2, /(rr) steadily increases 
from 2 to 2J ; when x increases from - 2 to 1, /(#) steadily 
decreases from 2 $ to - oo . 

At x = 1, there is a break in the curve. 

When a? increases from 1 to 2, /(#) steadily decreases from oc to 9 ; 

when x increases from 2 to 4, /(a?) steadily increases from 9 to oo . 

At x = 4, there is a break in the curve. 

When a? increases from 4 to cc , /(a?) steadily increases from - oo 
to 2. 



Fig. 9. 


The graph of y=f(x) therefore takes the form shown in the 
figure, but owing to considerations of space, part of it is out of 
scale. 

This graph illustrates the difference of meaning of the phrases 
“ maximum value ” and “ greatest value,” and between “ mini- 
mum value ” and “ least value.” f(x) is said to have a maximum 
value 2 J at x — - 2, because its value there is greater than that at 
all other points in the neighbourhood of x = - 2 ; a maximum cor- 
responds to the top of a hill. Similarly f(x) has a minimum value 
9 at x=2, because its value there is less than that at all other 
points in the neighbourhood of x =2. 

For this function, the maximum value happens to be less than 
the minimum value, but this fact is irrelevant. It should also be 
noted that actually this function has no greatest value, and no 
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least value. Whatever positive number K is named, however 
large, values of a? (near 1 or near 4) can be found such that f(x) 
is greater than K, and values can also be found such that/(a?) < - K. 


Example 8. Discuss the function, f(x)~~^~-j - — 

(a? 4- 1) (a? — u) 

f(x) — 0 when x — - 2, x = 3, and has no value when a? = - 1, x = 6. 
The function is therefore continuous only throughout such ranges 
as exclude x— - 1, x — 6. Also for x — 6 - and for x — - 1 - , f(x) 
is large - ; and for x = 6 4 and for x — - 1 4 , f(x) is large 4 . 


Put 


(a? 4* 2) (a? - 3) 

(iTIfii— 6)=* 


__ x 2 - x - 6 4 a? 

y ~~x 2 ~ 5x - 6 ~ + x 2 - 5x - 6 ' 


if x is large 4- or large - , 2/^14; 


if x is large - , y — 1 - , and if a? is large 4- , y = 1 4- . 


Also y = 1 when a? = 0 and for no other value of a?. 

The behaviour of y-f(x) may therefore be tabulated as follows : 


X 

-00 

- oo to - 2 

-2 

- 2 to - 1 - 

_1 _ 

- 1 

-14 

/(*) 

1 - 

4 

0 

- 

large - 

no value 

large 4 


- 1 4 to 3 

3 

3 to 6 - 

6- 

6 

64 

6 4 to oo 

00 

4 

0 

- 

large - 

no value 

large 4 

4 

l 4 


The reader should now sketch a graph which represents the 
facts in this table. 

The accuracy of the form of the graph can be tested by calcu- 
lating /'(a?). 


Thus f'{x) = 


(a? 2 - 5a? - 6)4 - (4a?) (2a? - 5) 
(x 2 -'5a?- 6) 2 


- 4(a? 2 4- 6) 

(a? 4- l) 2 (a? ~ 6) 2 * 


Since there is no value of a? for which f r (x) is zero, the graph has 
no turning points ; and since /'(a?) is negative for all values of a? 
for which it exists, f(x) steadily decreases throughout each range 
ef values of a? in which./ (x) is continuous. 

J{x) steadily decreases as a? increases from - oo to - 1 , and 
does so again as x increases from - 1 to 6 , and again as x increases 
from 0 to oo. 
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The graph of y—f(x) therefore takes the form shown in the 
figure. 



Example 9. Discuss the function, /(o;)== 

f(x )~ 0 when x — \, x=3, and since there is no value of x for 
which 5x 2 +4 is zero, f(x) is continuous for all values of x. 


, (a? — l)(a? - 3) x 2 - 4a; -f 3 __ 1 20x-l\ . 

5a; 2 + 4 J 5a; 2 -f- 4 5 5 (5a; 2 +4) 


if x is large + or large - , y 


1 _ A 

5 5x ' 


if a; is large - , y — J + , and if a; is large + , y—\~. 

Also y = £ when a; — and for no other value of x. 

The behaviour of y —fix) may therefore be tabulated as follows : 


X 

- 00 

- 00 to H 

n 

H t° l 

l 

1 to 3 

3 

3 to oo 

ao 

/(*) 

£ + 

+ 

\ 

+ 

0 

- 

0 

+ 

i- 


The reader should now make a sketch of the graph which 
represents the facts in this table ; it will then be evident that 
greater accuracy will be secured if the turning points are known. 

Since y > we have 

x 2 ( 1 - 5y) - 4x + 3 - 4y ~0. 

This equation in x has no roots if 4 - (1 - 5y)( 3 - 4i/) < 0, that is, 
if l + 19y-20y 2 zz(l+20y)(l -y)<0. 
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there are no values of x for which y < - ^ or for which 
y > 1, and we find easily that y — - when x = lg and that y = 1 
when x — - J. 

The reader should now modify his sketch by using these facts 
which, when considered in conjunction with his former sketch, 
suggest that there is a maximum value 1 at x = - £, and a mini- 
mum value - ^ when x = lg. 

As before, the work may be tested by calculating f'(x). 


/'(*> = 


(5z 2 +4)(2z -4) - (a; 2 -4* + 3)10s_2(2a;-f l)(5s -8) 

(5a; 2 + 4) 2 . ‘ 


(5a; 2 + 4) 2 

J'(x) =0 when x = - £ and when x — 12. 

Also f'{x) > 0 if x < - \ and if x > If ; 
f'{x) < 0 if -£<a;<lf. 

Therefore, as in Example 7, x — - % gives a maximum and 
x = 1$ gives a minimum. 

The graph of y=f(x) therefore takes the form shown in the 

figure. 

Examples 7-9 illustrate the prin- 
cipal varieties of the forms which 

the graph of 



\ _ ax% + 26a; + c 
J X= Ax* + 2Bx + C 


may take. The conclusions may be 
summarised as follows : 


(i) If B a > AC, Ax 2 -f 2Qx + C = 0 has two unequal roots, say 
x = a, x ; and therefore there are breaks in the graph of f(x) 
Gut x — a and at x — /?. 

Further, if /'(x) =0 has two roots, as in Example 7, the function 
has a maximum and a minimum value. 

But if f'(x) = 0 has no roots, as in Example 8, the function 
steadily increases throughout each of the intervals - oo to a, 
a to p, p to - oo, where a < {$, or steadily decreases throughout 
each of these intervals. 

It may also happen that f'(x) =0 has only one root, and this 

ci Jc 

will be so if f(x) can be reduced to the form - + — 2 -- , in 

which case f(x) has either a maximum or a minimum value, but 
not both. 
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(ii) If B a < AC, Ax i 2 4 2Qx 4C =0 has no roots, and therefore f(x) 
is continuous for all values of x. In this case, it will be found that 
f'(x) =0 always has roots (or at least one root), and the function 
has, as in Example 9, a greatest and a least value (or limiting value). 

(iii) If B 2 =AC, Ax 2 +2Bx 4- C takes the form A(x - a) 2 and there- 
fore there is one break, x = a, in the graph, and it will be found that 
f(x) has either a greatest or a least value (or limiting value), but 
not both. 


/p2 

Prove that 2 — - Q can assume any value 

X 6 4" 4x 4" oC * 


Example 10. 
if 0<c < 1. 

Tf x2 + 2x 4- c 
X s 4-4x + 3 c 

x 2 (l 

This equation has roots if 

(1 - 2y) 2 -c(l -y)(l - 3y) > 0, 
that is, if (1 - 2y) 2 (l -c) +cy 2 > 0, 

and this is true for all values of y if 0 < c < 1 . 


-y y we have 
-y) + 2x(l • 


2y) +c(l - 3y) =0* 


EXERCISE VII. c 


Discuss the following functions. Find their turning values, if 
any, and sketch graphs to illustrate your work. 

i ? o — — 3 _ x _ 

(x - l)(x - 4)’ x 2 4l‘ * x 2 - 1 ’ 


X 4 1 

(x -Tj 2 * 


5. 


1 

(*;-!)(* -5)’ 


6 . 


x 2 

x^Ti' 


7 ( 2x4-3)(x- 6 ) R ( 3x - 1 ) ( 2x + 1 ) (x + 2 ) .(a- 3) . 

(x 4 l)(x - 2) * (6x - l)(x 4 1) ‘ x 2 4 x 4 1 

x 2 4 3x 4 

10. For what ranges of values of x is — — =- positivo ? 

Sketch the graph of this function. x x l 

x 2 4 2x 4 3 

11. Find the limits between which the values of -r-s « 

cannot lie. x+ix + Z 

12. Prove that ^~ X can take any value. 

(x-2)(5x-4) J 

x 2 - 7x - 1 8 

13. For what values of x is 2 — -r oi positive? For what 

*T“ 4£C — 

values of x is it greater than unity ? 


14. Show that 


3x 2 - 3 


has a minimum value 3 and a maximum 


6x - 10 

value J. Explain the apparent paradox by a rough graph. 
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15. Prove that, if x is real, 

2. * 2 + l g- o 
3^a; a +a; + l ^ 

2 “ 

16. Prove that the minimum value of . . - ^ is - 2, and sketch 

the graph of this function. 

17. If rr 2 + £/ 2 ~5x - 1 0^/ = 11 and if x and y have real values, 
prove that x lies between 9 and -4, and y lies between 11J 
and - 1 J. 

18. If x 2 + 4 xy + 2y 2 - Sx - 12 y + 15=0 and if x and y have real 
values, prove that x cannot lie between 1 and 3. 

19. Prove that - 2 X (> a — is capable of all values if 0 < a < 1. 

X — &x + cl 

J 

20. Find the condition that — 5 — r may be able to assume 

ax 2 + ox + c J 

all values as x varies from -00 to 00 . 

2 1 1 _ f2 

21. If x =Y+t z 111 u * y= T+t i ' P rove 1 ^ iat 

. 7 - 6a; - 3 y , 
l ^ 9 - 8* -3 y ^ L 

22. Prove that -y - , 2 will always lie between two fixed 

X 1 ox + c 

limits if a 2 +c 2 > ab and 6 2 < 4c 2 ; prove also that there will be 
two limits between which it cannot lie if a 2 +c 2 > ab and 6 a > 4c 2 , 
and that it is capable of all values if a 2 -f c 2 <a6. 

23. If a line parallel to the .r-axis cuts the graph of 

p _ x - 1 
y ~(x-2)(x-3) 

at x -a and x =b, prove that (a — 1) (6 — 1) =2. 
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Equations with Given Roots 

It is easy to construct an equation which has roots of given 
values ; the degree of the equation equals the number of roots, 
repeated roots being so counted. 

Example 1. Construct the equation whose roots are 

(i) - l, 5, 5 ; 

(ii) - 1, f?, and 3 roots equal to 5. 

(i) The equation may be written 

(x + l)(2ar-3)(a;-5)=0. 

When multiplied out, this becomes an equation of degree 3 in x. 
(ii) The equation may be written 

(x + \)(2x - 3)(# - 5) 8 =0. 

When multiplied out, this becomes an equation of degree 5 in x. 

Example 2. Construct the equation whose roots are 
(i) cq, a 2 , a 3 ; (ii) cq, a 2 ,%i 3 , cq. 

(i) The equation may be written 

(x -cq)(x -a 2 )(x - a 3 ) =0. 

When multiplied out, this becomes 

# 8 ~x 2 (a 1 + a 2 + a 3 ) +#(a 2 a 3 + a 3 cq +cqa 2 ) -cqa 2 a 3 =0 ; 
and this is expressed more conveniently in the form, 
x 8 -a^Sfoq) +x'Z(a 1 a 2 ) - cqa 2 a 8 =0. 

(ii) Similarly, the required equation may be written 

(x - a 1 )(x - a 2 )(x ~a 3 )(x - a 4 ) =0, 
and, when multiplied out, this becomes 

x* -x 3 ^(a 1 ) +x 2 2(a 1 a 2 ) -x^(a 1 a 2 a 3 ) + oqa 2 a 3 a 4 = 0 . 

This example shows the relations which connect the roots of cubic 
and quartic equations with the coefficients, and suggests the 
extension to equations of any degree. 
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Relations between Roots and Coefficients 


If x = a is a root of the equation 

f(x)=p)pc n +p 1 x n ~ 1 + ... +p n - 1 x +p n =0, 
then /(a) =0, and therefore, by the remainder theorem, a: - a is a 
factor off(x). 

Hence, if a v a 2 , ... , a n are n unequal roots of this equation, it 
follows that x - cq, x - a 2 , ... , x - a n , are each factors of f(x)> 

/(#)== A (# -a x )(x -a 2 ) ... (a? -a n ) where A is independent of 
x since f(x) is of degree n in x ; by equating coefficients of x n , it 
follows that A =p 0 . 


(x -a 1 )(x - a 2 ) ... (x - a w ) = :r n + — a;* 1 " 1 -f ... +— . 

But the expansion of the left side of this identity is 

-x n ~^( ai ) + x n ~ 2 2 («,«,) -...+( - l^aja, ... a n . 
equating coefficients, we have 

2(ai , = -g ; 


2(a,a,) 




Po’ 

^3 . 

7>o ’ 


and finally, a ia a a 3 ... a n — (- l) n ?^h 

Vo 

These relations express the sums of the products of the roots, 
taken 1 , 2, 3, ... , n, at a time, in terms of the coefficients. 

Thus, in particular, if a , /?, y are the roots of the cubic, 
ax 3 + bx 2 + cx 4 - d = 0, 

we have a + ft + y — 

Py+ya+a^- 


„ d 

a Py ~ ~ a' 

The general relations, established above, remain true if any of 
the roots a lf a 2 , ... are equal to one another. Thus if the cubic, 
ax 8 +bx 2 -hex +d =0, has a root a and two equal roots /?, we have 


a+20 = /? 2 +2 ap 


ap 2 


d 

a 
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In ordinary (real) algebra, these relations apply only to equa- 
tions of degree n, if they possess n roots, and the examples of 
Ch. VII have shown that this is often not tho case. In the algebra 
of complex numbers, it can be proved that an equation of degree n 
always possesses n roots, and the relations between the roots and 
the coefficients always hold good. In the examples of this 
chapter, we shall therefore suppose, where necessary, that we are 
using the algebra of complex numbers, although such numbers 
have not been discussed, or even defined. The only defence for 
this procedure is convenience for examination requirements. 

By means of these relations. 

Any symmetric function of the roots of an equation can be ex- 
pressed in terms of the coefficients. 

Example 3. If a, /?, y, <5 are the roots of 
a: 4 I5x 2 - 10.r +24=0, 
find the values of (i) 2( a 2 ) ; (ii) 2 (a 2 /?). 

We have 2a =0, 2(a/?) = - 15, 2(a/?y) = 10. 

(i) 2(a 2 )=(2a) 2 - 22(a/?) =0 +30 =30. 

(ii) Consider the product 2(a) . 2(a/i). 

Terms such as y 2 a occur once, and only once, from the product 
y.ya. 

Terms such as ayS occur as the products, 

a . yd, y . ad, d . ay, that is, 3 times. 

2 (a). 2 (a/7) =2 (a 2 /?) + 32(a/?y) ; 

2(a 2 £) =0-3(10)= -30. 

Note. The reader can check these results by direct calculation, 
since the roots are 1, - 2, - 3, 4. 

It is also worth checking identities like 

2(a).2(a/?)=2(a 2 /?) + 32(a/?y) 
by taking a — ft —y = 1. 

Example 4. If a, /?, y are the roots of px 2 +qx +r = 0, express, 
in terms of the coefficients, 

(i) 2(a 2 ) ; (ii)2(a*); (hi) 2(a*). 

We have 2a = 0, 2a/? = afiy = - -• 

P r V 
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(i) 2(a*> = (2a) s - 2Sa/S = 0 - 2 (|)= - 

(ii) pa z +ja+r=0, and similar relations hold for fl, y ; therefore 

by addition p2 ( a a ) +qla + 3r = 0 ; 

2(a 8 ) = . 

P 

Alternatively , 

a 3 + /? 8 + y 8 - 3 afly=(a + fl + y)(a 2 -hfl 2 +y 2 -fly-ya -afl) ; 
a 3 +fl z + y 9 =3afly ~ - ~ since 2a =0. 

(iii) pa 6 + ga 8 + ra 2 = 0 ; a 5 = - ~ a 3 - ~ a 2 , and similar relations 

hold for fl, y ; therefore by addition 

^(a 8 )=-|i:(a 8 )-|S(a 8 ) 

_ _ q f 3r\ _ r f 2q\ _ 5qr 

" P\ PJ P\ p/ p 2 * 

EXERCISE VIII. a 

1. Construct the equations whose roots are 

(i) 1, 2, 3 ; (ii) 0, 1, 2, 3; (iii) ±1, ±2, 3; (iv) - J, - f. 

2. Construct the equation which has 4 roots equal to I and 
3 roots equal to - 1. 

3. What general remark can you make about the coefficients 
of an equation if the roots are 

, , .... a b c . 

(i) a, b, c, - a-b-c ; (n) y - ; 

(iii) ±a, ±6 ; (iv) 0, ±a, ±b ? 

4. If a, fl are the roots of x 2 - 4x 4- 1 = 0, prove that 

(i) a 9 +fl*= 52 ; (ii) a 6 +£ 6 =2702. 

5. If a, fl, y are the roots of x 3 - 4x 2 -f 2x - 1 =0, find the values 
of (i) 2a 2 ; (ii) 2“ ; (iii) 2a 3 . 

6. If a, fl, y are the roots of a; 3 - x 2 + 4x - I =0, find the value 
of(i)2^; (ii)(a + l)(j» + l)(y + l){ (ii) 2<aV). 

7. If a, fl, y are the roots of x z - 3a? 2 + 4 = 0, find the value of 
2(a 8 ) and prove that 2 (a 4 ) =33. 
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8. Find the sum of the fourth powers of the roots of 

3x 4 - 6a? 2 +4=0. 

9. If a, p t y aro the roots of ax 9 +cx + d =0, find, in terms of 
the coefficients, (i) 2^ ; (ii) 2^* 

10. If a, /?, y are the roots of ax 8 +bx 2 +d =0, find, in terms of 
the coefficients, (i) 2 (a 2 ) ; (ii) 2~j- 

11. If a, /?, yare the roots of x 9 +px + q = 0, find, in terms of 
the coefficients, the values of (i) 2 (a 4 ) ; (ii) 2 (a 2 /?); (iii) 2(a 2 P 2 ). 

12. If a, y, S are the roots of x* +px 9 + qx 2 -\-rx +5 =0, find, in 
terms of the coefficients, (i) 2(a 2 ) ; (ii) 2~ ; (iii) 2 (a 2 /?). 

13. If a, p, y are the roots of x 9 +px 2 +qx + r =0, find, in terms 
of the coefficients, (i) 2 (a - P) 2 ; (ii) 2a (p -y) 2 . 

14. If a, p, y are the roots of x 9 +px +q =0, find, in terms of the 
coefficients, 

(i) (a+p-2y)(P +y -2a)(y +a -2/3) ; (ii) 2a 9 (P + y). 

15. If a, P , y, <5 aro tho roots of x* +px 9 +qx 2 +rx +8 — 0, find, 
in terms of tho coefficients, 

(i) 2(a 2 p 2 y z ) ; (ii) 2apy(a +p +y). 

16. Find the sum of tho cubes of the roots of x 5 =# 2 +x + 1. 

17. Prove that the sum of the eleventh powers of tho roots of 
x 9 + 5x 4- 1 = 0 is zero. 

18. If a v a 2 , ... , a n are the roots of x n +p+r n ~ 1 +p 2 a? n “ 2 + ... =0, 
prove that ^(af) ~3p x p 2 -p^ - 3p 3 . 

Unsymmetrical Relations between the Roots 

The symmetrical relations between the roots of an equation 
and the coefficients do not by themselves provide a means of 
solving the equation ; e.g. the elimination of p, y from 

a + /? -f y = - py + ya + ap=~, apy = -~ 

merely leads back to the original equation, ax 9 + 6a? 2 + cx + d = 0, 
with a instead Of a?. In fact the roots of the general equation 
of the nth degree cannot be expressed by elementary functions 
of the coefficients if n > 4. But if some additional unsymmetrical 
relation is known to exist between two or more of the roots, it 
may be possible to solve the equation or to find some of its roots. 
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Example 5. Solve 12a; 8 - 28a; 2 + 3a; + 18 =0, given that it has 
two equal roots. 

Suppose the roots are a, a, p. 

Then 2a+0=$, a 2 + 2a£=J, a 2 p = -f. 
a 2 + 2a (J - 2a) = } ; and this reduces to 

36a 2 -56a + 3=0 or (2a - 3)(18a - 1) =0. 

Hence a=g, fi= -f or a= x V, 0=^°. 

Also a 2 /? = - .J is satisfied by the first pair of values of a and p f 
but not by the second. 

the roots are f, 3, -f $ . 

Note. The reader should compare this method with that given 
for the same equation on p. 143. 

Example 6. Solve 4a; 8 - 24a; 2 + 23# + 18 =0, given that the 
roots are in A.P. 

Suppose the roots are a -b, a, a + b. 

Then (a - 6) + a + (a + b) == 3a = 6, 

(a -6) a +a(a +6) +(a + 6) (a -6)=3a 2 -6 2 =s 4 ;} , a(a 2 -6 2 ) = - 
a =2 and b 2 = & = + §; .*. the roots are 2, 4J. 

Example 7. ' Find the condition that the roots of 
a: 8 +px 2 + ga; +r = 0 

are in G.P. 

Suppose the roots are a, ft, y where ft 2 =ay. Then 

a + /? + y = ~p, py + ya +a/3=q, apy—-r. 
q ~py +P 2 +ap=P(y +p +a) = ~pP- 

Also r = - a/ly = - p 3 = rp 8 =# 3 . 

EXERCISE VIII. b 

1. Solve x 8 - 6a; 2 + 3a; + 10 =0, given the roots are in A.P. 

2. Solve 2a; 3 - 21a; 2 + 42a; -16=0, given the roots are in G.P, 

3. Solve x z - 7a; 2 + 36 =0, given that one root is double another 

4. Solve a? 8 - 5a; 2 - 2x + 24 = 0, given that the product of two 
of the roots is 12. 

5. Solve 3a^ - 7a; 2 - 36a; - 20 = 0, given that the sum of two of 
the roots is 3. v 
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6. Solve x 4 4 - x z - 16a; 2 -4x + 48 = 0 , given that the product of 
two of the roots is 6. 


7. Solve x z - 4a; 2 - 3a; -f 18 =0, given that two of the roots are 
equal. 

8. Solve x* - 1 la; 8 + 28a; 2 4- 36a; = 144, given that the product of 
two of the roots and the product of the other two differ only in 
sign. 


9. Solve the equation a; 8 - 5a; 2 - 2x 4- 24 = 0, given that one root 
exceeds another by 1. 

10. Write down the equation whose roots are a, 5, c, where 
a+6+c = 2, be 4- ca + ab = - 5, abc = - 6. Hence solve these 
simultaneous equations. 

11. Solve the simultaneous equations, 


a+b+c= -1, a 2 4~ 5 2 4- c 2 = 9, a6c=4. 

12. Solve the simultaneous equations, 

x +y +2 = 1, a; 2 4 - 1/ 2 4-z 2 =29, a; 8 + 2 / 8 +z 8 = -29. 

.13. Find the condition that two of the roots of 
x z +px 2 + qx + r = 0 

differ only in sign. 

14. If the roots of a; 3 4-pa; 2 4-ga; +r ==0 are in A.P., prove that 
2p* 4- 27 r = 9 pq. 

15. If x 2 + qx +r =0 has two equal roots, prove that 

3r 

(i) 4 q* 4-27r 2 =^0, (ii) the repeated root equals - 

zq 


16. If one of the roots of ax 2 -\-bx+c~ 0 is the cube of the 
reciprocal of the other, prove that (a 2 4- c 2 ) 2 —ah 2 c. 

17. If a, p are the roots of x 2 4 - px 4 - q =0, find in terms of a, ft, 
the roots of«qx 2 + (2q -p 2 )x+q — 0. 

18. If one of the roots of x 4 4 -px z +qx + r =0 equals the sum of 
the other three, prove that p 4 4- 8 pq = 16r. 

19. If the product of two of the roots of 

.r 4 4- pa; 3 + qx 2 +rx+8~0 

equals the product of the other two, prove that r 2 ~p 2 s . 

20. If the sum of two of the roots of x 4 +px 3 +qx 2 +rx 4-5 — 0 
equals the sum of the other twb, prove that p 8 4 - 8r=4pq. 

21., If a; 4 - px 2 +qx - r- 0 has three equal roots, prove that 


(i) p 2 = I2r and 9g 2 = 32pr, 


(ii) the repeated root equals 


3 ? 

4 p' 



160 


ADVANCED ALGEBRA 


[CH. 


Transformation of Equations 

Properties of the roots of an equation are often best investigated 
by constructing another equation whose roots are related to those 
of the given equation by some law. 

For simplicity, we shall use cubic equations to illustrate the 
chief transformations, but the methods are general. 

To form the equation whose roots are (i) the reciprocals of the 
roots (ii) k times the roots of ax 3 4- bx 3 4- cx 4 - d = 0 . 


(i) If a, /?, y are the roots of ax 3 4- bx 2 4- cx 4- d — 0, and if 

y = - , then y has one of the values when 

x a p y 


ax 3 + bx 2 4- cx + d — 0. 

™ 1 . i 1 . a b c 

If y , then X ~-y .. -*4-— a 4 

x y y 3 y 2 y 

.111 


*• P’V 


-a, - are the roots of dy 3 +cy 2 + by 4- a =0. 


(ii) Similarly, if y —lex , so that x =^, then y has one of the 

values lea , left, ky, if a (j^j + c (jc) that is, if 

ay 3 -f blcy 2 4* ck 2 y + dk 3 — 0. 

This process is called “ multiplying the roots of an equation by k 
Thus, the equation whose roots are 10 times the roots of 
a; 3 + &r2 + q x _ 3 = o is y 3 + 30 y 2 4- 600 y - 3000 =0. 


To form the equation whose roots are respectively less by k 
than the roots of ax 8 -h bx 2 4- cx 4- d = 0 . 


If a, p, y are the roots of ax 3 +bx 2 +cx +d-0, and if y—x-k 9 
then y has one of the values a - k, ft - k, y - k if 
ax 8 4- bx 2 4- cx 4- d = 0. 

But x ~y 4 -k t 

a(y 4- k) 3 4-6(2/ 4-fc) 2 +c(y 4- k) +d —0 
is the required equation. 

This process is called “ diminishing the roots of an equation tjy k 
In practice, this transformation is made by expressing 
ax 3 4- bx 3 4 -cx±d 
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in the form a (x - k) 2 +p (x - k ) 2 + q (x - k) + r ; and this is done by 
successive division by (x - k ), as illustrated by the following 
example : 


Exampft 8. Diminish by 2 the roots of 2x 3 - lx 2 + 3# - 5 = 0. 
2x 3 - lx 2 + Zx - 5 = (x-2)(2x 2 - 3x - 3) - 11, 

2x 2 - 3x - 3 — (x - 2) (2x -f 1 ) - 1, 

2x + \~(x - 2)2 + 5, 

2x* - lx 2 + Sx - 5 =2(x - 2) 3 + 5(x - 2) 2 - (+’ - 2) - 11. 
The successive division may be worked as follows : 


-7 

+ 3 

-5 

+ 4 

- 6 

-6 

-3 

-3 

-11 

+ 4 

+ 2 


+ 1 

-1 


+ 4 



+ 5 




If the reader compares this with the corresponding long division 
method, sot out in full but using detached coefficients (New A Igebra , 
Part III, pp. 107, 108), he will find that it contains the whole of the 
working, arranged concisely, the successive quotients being 


2-3-3; 2 + 1; 2. 

If there is occasion to use this process 
frequently, there is no difficulty in 
abbreviating it, as shown here. It is 
employed in Horner’s method for solving 
numerical equations, see p. 165. 


2 -7 

+ 3 

-3 

-3 

+ 1 

-1 

+ 5 



Example 9. If a, /3, y are the roots of cc 3 -f g# + r = 0, form the 
equation whose roots are fi +y - 2a, y + a - 2/3, a + (3 - 2y. 

Since a + f3 + y = 0, we require the equation whose roots are 
-3a, -3 (3, -3 y. 

Put y — - 3x, that is, x = - J; y; 

-&y % -\<iy +r= 0 ; 

the required equation is y* + 9 qy - 27 r =0. 
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Example 10. If a, p, y are the roots of x 9 + 2x z - 5x - 6 =0, 
form the equation whose roots are a(p + y), p(y 4- a), y(a + p). 

We have = - 5, afiy = 6, 

a(P + y)= -5-py= -6-|. 


(5 

if y = - 5 - - , y takes the required values when x takes the 

6 

values a, p, y; this gives x = - — — ^ ; 

_( • ■ y +2 ( • ■ \\ 5 ( ® ■ )_ 6=0 , 

V 2/ + 5/ \2/+5y \2/ +5/ 


which reduces to iy 3 + l(h/ 2 + 13,v - 24 = 0. 

Note. The reader can check this result by direct calculation, 
because the roots of the original equation are 2, - 1, -3. 


EXERCISE VIII. c 

1. If a, p, y are the roots of x 9 + 2x 9 = 2, form the equation 
whose roots are 

(i) L l ; (ii) 10a, 10/?, lOy ; (iii) a - 1, ft - 1, y - 1. 
a p y 

2. If a, p, y are the roots of x 9 + 3# = 3, form the equation 
Whose roots are 

(i) p ; (ii) !<*. iP, ir ; (iii) a + 1, P + 1, y + 1. 

3. With the data of No. 2, form the equation whose roots are 
(i ) P + y, y + a, a+p ; (ii) py, ya, ap. 

4. If a, p, y , <5 are the roots of x* - x (i) 2 - 3x - 5 = 0, form the 
equation whose roots are 

(i) «’?V3 s (ii) ~ 2a ’ _2|S ’ ~ 2y ' ~ 2d ■ 

5. Increase the roots of x 4 + 4x 3 - 7x 2 - 22x + 24==0 by 1; 

hence solve this equation. 

6. Given that the roots of x 9 ~x 2 - 14x + 24=0 are rational, 

explain why they must be integral and factors of 24. Hence solve 

the equation. 

7. Given that the roots of 6a; 3 + 19a; 2 +x - 6 — 0 are rational, 
multiply the roots by some constant k so as to obtain an equation 
whose roots are integral. Hence solve the equation. 

8. Use the transformation a; 2 + 3# + 3 =y to solve 

(a; 2 + 3a; + 3) 2 * = 2a; 2 + 6a; + 6, 
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9. Diminish the roots of x 3 -9a; 2 4 - 28a; - 27=0 by 3 ; hence 
prove that this equation has no root greater than 3 and only one 
root less than 3. 

10. One root of x 3 +x 2 - 24# + 16 =0 is an integer. Find the 
other two roots correct to 2 places of decimals. 

11. If a, p are the roots of (x -a)(b -x) — h 2 , prove that a 4- 2p, 
P ■ f 2a are the roots of (x - a - 2b) (2a + b - x) =h 2 . 

12. If a, p, y, d are the roots of x 4 - px 8 + q =0, form the equa- 
tion whose roots are a + p 4- y, a +P + d, a + y 4- <5, p 4- y 4- 6. 

13. Prove that the equation x* - Spx 2 4 - Sqx - r = 0 may be 
reduced to the form y 3 4 - 3by + c = 0 by diminishing the roots by a 
suitable (positive or negative) constant. Apply the transforma- 
tion to x 3 -f 6a; 2 -f- 9a; + 4 = 0. 

14. Diminish the roots of the equation 

(m + 2)x 2 - 4 mx 4 -m - 1 ~0 

by 3. Hence find for what values of m both roots of the given 
equation are less than 3. 

15. If a , p are the roots of x 2 + qx +r =0, form the equation 
whose roots are (a - l) 3 , (p - l) 2 . 

16. If a, p, y are the roots of x 3 4- qx 4- r = 0, form the equation 


whose roots are 


1 -a 1 -P 1 


17. If a, p> y are the roots of x 3 4- qx 4 - r — 0, form the equation 

whose roots are (i) a 2 , p 2 , y 2 ; (ii) ° 

r a P y 

18. Solve (x 4-5 +c)(x 4-c -fa) (a; 4- a 4-5) 4-a&c =0 by means of 
the substitution x +a +b +c—y. 


19. If y =x 4- - 


express a; 2 4~ 2 * n terms of y. Hence solve,, 


x 4 - 2a; 8 - 6a; 2 - 2a; 4- 1 =0. [Divide by x 2 .] 


20. Use the transformation x+-—y to solve 

x 

x % - 5x 3 - 12a; 2 - 5a; 4- 1 =0. 

21. Solve a; 3 - 11a; 2 4- 37a; - 35 =0, given that one root is 3 4- y/2. 

22. If a is a root of x A +x* - 4a; 2 - 4a; 4- 1 = 0, prove that 2 - a 2 
is another root. 


23. Solve x 4, - 10a; 3 4 - 26a; 2 - 10a; 4-1=0, given that one root is 
2-V3. 

*24. Diminish the roots of 2a; 3 - 15a: 2 + 31a;-12=0by 1. Hence 
solve the equation, given that two of the roots differ by 1. 5 
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25. Increase by 1 each of the roots of the simultaneous 
equations, xy +x+y — -5, yz +y +z = 7, zx +z+x= - 3, and hence 
solve them. 


26. If both roots of ax 2 - bx + c — 0 are greater than 1, prove 
that a, a - b +c, b - 2a have the same signs. 


1 

1 -a 

1 

1 -x 

and find the other roots. 


27. Prove that a; = - 

* + i 


is a root of the equation 


+ 


x - l 
x 


— CL -f- 


1 

1 -a 


+ 


a — 1 
a 


28. If a, p, y are the roots of x 8 +px 2 +qx -fr =0, form the 
equation whose roots are a 2 - fiy, ft 2 - ya , y 2 - aft. Explain the 
special results when (i) p~ 0, (ii) q= 0. 


Numerical Equations 

There are several ways of obtaining approximate values of the 
irrational roots of equations having numerical coefficients ; we 
shall illustrate two of these methods by examples. 

Newton's Method of Successive Approximation 
Example 11. Find an approximate solution of 
x 8 + 3x -7=0. 

% r 

Iif(x)~x* + 3x-7, /(!)= - 3 and /(2) = 7 ; v 

f(x) =0 has one root between 1 and 2. 

Put x =* 1 -\-h, (1 + h) 8 + 3(1 + h) -7=0. 

As a first approximation, neglect h 2 , h 8 . 

Then 1 + 3h + 3 + 3h - 7 =0 ; 

6ft = 3 ; h =0’5. 

Therefore a first approximation is x = 1-5. 

Put a; = 1*5 + k> (1*5 + fc) 8 + 3(1*5 + fc) - 7 =0. 

As before, neglect k 2 , k 8 . 

Then (1-5) 8 +3k(l-5) 2 +4-5 +3k - 7 =0. 

Hence 9-75fc = -0-875, ft 0*09. 

Therefore to a second approximation, x =*1*41. Closer approxi- 
mations can be found by repeating the process. 

Note. The method of Example 3, p. 141, shows that there is 
only one root. 
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Horner’s Method 
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Example 12. Find an approximate solution of 
# 8 + 3# -7=0. 

As in Example 11, we see that there is a root between 1 and 2. 
If, then, we diminish the roots of the equation by 1, we obtain 
a new equation with a root between 0 and 1. 

The working may be set out as on p. 161. 

10 3-7 

2 - ^ 

3 

Therefore the transformed equation is 
+ 3# 2 + 6# ~ 3 = 0. 

Multiply the roots of this equation by 10 ; it follows from p. 160 
that the transformed equation 

x 8 + 30# 2 + 600# - 3000 = 0 

has a root between 0 and 10. By trial, we find that this root lies 
between 4 and 5. 

Diminish the roots of the equation by 4. 

1 30 600 - 3000 

34 736 2944 

i? 888 - 56 

42 

the transformed equation 

x s + 42# 2 + 888# - 56 =0 

has a root between 0 and 1 . 

Multiplying the roots by 10, it follows that 

# 8 + 420# 2 + 88800# - 56000 =0 

has a root between 0 and 10. By trial, we find that this root lies 
between 0 and 1. 

The process can then be continued as before, but it is evident 
that a good approximation is given by 

88800# - 56000 =0, that is, #^0*6. 
a root of the original equation is x =s*: 1*406. 
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The whole process may be set out thus : 

10 3 -7 (1406 

1 4 -3 

2 6 

1 30 600 - 3000 

34 736 - 56 

3§ 888 

1 420 88800 - 56000 

or approximately, 

0 0 88 -56 

If four places of decimals are required, replace the last line by 
0 4 888 -560 

and continue as at first. 

If Horner's method is used to find the approximate value of a 
negative root, the equation should first be transformed by putting 
x— - y ; the method is then applied to find the correspondmg 
positive root of the transformed equation. 

EXERCISE VIII. d 

Find approximate solutions of the following equations : 

1. .r 3 - 2 — 0. 2. a* -2a? -5=0. 

3. x 3 - 5x + 3 —0, (3 roots). 4. x 3 - 7x + 1, (3 roots). 

5. 2x 3 -3x -6=0. 6. x 3 -9x + 14=0. 

7. x 3 —8x 4- 1, (3 roots). 8. # 3 +:r = 1000. 

9. tf 4 -12x+7=0. 10. £ 3 -3z 2 + 5z=43. 

11. x 3 - Sx 2 - 6# -f 9 = 0, (3 roots). 

12. x 5 -7=0. 

m 

13. x 3 + 2x 2 - 5x - 7 =0, positive root only. 

14. x 3 - 7x + 7 =0, two roots between 1 and 2. 

15. x & ~4x + 2000. 

Elimination 

Example 13. Find the condition that the equations, 
a x x 2 + b x x + c 1 = 0, a 2 x 2 + b 2 x + c 2 = 0, 
may be simultaneously true for some value of x. 
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If there is a value of x which satisfies both equations, we have 
by solving, see New Algebra , Part III, p. 127, 

x 2 x_ 1 

6jC 2 ~b z Ci C 1 CI 2 ~ C 2^1 ~ 

(<^ 1^2 ~~ c 2 a i) 2 = (biC 2 -b 2 c 1 )(a 1 b 2 ~ a 2bi)> 

This process is called eliminating # from the two given equations. 

Example 14. Eliminate p, q, r from tho equations 

y + px ~2ap 4 - ap* , y +qx = 2aq +aq 2 , y +rx = 2ar +ar 9 , 
and pq =6. 


p , q , r are the roots of the cubic equation, 
at 8 + 1 ( 2a - # ) - y = 0. 

p + ? + r = 0, jp? + qr + rp = ^ V<l r = “ J 


r=z jy^~y and p +q- ~r — ~ ~ ; 


op# a& 


' =pq + r(p +q) =b 


jy i 

a 2 6 a * 


A y 2 =ab 2 x+a 2 b 2 (b-2). 


EXERCISE VIII. e 

1. Find the relation between a, 6, c if values of a; and y exist 
such that x + ay — 1, x + by —2, x +cy =3. 

2. If (x +y) 2 — g 2 +6 2 , a 2 =£ 2 +ft 2 , b 2 -y 2 +h 2 , prove that 
xy—h 2 and interpret the result geometrically. 

Eliminate £ from tho equations in Nos. 3-8. 


3. 

X 

= at 2 , t/ = 2 at. 


4. 

x = 

:t+ 7 * » = 

* ts+ i- 



a( 1 -t 2 ) 

2bt 



3a< 

3at* 

5. 

X 

1 -ft 2 * y 

" 1 + t 2 ' 

6. 

x = 

: i+t 3 ’ y 

~i +t 3 ' 

7. 

X 

— a -f bt -f ct 2 , 

y — b -f ct. 

8. 

X 

- y ~-z 

t*~ Z - 


9. 

Eliminate x, y> 

2 , given 







Zx =a, 

2(xy)=b 2 , 

2 (* 3 ) = 

:c 3 , 

xyz — d 8 . 


10 . 

Eliminate x , y , 

z, given 







xy=a 2 , 

yz — b 2 , zx 

=c 2 , x*+y 2 

+ Z 2 =d*. 
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11. Eliminate x from the equations, 

ax 2 + bx + c ~cx 2 +bx +a=d t c^a. 

12. If a 2 +x 2 = b 2 + 2 / 2 =a# - bx = 1, prove that a 2 + b 2 — 1. 

13. If ^ ^ — 1 , %+~ 2 — %y — a2 + & 2 > prove that a +6 =0. 

x y x y 

14. If # 8 + 2^x 2 + 2^ + r = 0 and x 2 +px +q =0 have a common 

root, prove that _ Spqr + ^ r+(?3 = 0 . 

15. If # 8 +a# 2 +b=0 and x 2 +lx+m = 0 have a common root, 
prove that 

m 8 +a(a - l)m 2 + b(3Z - 2a)m -f b(b -fed 2 -Z 8 ) =0. 

16. If £=a is a common root of tho equations, 

2kpx 3 - ( 1 + p 2 ) cx -h b ( 1 - p 2 ) == 0, 

2A :qx z - ( 1 + q 2 ) cx + b ( 1 - g 2 ) = 0, 

,t . p *f" q pq 1 

prove that Tb ~ 

Hence show that fcb 2 (l +pq) z =c*(p +g)(l -pq) 2 * 

17. If m 2 x -my -fa =0 —n 2 x -ny -fa, and if m - n = c( \ 4 - wn), 

prove that -toe =<**(*+ a)». 

18. If ax - by =x 2 - y 2 } ay + bx ~ 4 xy> x 2 + y 2 — 1, prove that 

(o+6) ? +(o- 6)*=2. 

19. Eliminate m and n from the equations, 

(y -mx) 2 ~a 2 rn 2 -fb 2 , (?/ -no;) 2 —a 2 n 2 -fb 2 , mw = -1. 

20. Eliminate x and y from the equations, y -fra# —am z -f 2am, 
y -f nx = an 8 -f 2an, y -\-px~ ap z + 2ap. 

21. Eliminate A, p, v from the relations, 


r 


a 2 -f A b 2 + A c 2 f- A 


= 1 , 


y 2 z 3 

a 2 + /* + b 2 + + c 2 + /* 


1 , 


2T 


a 2 + v b 2 -f y c 2 -f 


+ ;nrn; = 1 > V=«w. 



CHAPTER IX 


DETERMINANTS 


The solution of the equations, 

cbypc + b x y + c x = 0, age +b 2 y + c 2 =0, 
may be written, see New Algebra , Part III, p. 127 

_ _x_ _ y i ___ 

b x e 2 0^62 qeig oqc 2 a^b 2 b x a 2 

provided that a 2 & 2 - ^ 0. 

It is often convenient to denote expressions such as a x b 2 -b x a t 

by symbols like I. 

a 2 b 2 I 

This arrangement is called a determinant of the second order. „ 
The solution of the given simultaneous equations can then be 
put in the form, 



where the denominators are the determinants obtained from 


II ^2 C 2 II 

by omitting in turn the first, second and third columns. 

In this chapter, we shall develop this notation, but some 
initial practice with simple forms will help the reader to under- 
stand the extensions. 

In the determinant, 

As I ai Ms +a 1 b s -b 1 a v 

I ^2 I 

the numbers are arranged in, two rows , a v b x and a a , & 2 , and in 
two columns , a Xf a t and b x , b 2 ; and the numbers themselves are 
called elements or constituents of A. Each term in the expansion 
d.a.a. 169 m 
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of A is formed by 2 factors which belong to different rows and to 
different columns. 

In this example, the suffixes 1, 2, show the row to which the 
element belongs, and the letters a , 6, show the column. 


The value of A is unaltered if columns and rows are interchanged . 


Thus I I = 4-a A 6 2 -a 2 h x -\ Ul ^ . 

) Oi 0 2 I I 

In the new form, suffixes 1, 2, indicate columns, and letters o, 6, 
indicate rows. Since the interchange of rows and columns does 
not affect A, any property established about “ rows ” must also hold 
for * * columns . 5 5 


If two rows of A are interchanged , the numerical value of A is 
unaltered , sigw as changed. 


a z b 2 

a i b ± 


\ ✓ 

■f af)-y b — — 


Similarly for columns, 



a i 

a 2 

“ i 
<*2 


*>1 I 

6.1 

^2 


// rows (or two columns) of A are identical , the value of A is 
;ro. 

I a. 6, |_ 


a, 6 t 


+ a 1 b l - a l b 1 =0. 


If all the elements of one row (or of one column) of A are multiplied 
by k , the new determinant equals kA. 


Thus 


a 1 

Jca 2 && 2 

63 27 

35 16 


= + a 1 A;6 2 - = fc x 


9 x 


7 3 

35 16 


= 9 x 7 x 


a i 

a 2 b 2 
1 3 

5 16 


= 63(16 -15) =63. 

A determinant of the form I + Xl + Vi j [g sum 0 f 

I ^2 ^2 j 

the two determinants, I 0,1 ^ >1 I and \ Xl j 
I a g & 2 I I a g b 2 | 

since (a t + x 1 )b a - (b t +y 1 )a z =(a 1 b 2 - b x a 2 ) + (a^&g “t/i®*). 
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Consequently, I °i +^ a 2 b 1 +kb J j 

& 2 ^2 I 

a i + ^ I a i b 2 __ I % &i 

d 2 &2 ! (1% & 2 I Ct 2 & 2 

This establishes the following important property : 

The value of a determinant is not altered by adding to the elements 
of a row (or column) the same ('positive or negative) multiples of the 
corresponding elements of the other row (or column). 

This fact is often of assistance in evaluating determinants. 



_ i i T7i i 4. a 103 259 

Example 1. Evaluate As 

* 33 83 


103 -(3x33) 

259 -(3x83) 1 


4 

10 1 

33 

83 


1 33 

83 1 

1 4 

10 1 

1 4 

10 

= 12 

33 -(8x4) 83 -(8x 10)1 

1 1 

3 


This means that 103 x 83 - 259 x 33 = 2. 


Example 2. Evaluate As 


560 

387 


170 

117 


A — 10 x 9 x 


56 

17 

= 90 x 56 - 

-(3x 17) 

17 

43 

13 

43 - 

- (3 x 13) 

13 


= 90 x 5 17 =90(65 - 68) — - 270. 

4 13 


EXERCISE IX. a 

Evaluate the following determinants : 

1 | i 1. 2 I 0 2 I 3 I 90 80 I 

| 7 3 |57l * I 70 60 I* 

I 45 37 I g | 28 29 I g I 21 36 I 

I 45 17 i I 30 31 I I 28 45 I' 

/ 19 39 I 203 305 9 1931 1932 

7 ‘ 23 48 I 8 ‘ 99 152 ' ' 1933 1934 

Expand the following determinants : 

10 I « h n a 6 I 12 x+y x + 2y I 

I h b a 3 b* I ’ x - y x - 2y I 
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a 2 - 6 2 

(o-6) 2 

14. 

p# + £Z 

P2/+9Z J 

a 2 +06 

06 -i> 2 ' 

ra -t-az 

ry +8z 1 


Solve the following equations, paired as in Nos. 15-20 : 

(i) 2x +3y + 7 =0 ; (ii) 3x - 2y - 5 =0 ; 

(iii) 2x - Cyy + 3 = 0 ; (iv) Zx + 4y - 7 = 0. 

15. (i) and (ii). 16. (i) and (iii). 17. (i) and (iv). 

18. (ii) and (iii). 19. (ii) and (iv). 20. (iii) and (iv). 


Example 3. Find the condition that the equations, 

a x x + b x y +c x =0, a 2 x + b 2 y + c 2 =0, a^c + & 3 y + c 3 =0, 
are satisfied by the same values of x and y. 

Solving the last two equations, we have 


6 2 

c 2 


°2 

C 2 


o 2 

b 2 

b 3 

C 3 


o 3 

C 3 


«3 

b 3 


provided that a 2 & 3 -5 2 a 3 =£ 0. If a 2 & 3 ~b 2 a 3 =0, the equations are 
inconsistent unless — = ~ ? = — a , in which case they are identical. 


These values of x and y satisfy the first equation if 


b a 




+ c. 


b , 

b> 


-0 f 


and this is written in the form, 


b, 

b 2 

b* 


• 0. 


*3 u 3 

This arrangement of symbols is called a determinant of the third 
order, or a determinant with three rows and three columns. 

By definition, 

&! c 


= +«x J* ° ! 

-6. 

a 2 Cj 

+ <h 

o, 6, 

^3 C 3 


°s c s 


«8 & S 


-4- (& 2 c 3 — c 2 & 3 ) — bi (u 2 c 3 — Cjjdg) +c i ((Z 2 &j| — 5 2 u 3 ). 
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If we re-arrange this expression, grouping it by elements of the 
first column , we have 


A =a 1 (6 2 c 3 -b z c 2 ) -a 1 {b 1 c z - b^) -ha 3 (b 1 c 2 -6 2 c x ) 



Thus we have now extended to determinants of the third order 
the important fact : 

^ The value of a determinant is unaltered if columns and rows are 
interchanged. 

Since the interchange of rows and columns does not affect the 
value of A, any property established for " rows ” of a third order 
determinant must also hold for “ columns.” 

If we re-arrange the expression for A, grouping it by elements 
of the second row, we have 


A — — a 2 (b 1 c 3 — Cj6 3 ) 4 - b 2 (a 1 c 3 — Cj& 3 ) — c 2 (a 1 b 3 — bia 3 ) ; 


b* 


-f 6 2 


60 


and grouping it by elements of the third row we have 


A = +a 3 


*>i 

^2 


-6, 


+ c 3 


bo 


The interchange of two rows is equivalent to interchanging 
two suffixes, and it is evident from these expressions for A that 
the effect is to change the sign of the determinant. This is stated 
as follows : 


If two rows, or two columns, of a determinant are interchanged, 
the numerical value is unaltered but the sign is changed. 



7 

5 

3 


1 ° 

1 

0 

Thus 

0 

1 

0 

= - 

7 

5 

3 


5 

8 

2 


5 

8 

2 


-( - I)(7x2-3x5)=-l. 


It should be noted that each term in the expansion of A is 
formed by 3 factors which belong to different rows and to different 
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columns ; sets of such factors can be formed in 3 x 2 ways, giving 
6 terms in all. The term +a 1 b 2 c 3 given by the diagonal which 
slopes down from left to right is called the “ leading term .” By 
interchanging 2 suffixes (or 2 letters) and changing the sign, the 
other terms can be obtained. Thus interchanging 2, 3, + «i & 2 c 3 
leads to ~a 1 b 3 c 2f then interchanging 1, 3 we have + a 3 b 1 c 2l and 
so on. 


If two rows, or two columns, of a determinant are identical, the 
value of the determinant is zero. 

If two rows are interchanged, the sign of the determinant is 
changed. But if the two rows are identical, the interchange 
makes no difference. 


Thus 


A = - A ; 

IX 9 
9 2 

15 4 


A =0. 


17 | 
9 

15 


= 0 . 


If all the elements of one row, or of one column, are multiplied 
by the same constant, the value of the determinant is multiplied 
by that constant. 

Each term in the expansion contains one element, and only one, 
from each row. Therefore if each element in a row is multiplied 
by k , say, each term in the expansion is also multiplied by k. 



56 

9 

0 


7 

9 

0 


7 

9 

0 

Thus 

24 

15 

18 

= 8x 

3 

15 

18 

— 24 x 

1 

5 

6 


16 

7 

5 


2 

7 

5 


2 

7 

5 


Minors and Cofactors 

The determinant obtained by deleting from A the row and 
column which passes through any element is called the minor of 
that element in A. 

Thus the minors of a v b v c x in 

As | a 9 6 a 


*2 


2 u 2 
3 ^3 

a 2 C 2 I 


& 8 


are 
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and these appear in the expansion 


m 


• 

A — 4- cq 

b* 

C 2 

-6, 

a 2 

C 2 

4-Cj 

a 2 

b 2 



bz 

C 3 


o 3 

c 3 


a 3 

&3 


Similarly, the minors of a 29 b 2 , c 2 are 


61 Ci 1, 

a i c i 

| ^ 

bi 

b 9 c 3 1 

a 3 c 3 

1 a* 

b 3 

A = ~a 2 

Cl I 

4 -b 2 



^3 c 3 1 


a 3 


and these enter into 


Similarly, the minors of a 3 , b 3 , c 3 enter into 


A = +©3 


*1 


+ C 3 


6, 


6. 


It is, however, usually more convenient to write A in the 
form ’ A = + o^A, + bjB, + cA. 

c 


where Aj = 


Bi = 


C x = 


2 b 2 

a b 3 


A lf B lf C 2 are then called the cofactors of a l9 b 19 Cj in A. 

Similarly, if A = 4 -a 2 A 2 4 -& 2 B 2 4 -c 2 C 2 , A 2 , B 2 , C 2 are called the 
cofactors of a 2 , 6 2 , c 2 in A, and if A = 4-a 3 A 3 +6 3 B 3 4 *c 3 C 3 , A 3 , B 3 , C 3 
are called the cofactors of a 3 , b 3 , c 3 in A. 

Since a determinant is unaltered when rows and columns are 
interchanged, we have also 

A = + ®iAj -f- a 2 A 2 + c& 3 A 3 ~ 4" friBj 4- fr 2 B 2 ^ 3^3 
= -f CjC^ 4 -c 2 C 2 4-c 3 C 3 , 

where the cofactors have the same values as before ; thus 


Ao — 


b 1 

*>a 


A a = 


61 

6, 


, and so on. 


If the elements of any row (or column) are multiplied in order 
by the cofactors of the corresponding elements of another row (or 
column), the sum of the products is zero. 

Using the same notation as before, suppose that the sum is 
a 2 A j + 6 2 B 5 4c 2 C 3 . 


b , 

Cl 

-6, 

1 

Cl 

+ c 2 ] 

a l 

61 


C 2 


«2 

o 2 


a 2 

61 


This equals 4-cr 2 
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<Xg ^2 ^2 

a l ^1 C 1 == 0» 

a 2 ^2 ®2 

sine© two rows are identical. 

If each element of any row (or column) is expressed as the sum 
of two numbers, the determinant can be expressed as the sum of 
two determinants whose remaining rows (or columns) are unaltered. 

a 1 +x 1 b x +y x c 1 +z 1 

Consider the determinant, a 2 b 2 c 2 

°8 ^3 c 3 

Denote the cofactors of the elements of the first row by A lf B 19 

C r 

Then the determinant = (a 1 4-rJAi +(6 X -H/ilEh 4- (c x +a 1 )C 1 
= ( a i A i 4* b 1 B 1 4- c x C x ) 4- (^iAj -\-yi& x 

a i &i c i x i Vi z i 

a 2 b 2 c 2 4" b 2 

a 3 ^3 C 3 ®3 ^3 C 3 

The value of a determinant is not altered by adding to the 
elements of any row (or column) the same multiples of the corre- 
sponding elements of any rows (or columns). 

This means that, for example, 

a i b x c x a x +pa 2 +qa 3 b x 4-p6 2 + qb z c 1 4-pc 2 +gc 3 

Ass d 2 b 2 C 2 = (X 2 6ij Cjj 

a 3 6 3 c 3 a 3 6 3 c 3 

Denote the cofactors of a x , b Xf c x in A by A x , B x , C x . 

a x +pa 2 +qa z b x +pb 2 +qb z c x +pc 2 +qc z 
Then a 2 b 2 c 2 

a z b z c z 

= («1 4-pa 2 +ga 3 ) A i +( fe i +pb 2 + qb z )B x 4-(c x +pc 2 +qc 8 )C 1 
— (u x A 4“ bjB x 4* c x C x ) 4*p (^2 A i "1* ^2®i "f" ^ 2 ^ 1 ) *1* Q (®s A i "t" CgC x ) 

= A 4-04-0 = A. 

This property is of great assistance in evaluating determinants ; 
p and q may have any positive or negative values. The reader may 9 


a 2 A. z 4 * b 2 S 3 4* c 2 C 3 — 
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find it easier to understand the argument if the composite deter- 
minant is written out in full, thus : 


6 j Cj 


P a 2 Pb 2 PC* 


i ga 3 ?f> 3 ?c 3 

^2 C 2 

+ 


0*2 b 2 c 2 

+ 

&2 

C 2 

^3 



a 3 c 3 


GE 3 63 

c 3 

©1 Cj 



Ug ^2 ^2 


a 3 ^3 C 3 


0>2 ^2 ^2 

+ P 

£^2 ^2 ^2 

+ 7 

CL 2 ^2 ^2 

» 

a 3 ^3 C 3 1 



®3 ^3 ^3 


^3 ^3 



where each of the last two determinants, having two rows identical, 
is zero. 


Example 4. 


As 




1 

1 

1 




Evaluate 

As 

10 

6 

9 

. 





12 

7 

11 




1-1 1 

1 


0 

1 

-] 


1 

10-6 6 

9 

— 

4 

6- 

-9 

9 

12-7 7 

11 


5 

7 

11 

11 

0 0 

1 







4 -3 

9 

= 4 (- 

4)- 

-(- 

3)5 

= -1 

5 -4 

11 









16 

12 

17 



Evaluate 

As 

5 

4 

6 





9 

7 

11 





16 -(3x5) 

12 -(3x4) 

17 -(3 > 6) 


1 

0 

-1 

A = 

5 

4 

6 

= 

5 

4 

6 


9 

7 

11 



7 

11 



1 

0 

-1 + 1 


1 

0 

0 

= 

5 

4 

6+5 


5 

4 

11 


9 

7 

11+9 


9 

7 

20 


= 4x20-11x7=3. 


EXERCISE IX. b 


Evaluate the following determinants : 



1 1 0 


1 -1 -1 


1 1 1 

1. 

0 1 1 

1 0 1 

2. 

-1-1 1 

-1 1-1 

3. 

2 3 4. 

5 6 7 
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7. 


1<J. 


1 4 5 

1 6 G 

1 9 7 

20 50 30 

18 45 27 

15 7 13 

8 5 

*9 5 10 W} 


5. 


1 2 3 
3 4 5 
7 8 9 


K 


ii 

9 

13 

11 

10 


12 3 

2 3 1 

3 1 2 

6 4 3 

5 5 5 

7 8 7 


Vl2. 


7 

14 


2 3 
5 G 



13 

8 

».r 


1 

2 

3 1 


7 

3 3 

l 

1 



29 

38 

40 


6 

5 

9 


14 

13 

7 


13. 

24 

32 

34 

. J4. 

10 

7 

15 

A, 15. 

8 

7 

4 

. 


19 

2G 

28 


8 

11 

12 


5 

6 

3 



21 

10 

25 


46 

27 

18 


265 

240 219 

16. 

26 

13 

32 

. 17: 

38 

21 

17 

. 18. 

240 

225 198 


15 

7 

17 


1G 

9 

7 


219 

198 181 

Expand the following determinants 

: 







a 

0 c 



1 

a 

a 2 


a- 

b c 



19. 

a 

b 0 


20. 

a 2 

1 

a 

21. 

b 

c a 

. 



0 

b c 



a 

a 2 

1 


c 

a b 




a 

h g 



1 

a 

- b 


1 

a b +c 


22. 

h 

b f 


23. 

- a 

1 

c 

. 24. 

1 

b c+a 



9 

f o 



b 

-c 

1 


1 

c a +6 



Eliminate x, y, z from the equations : 

25. x + by +cz — 0, ax+y+cz- 0, ax + by + z = 0. 

26. ax + y - cz — 0, bx - cy ~ z = 0, x - ay + bz = 0. 


27. 


28. Expand 


6 =-- 2 — , c=— 

s -x a; -y 

| x 2 + 2/ 2 + 1 + 22/ 2 + 3 

2/ 2 +2 22/ 2 +6 

2/ 2 + l 2?/2 +3 


x 2 + 3t/2 + 4 
3i/ 2 + 8 
3i/ a +4 


*29. Prove that the equation 
'*has three roots, and find them. 


2 - A 2 3 

2 5 - A 6 

3 4 10 - A 


= 0 . 
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30* Writ© ap + ^ ar + bs ag t ^ e gum q £ £ our determin. 
cp +dq cr 4- ds 


ants and hence prove that it equals 


31. Simplify 


1 be be 2 + b 2 c 
1 ca ca 2 4 c 2 a 
1 ab ab 2 4- a 2 b 


a 

b 

X 

P 

q 

c 

d 


r 

3 


Factors 

It is often possible to factorise a determinant by using the 
remainder theorem. 


1 


Example 6. 


Factorise A = 


a 

a 3 


1 

b 

6 3 


1 


c 

C 3 I 


If a = b, the first and second columns are identical and therefore 
A =0. 

( a-b ) is a factor of A; similarly, ( b-c ) and (c - a) are 
factors of A. 

But A is of the 4th degree in a, 6, c, and is unaltered when 
a, b, c are replaced by b, c, a or by c, a, b ; therefore the remaining 
factor must bo of the form k(a +b +c) where fc is a constant 
(independent of a, b , e). 

A ~k(a -b)(b -c)(c -a)(a 4-6 4-c). 

But the leading term of A is + be 3 , therefore, equating coeffi- 
cients, we have 1 =fc. 


Equations 

The simultaneous linear equations, 

a x x 4- b x y 4- c x z = 0, a 2 x +b 2 y +c 2 z =0, a 9 x + b 9 y 4 c 3 z =0 
are always satisfied by x —y —z = 0. If they have any other 
solution, say one in which z =£ 0, they can be written 

°l(f)+ 6 l(f)+ c X =0 > etc - 

The condition that they have a common solution (other than 
x ~y =z =0) is by p. 172, 

a x b x c x 

^2 ^2 
Uj 63 C3 


= 0 . 
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It may be noted that in analytical geometry this gives the 
condition that the three straight lines represented by these equa- 
tions are concurrent. Special cases, such as a 2 & 3 - & a a 3 
correspond in Cartesian coordinates to parallelism. 

Example 7. Solve the simultaneous equations, 

3x +2y + 4z = 19, 2x -y +z— 3, 6x + 7f/-z = 17. 

The equations may be written 

3# + 2y + (4z - 19) t =0, 

2# -y 4- (z - 3)£ =0, 

6# + 7 y -(z + 17) £ =0, 

where t = 1. 

Since a?= 2 / = £ = 0is not true, it follows from the above that the 
equations have a common solution, only if 
3 2 4z - 19 

2 -1 z - 3 =0. 

6 7 -s-17 

3 2 4 3 2 19 

.% z 2 -1 1 = 2-13. 

6 7-1 6 7 17 

Hence 78z=234, z =3. 

Similarly, we may find the values of x and y. 

The method of Example 7 can be applied to the general case. 


Consider the equations, 

a x x + b x y +c x z +d x -0 9 (i) 

a^x +b 2 y +c 2 z +d 2 = 0, (ii) 

a 8 x +b B y +c 3 z +d B =0 (iii) 

Proceeding as in Example 7, we have 

a x b x c 2 z + 
a 2 b j c 2 z -f- d j — 0 j 

^3 C 3 2 + ^3 


* 

a x b x c x 


Oj b x d x 1 

/. z 

o > 2 b 2 c 2 

= ~ 

ct 2 b 8 d 2 


a B b B c B 


a 3 b B d B | 
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Similarly, 


<*1 

6 X c, 

d i &i 

«1 

b , 

Cl 

rfi I 

X a s 

6, c, = 

— d 2 b 2 

C 2 

= - 6, 

c 2 

<*2 L 

«3 

b j c s 

d z 63 

C 3 

b. 

C 3 

d 3 1 


bi Ci 

a 1 d 1 

Cl 

a, 

Cl 

d t 

and y a 2 

6 S c 2 = 

~ a 2 ^2 

C 2 

— + Ug 

C 2 

d 2 * 

<*3 

b 3 Cj 

a 3 d 3 

C 3 

a 3 

C 3 

d 3 

If A =/= 0, these results 

can be written 

in the form, 



X 


-y 


z 


-1 

6, c, 


c i d i 


bi d x 

°1 

61 c 2 

*>i c. 

d 2 

c 2 d 2 

a 2 

b 2 d 2 

a 2 

6 a C 2 

b} Cj 

d 2 flj 

c 3 d 3 

o 3 

63 d 3 

«3 

&3 C 3 


It is, however, better in the general case to yoceed as below, 
although in numerical work, especially if only one unknown is 
required, the method of Example 7 is convenient. 

Let Aj, A 2 , A 3 bo the cofactors of a lt a 2 , a s in 



Then, from p. 175, cqAj +a 2 A 2 + a 3 A 3 = A, 
also 5jA^ CjAj “f*C2^2 "f C3A3 “ 0. 

Multiply equations (i), (ii), (iii) on p. 180 by A x , A a , A 3 , and add ; 
then Ax ( k d \ A j t d 2 A a t d 3 A 3 ) = 0. 

Similarly, Ay +(^0! +d 2 B 2 +d 3 B 3 ) =0, 

and Az ■+• (rfjCj ~f~ d 2 C 2 -t d 2 C 3 ) — 0, 

which give the same results as before, provided A 0. 

If A =0, the equations are inconsistent unless 

djAj -f d a A a -f"d 3 Ag — 0, etc., 

and then the equations are not usually independent. 

In analytical solid geometry, these equations represent planes, 
and the exceptional cases (A = 0) arise when the planes have a 
common line and when they are parallel to the same line or to 
one another. 
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The Product of two determinants of the second order was 
expressed as a second order determinant in Ex. IX b, No. 30. 
Similarly the product of two determinants of the third order can 
be expressed as a determinant of the third order. 



b t 

Cl 



yi *1 

d 2 

&s 

C 2 

and A'— 

x 2 

y% z 2 

d 3 

6s 

c 3 


x a 

y 3 ~3 


and if 

I a i x i + M2 + c x x 3 a 1 y 1 4- b x y 2 + c x y 3 a x z x 4- b x z 2 4- c,s a j 

D == d 2 x x ±b 2 x 2 4-03^3 a 2 y l ±b 2 y z +c 2 y s d 2 z x + b 2 z 2 +c 2 z 3 , 

I d 3 x x + M2 4 c 3 x 2 a 3 y x -v b 3 y 2 4 -c 3 y s a 3 z x 4 -b 3 z 2 4-c 3 z 3 ' 

then A xA'-D. 


The determinant D can bo expressed as the sum of 3 > 3 x 3 
determinants. One of these is 



Oi2/i 

Ma 


Ci 

dy 

b 1 

C 2 X 3 

«a 2 /i 

b 2 z 2 

= x *y iSa 

c 2 

Cl 2 

63 

C A X 2 


b 2 z 2 


C 3 

a* 

63 

ler of these 

is 





c ^ 3 

«i2/i 

CiZ 3 


Cl 

a i 

Cl 

C 2 ^3 

«2 Vl 

C 2 Z 3 


c 2 

d 2 

e 2 

c 3 z 3 

« 32 /l 

C 3 Z 3 


C3 

d 3 

C, 


= x 3 y x z 2 A. 


= 0 . 


Of the 27 determinants, arranged in this way, all are zero 
except the 6 which contain all the letters a, b> c , and each of these 
has A as a factor ; A is a factor of D, and it is easy to see 
that the quotient D~ A equals A'. 

Alternatively, interchanging rows and columns, it follows that 
A' is a factor of D. 

But A x A' and D are each of degree 6, and the term 
0*6 2 c 3 . x x y 2 z 2 

is a term in each ; AxA'=D. 


Example 8. 


If A lf Bj, ... are the cofactors of a t , b v 



in 
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q 

n 


Ax 

Bi 

Cl 

D 2 

b 3 

c, 

(ii) 

a 2 

b 2 

C 2 = A a 




A3 

b 3 

c 3 


(i) By the formula for a product, 


®i 


Cl 

1 

A 2 

A3 

a 2 

b. 

c 2 x 

0 

b 2 

b 3 

a 3 

b 3 

C 3 

0 

C 2 

C 3 


a x -(“0+0 dj A 2 + 2 + c t C 2 of^As + 6jBg + Cj0 3 

= o 2 +0+0 a 2 A 2 +5 2 B 2 +c 2 C 2 a 2 A 3 +b 2 B 3 + c 2 C 3 

a 3 +0 +0 a 3 A 2 +6 3 B 2 +c 3 C 2 a 3 A 3 +6 3 B 3 +c 3 C 8 
0 0 

= o 2 A 0 ^UjA 2 , by the relations on p. 175 ; 
a 3 0 A 

• . A (B 2 C 3 C 2 B 3 ) A - j . . B 2 C 3 — C 2 B 3 ~ A. 
(ii) As in (i), 


«1 

61 

Cl 

• 

At 

A 2 

A, 


A 

0 

0 

« 2 

b 2 

C 2 

X 

B, 

B, 

b 3 

= 

0 

A 

0 

«3 

&3 

C 3 


Ct 

c 2 

c 3 


' 0 

0 

A 


Ai B r Cj 

A 2 B 2 C 2 - A 3 : A = A 2 . 

A 3 b 3 C 3 

Determinants of any order may be defined by the U3e of minors. 
Thus the arrangement 



is called a determinant of the fourth order , and its value is, by 
definition. 



b 2 c 2 d 2 


a 2 c 2 d 2 


a 2 b 2 d 2 


a 2 b 2 c 2 

+ Oj. 

b 3 c 3 d 3 

-b t 

a 3 c 3 d 3 

+ <h 

a 3 b 3 d 3 

-dr 

&& b% c 3 


5 4 c 4 d 4 


| <z 4 c 4 d 4 


°4 &4 ^4 ! 


CI 4 c 4 


where the coefficients of a v b v c lt d x are obtained by deleting 
from the given determinant the row and column which pass 
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through the corresponding element and are called the minors of 

°i» &i» c lt &!• 

The determinant can also be expanded with reference to the 
other rows, in the forms 

~ a 2 a 2 "t ^2/^2 “ C zVs + ^2^2 » + ~ ^3^3 "t ^3^3 ^3^3 > etc., 

or with reference to the columns, in the forms 

- ha x a x -a z a 2 +a 3 a 3 -a 4 a 4 ; -b x p x +b 2 P 2 ~& s /S 3 +6 4 £ 4 ; etc., 
where a l9 f$ l9 ... denote the minors of a l9 b lf ... . 

The expansion of a determinant of the fourth order contains 
4! terms =24 torms. Similarly, we can proceed to determinants 
of the fifth ordor, containing 5! terms, and so on to any order. 

The treatment of third order determinants can be applied to 
determinants of any order, and it then follows that the funda- 
mental theorems established above for third order determinants 
also hold in the general case. 


EXERCISE IX. c 


Express in factors the following determinants : 


1 1 1 


1 

a be 

1 . a b c . 

2. 

1 

b ca . 

a 2 b 2 c 2 


1 

c 

a a b + c 


1 

*- 2 / (* -y) J I 

3 . a +c b b 

4. 

1 

w 

1 

1 

c a+b c 


1 

Z - X (z - x) z 1 

a b c 


a 

6 c 

,5. b c a . 

6. 

a 2 

6 2 c 2 . 

cab 


be 

ca ab 

a 2 (6+c) 2 be 


a 

a ~c a -b 

7. 6 2 (c+a) 2 ca . 

8. 

b 

c +a 6 -a . 

c 2 (a f b) 2 ah 


c 

c -a a +6 

Solve the equations : 




9. x +y +z =2, x + 2y + 3z~l 


3x -f y ~ 5z = 4. 

19. 2x -y -z =6, x + 3 y+2z- 

1, 

3x 

- y - 5z = 1. 

11. x + y + z =4, # + 2*/ -f 3z = 9 


3x + y + 4« = 12. 

12. x +t/ —2 = 1, 2x +y + z = 7. 

x -5y +3s*»3. 
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13. x + 2y - 3z =0, 3x+3y-z=5, x-2y + 2z — l. 

14. x + 2y -z ~5, 3x~y + 3z—l, 2x+3y+z = \\. 

15. Express tho square of I ° ^ I as a second order determinant* 

I c d 

16. If A 1} Bj, Cj, ... arc the cofactors of 6j, c 1# ... in 

(l| 6j; Cj 

As a 2 6 2 c 2 , 

a 3 ^3 C 3 

prove that A 2 B 3 -B 2 A^ =c 1 A, and find a similar expression for 
A 2 C 3 — C2A3. 

a 1 0 

17. Express tho square of a 2 b 2 0 as a third order deter - 

Q 3 ^3 ^ 

minant, without any zero elements. What is its value’ 
a b 0 

18. Find the value of c 0 a , and express its square as a 

0 c b 

third order determinant. 


Prove that 


a 

6 

c 

d 

a 

- 6 

- c 

-d 

a 

b 

~c 

~d 

a 

b 

c 

-d 


- Sabcd . 


1 a a a 

20. Prove that 1 ^ a a — (b - o) g . 

1 aba 

1 a a b 
abed 

_ _ b a 0 d 

21. Prove that =0. 

a b d c 

bade 


6 2 +c 2 

ab 

ac 

22. 1 Prove that ab 

c 2 -ha 2 

6c = 4a 2 6 2 c 2 , 

ca 

cb 

a 2 + 6 2 

Factorise : 




1 

1 

1 

1 


a 

6 

c 

d 

a 

6 

c 

d 

24. 

i 

6 

a 

d 

c 

a 2 

6 2 

c 2 

d 2 

c 

d 

a 

6 

a 4 

6 4 

c 4 

d 4 


d 

c 

6 

a 


n.A.Ai 
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25. Prove that the result of eliminating x from the equations, 
djX 2 -\-bjX -f-Cj =0, a 2 x 2 +b 2 x +c 2 — 0, may be written 


6 i 

0 Uj 

O ' 2 ^2 

0 a 2 



TEST PAPERS A. 21-35 
A. 21 


1. (i) Eliminate a, b from the equations, 
a m — b h a n — b k a v . 

(ii) Express by factorials and indices the product 


2. Find a quadratic equation such that the arithmetic mean 
and the harmonic mean between its roots are respectively $ and 


3. 


(i) Find the coefficient of x n in the expansion of 
in ascending powers of x. 


1 4- x 4- 4x 2 

( I -*) 3 


(ii) Use the exponential series to evaluate e~ x to 3 places of 
decimals if x =0-4. 


(x — 5) (x — 1) 

4. Prove that - ■■■- ^ - can assume all values excopt those 

between - 4 and - 1. Illustrate by a rough graph. 

5. What general statements can be made about the roots of the 
following equations : 

(i) x z +qx +r — 0 ; (ii) x 3 -\-px 2 +px +q =0 ; 

(iii) ax 2 4- foe 2 4- for +a =0 ; (iv) x i -\-qx 2 +r =0 ? 


2 y) is a perfect square. 
4x - 7. 


A. 22 

1. (i) Find 1c if {Zx - 2,y) 2 + k(x -y)(x 
(ii) Find the least value of x 2 

2. (i) Sum to n terms, 

(a 4* l)(a ~ 1) 4 * {o 4- 2)(a — 2 ) 4- (a 4 ~ 3)(u — 3) 4* .. 
(ii) Sum to infinity, if x >1, 


1 4-n 1 




n(n 4- 1) 

1.2 


-i) a 

xj 


n(n 4- l)(n 4-2) 


1.2.3 


H)’ 


, +. 


3. Eliminate x , y from the equations, 


‘4 -xy=a*, y 2 +xy — o 2 y x 2j ry 2 ~c 2 
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4. Prove by induction that the sum of n terms of 

•4) 


2n-2 (2n-2)(2n- 

1 + n + 1 


+ ... is 2n - 1. 
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2n - 3 (2n - 3) (2n - 5) 

5. (i) If a? is small, find an approximation for 
2nlog(l+:r) 

(7T£T« +ip' neglecting x • 

(ii) Prove that ~2x + 1 has a root between 1-2 and 1 -3. 


A. 23 

1. (i) Find the range of values of a; if 5x - 1< (x + 1) 2 < lx - 3. 

(ii) Find the conditions that the roots of x 2 +bx + c =0 are 
respectively ^ of those of x 2 +qx + r — 0. 

2*2 3 

2. Express in partial fractions ; rrr o -rv 

r (# + 1 ) (x 2 -f 1) 

Find the coefficients of x 2r and # 2r+1 , if this function can be 
expanded in ascending powers of x. 

3. (i ) Sum to n terms, 1 . 2 + 3 . 4 + 5.6 + ... . 

(ii) Evaluate 4/1*03 correct to 6 places of decimals. ■* 

cc + 1 

4. If x is real, prove that 2 — 7 i s capable of any value, and 
illustrate by a rough graph. x ~~ 4 

5. (i) If x>l and if H~2x 2 V P rove ^at ^he surn infinity 

of y + + ly b + . . . is log x - log ^(x 2 ~ 

js 2 2 3 2 

(ii ) Sum to infinity, ^ + 3', + 4 , + •••• 


1 . 


2 . 

3 . 


A. 24 

(i) Express ^^K^TTS) 


in the form a + b \/3, where 


a, b are rational. 

(ii) If x 2 + y 2 = lxy, prove that 

log (x + y) =-log 3 + J log x + % log y . 

(i) Prove that (x ~ l) 2 is a factor of x n -nx + n - 1. 

(ii) What is the condition that x 2 - 3 xy - lffi/ 2 and 

ax 2 + 2 hxy + by 2 have a common factor ? 


(i) Prove that 


n P T + 2r • n P r-l + r (r - 1 ) . „P r _ s . 


(ii) If n is a positive integer, prove that the sum of 


- (a + b)n + (a + 26) — - ■ 


(o + 36) 


n(n - l)(n - 2) 
17273 


to (n + 1) terms is zero. 
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4. Find which is the numerically greatest term in the expansion 
of ( 1 + 5x )~* when x = }. 

5. Find the coefficient of x n in the expansions of 

(i) (1 - x) 2 e x , (ii) log (1 - 2x + £ a ), in ascending powers of x. 


A. 25 


1. If x +y +z = 0, prove that 

(i) 2 (x 2 y) = - 3xyz ; (ii) 2 (x 3 ) = 3 xyz. 

2. (i) If a, ft are tho roots of x 2 +qx+r~ 0, form the equation 

whose roots are a 2 - aj3 , ft 2 - aft. 

(ii) If one root of x 3 +px 2 +qx +r = 0 equals the sum of the 
other two, prove that p 3 + 8r = 4 pq. 

x + 4 

3. Find the limits within which the values of iT77“ 

cannot lie, and illustrate by a rough graph. (# + !)(# e) 


4. (i) Find tho sum to n terms of 

1+2(1 -a) +3(1 -a) 2 +4(1 - a) 8 + ... 
(ii) Find the sum to infinity of tho series, 


2 2/2 


9 + 2! 


9 + 


3! \9y 


2.5. 8/2 
4! V9, 


+ ... 


5. 


(i) If a: is small, prove that 

/ _! — x \ 1 - 2nx +n(2n - \)x 2 . 

VI + x+x 2 J v * ' 

(ii) Expand log (e x + e“ x ) in powers of x as far as x 4 . 


A. 26 

1. (i) For what values of x is y greater than 4 ? 

(ii) If x +y+z— 0, 

express ayz + bzx + cxy in the form px 2 + qy 2 + rz 2 . 

2. Express in partial fractions, 

3. (i) Sum to n terms, 1 . 2 2 +2 . 3 2 + 3 . 4 2 + ... . 

(ii) Sum to n terms and to infinity, yiy + + . . . . 

4. (i) Find between what integers the roots of the equation 

# 3 -27x-36=0 lie. 

(ii) If b 2 >ac 9 prove that 

(a + c) (ax 2 + 2 bx + c) - 2 (ac - b 2 ) (x 2 + 1) 
has the same sign for all values of x. 

5. Sum to infinity, 2 ^ -2^76 + 274^ 
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A. 27 

1. (i) Eliminate x, y from the equations, 

xy+x—a, xy+y=b> x+y=c. 

(ii) Find the condition, independent of k, that the roots of 

« r & 4 1 , & 4 2 

ax 2 *f ox 4 c = 0 are — ^ — and , — = . 

k k 4 1 

2. Find the coefficient of x n in the expansion of ^ - 2 3 in 

ascending powers of x. 1 -x +x - x 

3. (i) Sum to n terms 1 4 4x 4 7x 2 4 10a: 3 4 . . . by multiplying the 

expression by (1 -x) 2 . 

(ii) Sum to infinity, 2T4 + 375 + + "' • 


4. (i) Solve 27a: 3 - 36a: - 16 =0, given that it has two equal 
roots. 

(ii) Prove that 3a : 5 - 5ga : 3 4 3r =0 has 3 real roots if 4 # 5 > 9r 2 . 


5. Factorise 


(a -a :) 2 (a,~y) 2 (a-z) 2 

(b-x) 2 ( b-y ) 2 (b-z) 2 

(c-x) 2 ( c-y ) 2 (c-z) 2 


A. 28 

1. (i) If x l9 x 2 are the roots of ax 2 4 bx 4 c 4 A (pa: 2 4 qx 4 r) = 0, 

prove that x 1 x 2 (aq - bp) - (x l 4a: 2 ) (cp - ra) 4 br - qc =0. 

(ii) Factorise ( x 3 + y 2 j\x -y) 4 (y 3 4 z z ){y -z) 4 (z 3 4a: 3 )(z - x ). 

2. In how many ways can 4 boys and 4 girls sit in a row if no 
two boys sit next to one another ? 

3. Prove that -h lT between “ * an( l 3. 

4. (i) Sum to n terms and to infinity, 

1 2 3 

1.3.5 + 3.6.7 + 6.7.9 + " ' 

(ii) Sum to infinity, 

+_4_ + _JL + . 

2. l + 3. l! + 4.2! + 5.3! + - " * 

5. (i) Solve the equations, 

x 4 y 4- z = - 2, x 2 4 y 2 4 z 2 = 66, (y 4 z) (z 4 x) (x 4 y ) — 90. 
(ii) Find the real root of x 9 4 6a: = 2 to 4 places of decimals. 



190 


ADVANCED ALGEBRA 


[oh. 


A. 29 

1. (i) If a, {$ are the roots of a {x 2 - 1) +2bx =0, prove that the 

equation whose roots are 2a + *, 2/? + ? is the same. 

(ii) Factorise {x +y +z){yz +zx +xy) -xyz. 

2. Find the coefficient of x n in the expansion of . _ 2 wf_ \t 

in ascending powers of x if n is (i) odd, (ii) even. v A A x ) 

3. Sum to inanity, (i) j + ™ + - • 

2 s 3 3 4 s 


2x* 


l! + 2! 3! + '“* 


5. Prove that 


36 72* 


= 2a6c(a + 6 + c)*. 


(ii) 1 

4. (i) If x is small, prove that 

{ V( 4 + If) - V(8 + te) } - M 1 + J*) - f( 

(ii) Find an approximation for 

x V ( 1 + x) + log (1 - x), neglecting x 5 . 

a 2 a 2 (6+c) 2 

(a+c) 2 6 2 5 2 

c 2 (a+6) 2 c 2 

A. 30 

1. (i) If cix 2 + bx+ l|c = 0 has real roots of the same sign, 

prove that a 2 x 2 + (4ac - b 2 )x 4-c 2 =0 has positive roots. 

(ii) Find the equation whose roots are each less by 2 than 
the roots of a: 3 - 6a: 2 +7=0. 

2. Find the number of permutations, 5 at a time, of 7 things 
of which 3 are alike and the rest all different. 

3. (i) Prove by induction that 

0 2 2.4 2.4.6... (2n) 2 . 4 . 6 ... (2n + 2)^ 

+ 3 + 3. 5 + *’* + 3.5. 7 ... (2n + 1)~3. 6. 7 ... (2n + I)‘ 
(ii) Sum to infinity, 

5 5.7 5.7.9 

,+.... 


; + 


+ ; 


3.6 3.6.9 3.6.9.12 
4 . (i) Find the coefficient of x 3n +i in 


1 +x 


(1 +x +x 2 ) 2 


(ii) Express in partial fractions, 7 — 

1 (a -x) 2 (a 2 +* 2 ) 

5. Eliminate x, y , z from the equations, 

a? 3 + y z + z 3 — dxyz , bcx + cay + abz = 0, a 2 a; + 6*2/ + cH ~ 0. 
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A. 31 


1. If x y y, z are positive and unequal, prove that 

(i) x +y - 2 V(xy) >0, (ii) (x + y)(y + z)(z +x) >8 xyz. 

3 + x 

2. What is the condition that may bo expanded 

in the form a 0 4 a x x 4- a 2 x 2 4 ... ? (*-#)(l+a?) 

And in this case, sum to infinity a 0 2 4 a x 2 x 4a 2 V 4 ... . 

3. (i) If a, /?, y are the roots of x* +qx 4r =0, 

prove that ft 3 + y 3 , y 3 4 a 3 , a 3 4 /? 3 are the roots of 
(x 4- 2r ) 8 4 g 3 (x 4 3r) = 0. 

(ii) Solve 4r* 4- 4a; 2 - lx 4- 2 =0, given that two of the roots 
are equal. 

4. Sum to infinity : 

I s I s 4 2 s l 8 4 2 s 4 3 3 

(i) j j f 2! + 3! + *” * 


(ii) j~ 


1 


, 4 , 


1 


1 


r 4 ... . 


5. Find x in terms of a, 6, c, given 


2.3.4 3.4.5. 6 5.6. 7.8 

x 4 a b c 

c x +b a 


a 


x 4 c 


= 0 . 


A. 32 

1. (i) Find p, q if x 2 -x - 2 is a factor of .r 6 - 2x & 4 px* - qx 4 2. 

(ii) Prove that 2(6 -c) 4 42(c -a) 4 42(a -5) 4 is a perfect 
square. 

2. Prove that x =k(x ~ \)(x +2) has real roots for all real 
values of k, but that x ~k(x - l)(x - 2) has real roots only if k 
does not lie between - 3 - 2 y/2 and - 3 4 2 y/ 2. 

Draw rough graphs of and ^ _2 )’ 

(i) Find between what integers the roots of the equation 

x 8 - 3x 2 -4x f 1 1 = 0 lie. 

(ii) Find the positive root of x s =2x + 5 to 3 places of 

decimals. 

4. (i) Sum to n terms and to infinity, 

1.2.3 2.3. 4 + 3. 4.5 

.... „ x 1.3.5 3.5.7 5.7.9 

(m) Sum to infinity, — ^ — f- — jj- + — g-y— + ... . 
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a -6 -c 

2a 

2a 

5. Prove that 

26 

b -c - a 

26 


2c 

2c 

c -a - 



A. 33 



is a perfect cube. 


1. (i) Find the value of A if the roots a, /? of 

5x 2 + (2A + 1) ;r + A - 2= 0 are such that 2a -f 5/? = 1 . 

(1 — x) 2 (1 —a) 2 

(ii) Solve 2 =^> 2 and P r °ve that a cannot bo equal 

Z — X Z — (X 

to 1 or 2 if a. 

2. Express in partial fractions 3,(^5^- 7)' 

3. Prove that for real values of a, x, 

~ ( x+a ) 2 4. „ , x 

Sketch the graph of 

6 1 x 2 + # 4- 1 


4. If p is a positive integer, prove that the number of positive 
integral solutions (including zero solutions) of 2(x -p) +y +z = 0 
is ( p + 1) 2 . 

5. (i) If s r — V + 2 r + 3 r + ... + n r , prove that + s 7 =26* 1 4 . 

(ii) Sum to infinity, 2 ;|. 3 + 3. J.5 + 6^7 + ' ‘ ‘ ' 


A. 34 

1. If A > 1, prove that both roots of (1 - X)x 2 + 3A# -1=0 are 
positive and that one of them is greater than 3. 

2. (i) If — . j— - 4 -) is expanded in ascending powers 

of x , prove that the coefficient of x* n is (n -f 1 ) 2 , n being 
integral. 

(ii) If (1 - x)~ 8 = 1 4 - Cfpc 4 - c 2 x 2 + ... , find the value of 
1 +Cj + c 2 + ... +c n . 

3. (i) If a, /?, y are the roots of x z + qx +r =0, form the equation 

whose roots are a 2 (fl + y) f f$ 2 (y+a), y 2 (a+f}). 

(ii) Prove that x i - x* - 4x 2 + 4x 4- 1 = 0 has two roots between 
1 and 2, and find the positions of the other two roots. 
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4. Find the greatest and least values of 


5. Factorise 


1 

1 

1 

1 

a 

5 

c 

d 

a 2 

5 2 

c 2 

d 2 

a 8 

6 8 

c 8 

d 3 


x 2 - 2x + 2 
x 2 + 3F+9* 


A. 35 

1. (i) If ax 2 + 2hxy + by 2 is transformed into AX 2 + 2HXY +BY 2 

by the substitutions, x a/2 — X -h Y, y \/2 —X - Y, prove 
that (i) A +B — a +5, (ii) AB - H a = ab -h 2 . 

(ii) If too - ~ i prove that eithor - or d 3 = - abc . 

' ' b 2 c 2 - d l bed * b d 

2. (i) Factorise (a +b -fc) 3 - 2(6 + c -a) 8 . 

(ii) Express (a 2 + 6 2 + c 2 )(# 2 + y 2 + z 2 ) - (ax +by +cz) 2 as the 
sum of three squares. What follows if this expression 
is zero ? 

3. (i) Sum to n terms, 1.2. 5 + 3. 4. 7+5. 6. 9 + .... 

(ii) Sum to infinity, f 273 + ^5 + 37577 + 4 '.579 + " ' 

4. Ifp > q > 0, prove that x 8 + # 2 —px -\-q has three real roots. 

5. If | x | < 1, prove that the sum to infinity of 

2 2 a; 2 4 & 2 x 3 4 2 x* . 4 - x 3 . . . . 1 2 - 6x - 2x 2 -f 5x 9 

ITS + 275 + 3.6 + - 18 S?- log (1 ~ x) + Ste("ra 
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ANSWERS 


Exercise I. a. (p. 4.) 

1. 64. 2. 120. 3. 1000. 4. 90. 5. 720. 6. 480. 

7. 26 4 . 8. 10! ; 5040. 9. 720 ; 210 ; 56. 

1f) 10! 13! re! (re + 3)!_ (« + 3)! (re + r)! 

1U- 7! ; 9! : (re - 3)! ’ (re-l)! : (re-4)! ; (re-1)! - 

11. 24. 12. 43. 13. 5040 ; 720 ; 120. 14. 40320 ; 1440. 

15. 48. 16. 4, 18. 17. re; (re - l){(re -1)!}. 

18. 720 ; 600 ; 96. 19. re(re-l). 


1. 30 ; 720. 


6. 2520 ; 1800. 


Exercise I. b . (p. 8.) 

2. ^ ! . 3. 210. 4. 42. 

4! 

7. 20 ; 120 ; 120. 8. re(re-l); 


5. 240. 

re! (2n)! 
(re-5)! ’ re! ' 


9. 192. 10. 72. 

13. 630. 14. 144. 

17. 453600 ; 40320. 

20. 103680. 21. 144. 

24. 5760. 25. 34560. 


11. 56. 

15. 576 ; 1728. 

18. 120 ; 80 ; 625. 

22 . 120 . 

91(17!) 

2e - ~w- 


12. 15120 ; 3360. 
16. 30240 ; 4320. 
19. 240 ; 480. 

23. 2(9!); 5(9!). 

27. 42(8!). 


Exercise I. c. (p. 13.) 


1. 35. 2. 364. 3. 22100. 4. 10. 5. 66 ; 72 ; 95. 

6.11760. 7.126. 8. 210. 9. 120. 10.100. 11. 56; 196. 

12. Jre(w-l)(n-2); J(«-l)(re-2). 13. £n(n- 1) ; *re(re- 3). 

14. 196 ; 252. 15. 350. 16. 7800. 17. 10640. 


18. 8; 11. 19. J(re + 1);^. 


20 . 


(4re)! 

(re!)*' 


Exercise I. d . (p. 17.) 

2. ^ 4 . 3. 15. 4. 1023. 5. 418. 

8. 344. 


1. 60. 
7. 8. 


10. 105. 11. 21 ; 11. 

iii 


6. 39. 
12. 119. 



IV 
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13. 140(8!) (7!). 14. 84; 72. 15. 1024 ; 216. 


16. 


(3n)! 

(2 n)\ »! " 


i9. 20. 155925; 10800. 21. 2"(n+l)-l. 

22. Jmn(m + n- 2); ^mn(m + n). 


Exercise I. «. (p. 19.) 

1. 7(8!). 2. 2 (n - 3) (n - 4){(n - 3)!}. 3. 4804. 


6. 14175. 6. 111. 7. 504. 

9. 946 ; 90. 

70* 

11. 2772 ; 126. 12. — 

* v 66! 2! 

13. 60. 14. 

15. (n - 3) {n - 4){(n - 2) !}. 

17. 1260. 

18. \m{m - 1 ) +n(2m 4- n - 1). 

19. .2520. 

20. ip?(ja-l)(?-l). 

21. 60. 22. 

(u + r-l){(n-2)!} 
l6 ' r! (n - r - 1)! * 

27. (i) and (ii) ,■ 

' ' (p-q-l)lq! 

25. 2". 26. 


4. 9. 

10. 3360. 
(m + n)\ 
ml n\ 


(JLtlzDl 

(p-i)i ' 
(2n)l 
n\ ni* 


Exercise II. a. (p. 23.) 

1. zP+xVZia) 4- x'Z(ab) +abc ; x 8 4-2:r 2 ]£(a)4-4a;2(a&)4-8a6c; 

a; 4 + x s 2(a) +z 2 2(ab) + z2(abc) -j-abcd. 

2. 2(a x a a ) ; 10 ; 10a 2 , 10a 3 . 

3- „C S> „c 2> „c r ; n c 2 «\ n c\a"-\ 

4. x 4 -f 4^ 4- 6a; 2 4- 4x 4- 1 . 5. t/ 4 - 4y* 4- 6*/ 2 ~ 4y 4- 1 . 

6. a^4-6aa; 2 4-12a 2 a;4-8a 3 . 7„ z 4 4- 82 s 4- 24z 2 I- 322 4 - 16. 

8. a 6 - 5a 4 6 4 - 10a 3 5 2 - 10a 2 6 3 f 5 ah 4 - ¥\ 

9. y« + 6^ + 15^ + 20 + p + ®+i . 

10. 81 x* - 216-r 5 !/ + 2 1 6x 2 y* - 9 fir;/ 3 + Ui;/ 1 . 

11. x w + 1 !)x s y- ■ 90x 8 ;/ 4 + 270x 4 _v e + 405a: 2 )/ 8 + 243// 10 . 

12. 9 ; fifth term ; x 2 ; 56. 

20' 

13. 21 ; *“ 3 /*, aV 1 ; 3 2 . 5”. 38a9y, 3“ 5 s . 38x*y'\ (15a:y) l °. 

14. 144, 189, 1215, 1750000. 15. 1000, -20, -120j/ 7 , 21. 

16. -70000a 4 6»; n C s (3a:) 3 ; n C\x n ~\ 

17. n C r x n ~ r y r ; n C r a n ~ r ( - 2b) r ; n C>"- 2r . 

18. 2{1 + B C'ye 2 + n C 4 a^ + ...} ; 2{a:+ B 0,a*+,/7 6 a* + ...}. 

19. 1025283. 21. 3°. 65. 22. tn C„(i)". 



ANSWERS 


v 


23. !n O n ; ( - l)" 3n+1 C>, ( - 1)W M C, (i) . 

24. a 3 . 25. xK 26. -5; w(n ~ 1 H” ~ 2 ><” ~ 7 ). 

27. l+2x-9x?-l8x i ; 168. 28. 82. 29. 10084; 1. 

30. (z 2 + l)». 


Exercise II. b. (p. 27.) 

- 2 4 . 3 3 . 35*V ; 2 11 . 3 3 . 55a;- 6 ; - 7 . 3~ 5 x u ; 
n! 


(r-l)!(n-r + l)! 

13 ; i 
(n-l)l 


x n—2r+2 


1320; 2 12 . 27.13; 3 9 . 16 ; ( - i ) r ; 

(4r)! 


' ' (r + 1)! (n-r-2)!’ (3r)!r! 


-63.128; -1760; 


(2*)! 


n\ n\f 

1 ~14x + 105x 2 -532x 3 . 6. 1 

(n-r-f l)x > _ 3 - r + 1 ) 3y (r + 1 ) 

2r 9 rx 2 ’ 2rx 

(n - r 4- 2) (n - r -I- 1 )y i 9(n -r 4-2)(ft -r + l)y 2 
r (r - 1 jx 2 ’ 4r (r - l)x 2 


4. i2gi ; 2 n .3 6 . 35.13; -*gi. 

7. - £n(rc - 1 ) (n. -2). 


12. 252 ; 462 ; 


(4rc + 3)! 


10 . 11 . 

13. 792, 924. 


14. 

15. 
18. 
20 . 

22 . 

25. 

27. 


{2n + 2)! (2» + l)!‘ 

(n + l)th term. 

(l) 4th, 5th ; (ii) 9th ; (iii) 9th, 10th ; (iv) 4th ; (v) 4th. 

0. 19. x 7 + x 5 -Sx 3 - 3x + 3x -1 + 3x~ 8 - ar 5 - x~ 7 , 

1 -hnx-i: \n{n + l)x 2 -f in(n - 1)(?? +4)x 3 . 
w!(;i -2r + 1) (n + 2)! 


r\(n ~r + 1)! 9 r!(tt-r + 2)!* 
nl ; 4, 6, 12, 24. 26. 


(2 n)\ 


j>\ ql rl 

— ( n + l )' — (2 n - r+1 - 1 ). 
r!(n-r + l)l' ; 


(n - l)!(n. + l)!* 
28. 2, 3. 


Exercise II. c. (p. 32.) 

1. 3 n = l +2c, + 4Cj + ... ; ( - 1)™ = 1 -2cj + 4c 2 - ... . 

2. 256 ; 729. ' 3. 125 ; 63 ; 62. 

4. 1 - 10* + 55a: 2 -200r> + 530a; 4 ; 32, 7776, -3872. 

6 . n r — c r c r-l » n+2^r“ c r'l2c r _ 1 + c r _ a ; 

n+lP r — e r + ^ c r-l + 3c r _ 2 + C r _ 3 . 



VI 


ADVANCED ALGEBRA 


8.0. 9. f(l +z) n+1 -l>. 

n+ 1 " ' 

10. (i) and (ii) J{(1 + z) n + (l -x) n }. 11. 0. 

12. 0. 19. 243; 1,000,000 ; 81. 

21. x v 4- c x x^ Q + -f . . . ; result of No. 20 with a—p t d—q and 

x Q for x. 

23. 4 rP%n ~~ 2n^l * 4n-2^2n + 2n^2 • 4n-4^2n ~ • • * = 4 n . 

27. i(3 n + l); (n + l)3 n . 

Exercise III. a. (p. 36.) 

1. 4, 3, 2, 8a» + 3, 27^ + 3. 2. 2, 0, 0, — , x 2 - 5x + 6. 

3.10,100,1,01,10-*. 4.2 x + 

5. 1 . 2 + 2 . 3 + ... +n(n + 1). 6. n'.+(n + 1)! + ... + (2»)! 

7. 1 + 2x + 3x 2 + ... +nx n ~ 1 . 8. l a -2 2 + ... - (2n) 2 . 

9. (n + l) 3 -l. 10. l+i+i + ...+i ; log (»!). 11. £r(r + 2). 

12. 2( - 1 ) r -^ • 13. £ . 14. n z\ - 1 )*/(« + rh). 

15. Jn(n + 1). 16. (w, + l)(3»-l). 17. a( } ~p - 

18. £n{2a + (n - l)d}. 19. log ””— • • 20. f(n + 1) -/(l). 

21. /(to - 1) -f(n). 22. J»(» + l)(*+2). 23. . 

24. £?i 2 (w + l)(5rc + 1). 25. Jw(n 2 - 1) ; J(w + l)(» + 2)(n + 3). 

Exercise III. 6. (p. 41.) 

1. 20.27.41. 2. 44100. 3. 101.1650. 

4. 71 . 81 . 275. 5. (2n + 1 ) (4n + 1 ). 6. §n (16n 2 - 1 ). 

7. n 2 (2n 2 ~ 1). * ’ 8. J?t 2 (3?i + l)(5» + 3).' 

9. r(r-f l)-4r 3r(r + l)‘-2r-f 1 ; r(r + l)+r-3. 

10. o = l, 6= —3, c=2, d — 0 ; o = l, 6=*6, c — d — 15. 

11. ^n(n + l)(7i + 5). 12. %n(n + 2)(n* - 1). 

13. J(n 2 + 3w)(w a + 3w + 4). 14. Jn(n + l) 2 (w + 2). 

15. ^(w4-l)(w + 2)f6n 2 + 57n + 137). 

16. \n(n + l)(2n-f7). 17. Jn (4n 2 + Gn - 1 ). 

18. £n(n + l)(2n + 31). 19. 3 ^n(» + l)(3w 2 + llw + 4). 

20. ^»(7H-l)(n+2)(3w+5). 21. ^$n{n + l){n + 2){Zn + \%). 



ANSWERS 


vii 


22. $»(n + l)(-l)"-* 

24. ^n(n^-l) 2 (n + 2). 

26. Jn(2n + l)(7n + l). 

31. j^n 2 (ti + 1 ) 2 (2n a -f 2?i - 1 ). 

32. 10r 4 -f 2r 2 ; (w + 1 ) (2 n -f 


23. \n{n ~ l)(n - 2). 
25. \n{n + l)(n + 2). 
27. 1840. 

l)(3n 2 + %n - 1). 


14. 2 n+1 -n-2. 


Exercise III. c . (p. 43.) 
Exercise III. d. (p. 45.) 


1. {I ~{n + l)x n + nx n ^}~{\ -xf. 

2. {1 -a; - (2n-f 1 )( ~x) n + (2n- 1)( -a:) w+1 }-h(l -fa;) 2 . 

3. J{15 - (6 n + 5)3 1-n }. 4. ^{9 + (4» + 3) ( - 3) 1 -"}. 

5. 2a + 2d - {a + (n + l)d} 2 1 ~ n . 

6. {x* 1 * 1 - (n + l)x ( -y) n + n( - y) n+l } ~(x -f y) 2 . 

7. {2 - (n + 1 ) (n + 2)a; n 4 - 2n (n + 2)x n + 1 -n{n + 1 )x n + 2 } —2(1 — x)K 


8 . 


12 . 


2 (2x) n - 2 a; w - 1 


9. 0. 


10 . 0 . 


2aT- l x~l ' 

2 (2x) n - 2 1 +x - x n (n 4- 1 ) 2 4- x n+1 (2n 2 + 2n - 1) - n 2 x n+a 

2a: -1 


11 . 0 . 


Exercise III. e. (p. 46.) 


1 . 

5. 


7. 


45. 


2 - -^-r - 


w(3rc 2 + 6w-f-l). 
in(2n + l)(7» + l). 


10. Jn(w + I)(w+2). 


4. (2 2n ~ 1) - 7i(n + 2). 

6. Jri(4n 2 + 12n - 1). 

8. |n 2 (3n 4-1) (5^ + 3). 

18 W^Lzj ) 


19. }n(w + l)(tt + 4)(tt + 5). 24. Each=/(x). 

25, 4("+W+ 2)‘ 26> 4w(w-1); ” 2 - n + 1; n ’ ; l n *( n + V s - 

no n(n 4 - 3) 2g j 1 

4(rc + l)(n + 2)* ™ 3(w + l)(n + 2)(w + 3)‘ 

30. 24r 7 -~8r 3 ; ^7i 2 (n-f l) 2 (3n 4 4-6n 3 -n 2 -4w4-2). 

31. 14r 6 — 2r 2 ; ^(w + l)(2n + l)(3n 4 + 6w 3 -3?t + l). 


A. 1. 


Test Papers A. 1-10. 
1. 41*9; 137-5. 


(2n)l 


O (2n)l 

(w!) 2 (W4-3)!(n -3)! ’ 

5. |n(n-fl)(4n + 5) + 2"+ 2 


495. 

-4; 


(pp. 48-52.) 

2. 1 4a: 2 + 37a; + 14=0. 
4. 13.1700; 4.13 8 . 

(4n ) ! 


(2n)!(n!) 2 ‘ 


D.A.A. 


O 



ADVANCED ALGEBRA 


viii 


A. 2. 1. 32-0; * + l+i. 2. 2 ; (x-2)(x + 3). 

3. 4n + l; 3n(2n + l); $n{n + 2){2n + 5). 

4. 168; 72. 5. &i(n- 3); -$n(n> - 9n + 2) ; n + l-I. 

71 

A. 3. 1. 20; 1. 2. 1, -20J. 

3. (x+y^-y 6 ; 1-2190. 4. 720. 

5. {3-2x-(ra + 3)x" + (n + 2)i n+1 }^-(l -a:) 2 ; 

in (6n 3 + 16n 2 + 6« - 1 ). 

A. 4. 1. 0-969 ; - 1. 3. 1260 ; 180. 

4. 6th term ; 1. 5. J»(7 m s -1); — . 

Jit l 

A. 5. 1. (i) increases, 2 y/2 : ] , (ii) 9 : 2 : 4. 

2. 6? 2 = 25r; 9 = -1. 4.18(10!). 

5 - mh’’ 2 "‘ 3(n2+3n) - 


A 

6. 

l. H ; 1-23. 

2. 3J, 2|, -6. 



3. 36 ; 75. 

5 (P + 9)! 




p'-q! ’ 

A. 

7. 

1. a 2 = 1006 2 ; 3 C = 10000; 

»* 

<N 

O 

II 

N 



2. 5 ; 6J. 

3. 118. 


4 -^TT? ; ^ (w - 1)(n + 7) - 

77 K5 7 

5. 6th and 6th ; — ’ ■ ■ ■ ; 1, n> 1. 


A. 8. 1. 2-93; 2-09, -3-82. 2. 11:6:8. 

3. JI 4 ; p V = q*. 4. (re - 3)! (re - 4)(n - 6)(« - 6). 

5 . (1 + a ;) 2B -(1 +x + x *) n . 

A. 9. 1. - (a - b)(b -c)(c -a). 2. 1J ; 1. 

3 - \{Pi(P ~ 1)(S-1) +qr(q -l)(r-l)+rp(r-l)(p-l)}. 

4. - Jra 2 (2n + 3) ; J (th- 1 ) 2 (2n - 1 ). 

A. 10. 1. 4^3-5 ; 1£. 

3. 246400; £(fc + l)(i + 2) ; \{p + \)(2k-p+2). 5. ' 

n 4- X 


Exercise: IV. a. (p. 66.) 

1. » >498. 2. n>47. 3. n> 4. 

4. »>999 ; »>998. 5. n>18 ; n>1006. 

A 1099; 902. 7. No. 8. -*•!. 9. -»■ 2. 
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IX 


10. 

-> 3. 

11. 

-vl. 

12. 

osc., ±1. 

13. 

osc., 

±2. 

14. 

-> GO . 

15. 

-»■ oo . 

16. 

osc., ao , 0. 

17. 

oo 


18. 

-> 1. 

19. 

->0. 

20. 

->0. 

21. 

osc., 

±00 

22. 

OSC., ±00. 

23. 

00 . 

24. 

osc., 1, 0. 

25. 

2. 


26. 

8- 

27. 

1. 

28. 

OSC., ±00. 

29. 

-> 0. 


30. 

osc., J, - J 


31. osc., 

±00, 

-1,0. 

32. 




Exercise IV. b. (p. 59.) 

1. w* ; div. 2. ( - l) n_1 n ; osc. infin. 3. n ; conv., 1. 

2n±l 

4. }{6n - 1 ±( - l) n } ; div. 5. \ a {l - (0-1 ) n } ; conv., 

6. 0, 1, 3 for w = 3p, 3p + l, 3p±2 ; osc. fin. 

7. l{l - ( - 2) n } ; osc. infin. 8. j?{l - ( -0*1)"} ; conv., ff. 

9. 0, ^ (4 n - 1 ), - (4 n ± 1 ) for n =3p, 3p ± 1, 3p ± 2 ; osc. infin. 


10. )og(n±l) ; div. 


n - (C11 ! conv - i- 


12. 1 --- ; conv., 1. 

(w±l)!’ ’ 

x(l-* n ) y(\-y n ) , , x y 

13 ' ~r^r + -rrr ; x>1, div - ; x<1 * conv -’ r=s + r-y 

14. 1 -x n ; conv., 1 ; conv., 0 ; div. 

15. 1 +x - (1 ±x) 1-n ; (i), (vi) conv., l±ar; (ii) conv., 0; (iii) div.; 

(iv) osc. infin. ; (v) osc. fin. 

16. i. 17. j. 18. J. 19. (1 -x) -2 . '20. JL±*L. 

21 . {2~(n + \){n + 2)x n + 2n{n + 2)x n + l ~n{n + l)x n +*}+ < 2,{\ -s) a ; 

(1 -x)-K 


Exercise IV. c. (p. 68.) 


1. div. 2. conv. 3. conv. 4. conv. 5. div. 

6. conv. 7. div. 8. conv. 9. div. 10. conv. 

11. div. 12. conv. 13. div. 14. conv. 15. conv. 

16. conv. 17. div. 18. a<l, conv. ; a^l, div. 

19. a<^l, div. ; a>l, conv. 20. 1, conv. ; a = l, div. 

21. div. 22. div. 23, div. 24. p< -1|, conv. ; p ^ -1| div. 


Exercise IV. d. (p. 71.) 

1. x<l, conv. ; x^l, div. 2. conv. V* 

3. x^;l, div. ; x>l t conv. 4. x^l, conv. ; £>1, div, 

x^l, conv. ; x>l, div. 6. div. 

7. x<l, conv. ; x^l, div. 8. div. 



X 


ADVANCED ALGEBRA 


9. x< J, conv. ; xy\ 9 div. 

10. #<!, conv. ; x>§, div. ; [x = ,J, div.]. 

11. rr<l, conv. ; x>\, div. ; [z = l, div.]. 12. conv. 13. conv. 

14. #<1, conv. ; xy\, div. 15. div. ; a: > 1 , conv. 

Exercise IV. e. (p. 77.) 

1. conv 2. conv. 3. osc. fin. 4. conv. 5. div. 

6. x ^ -1, div. ; | a? | < 1, conv. ; xyl, osc. infin. 

7. | conv. ; | x | >1, osc. infin. 

8. x< -1, osc. infin. ; |x|^l, conv. ; a?>l, div. 

9. Same as No. 8. 

10. x< - J, osc. infin. ; x= osc. fin. ; | x |<4, conv. ; xy\ 9 div. 

11. x ^ - I div. , - l<x ^ 1, conv. ; x>l 9 osc. infin. 

12. conv. 13. x< -1, osc. infin. ; -l^a?<l, conv. ; xyl, div. 

14. x< -1, osc. infin. ; z= -1, osc. fin. ; |z|d, conv. ; xyl div. 

15. x< - 1, osc. infin. ; x= - 1, conv. if o=£0, osc. fin. if a=0; 

|z|d, conv. ; xy 1, div. 

16. Same as No. 14. 

17. x< -1, div. ; |aj|d conv. ; x>\, osc. infin. 18. conv. 

19. Sum to infinity of first series = twice that of seoond. 

20. Sum to infinity of first series =§ that of second. 

Exercise V. a. (p. 85.) 

1. 1 + 2x + Sx 1 + 4a: 8 ; r + 1 ; | or | < 1. 

2. I -3x + 6x*-lQx*; %<r + I)(r + 2)(-iy ; \x\<l. 

3. l+fx + Y-^ + W* 3 ; I * l< 1» ( ft nd x— - J). 

4. 1 +5# + 25a; 2 + 12&E 3 ; 5 r ; |#|<J. 

5. 1 +8£+40x 2 -f-I60x 3 ; £(/-f-l)(r -f2)(r + 3)2 r ; \x\<\. 

6. l+2x-2x ! + 4x 3 , 2(-l f * I < ( andl =±J). 

7. l+^ + gz 4 + !?*•; — if r=2p ; |*|<1. 

8. i+i«+v^-a^; 3;-ir 1,3 5 ' r! (2r ~ 5) (i) r ; 

I x l< i* (and x— ±J). 

9. 2+^-^ + . 5 ^; (- 1)^-1 if r =2p; 

Jxj<2, (and ±2). 

10. 1 +na;+|»(n-Hl)x 2 -rJn(n + l)(n+2;a^ ; > 

| a? |< 1, (and ar=l if n<0, x— -1 if »<1). 



ANSWERS 


xi 


11. x-»* + a*-x ’ ; rodd, (-l)* (r_1 >; |*|<1. 

12 - (’•♦iX | * |<|«|. 


. (8p)! (±Y P , 


| a |(p!) a \2a 


13 JLfi +*L + 3x, + 

“• |a| V + 2a a + 8a 4 + 16a«/’ 

14. 2(2-K” 5 ^ 0 - S4 - M 

| x | <2, (and ±2). 

15. 1 +£ + J(l +w)a: 2 4- J(1 +w)(l +2n)x z ; 


if r = 2jt? + l ; \x\<\a\ 


•); (- 8 ) 


l*l< 


and if w<0, x = 
n 


16. 55 (4#)®. 
19. 


17. 


1.4.7 .. . (3p-5 ) 

2#'(p!) ' rf 3p ’ 

(1 4-n)(l +2w) ... (1 +rn - n) . 

-- , 

- - if n>l or ncO^ • 
n / 

18. 


J155 
410^13 ‘ 

22. Two. 

26. 3rd and 4th terms. 
29. 9th and 10th terms. 
32. 1-41421. 


(5a;) 10 ’ 

20 - (£ nw , (3x ’> 5 - »• (**)• 

23. Four. 24. 5th term. 25. 3rd term. 

27. 27th and 28th terms. 28. 1st term. 
30. - 1 \<2C<^8* 31. fix 3 . 

33. 1 ~}x + gx 2 + 35. - j. 


Exercise V. 5. (p. 88.) 

16 = 1. 2 + 2. 3«) + 3.4(J)* + ... . 

M 1 ‘ 




3. W = 1 +f (0-8) a +|^| (0-8)* + ~~ (0-8)* + ... 

5. 6«. 6. 4. 7. 2. 8. 3". 

10. jys. 11. |v/3. 12. iV17-l. 

14. 3V3-4. 15. \0*/(y)-ll. 16. 1. 


18. 3<1 -2xj l *-%+2x. 
20. if 1 . 


9 . JV6. 

13. V3-1. 
17. 1-^/5. 


19. [J(l + </)}", 

21. $(1 -*)■*+}(! +*)“*. 


1. 

' x-1 s+4 

4 C 

4. 


Exercise V. c. (p. 93.) 


2. -+r~ — • 

a: 1-x 


x+2 (a:+2) 8 ’ 


5. 


_2 1_ 

£-4 a: + 3‘ 


3. 

6 . 


6 


a; + 1 4a; - 1 * 

1 2 
aj + 1 (x + 1)** 



ADVANCED ALGEBRA 


7.1+1* 

a; -1 x + 1 
9 ‘ 1+ x^2~x-3' 

11. J__ _®_ + _L 

x + 1 x-1 x -2' 

13 J 1 , 3 

x-2 x + 1 "(x + 1) 2 ’ 

15 J_ + _ 3 

1 -a; 2 ~x (2 -a) J ‘ 

17.2-^11. 

a; a; 2 4-1 

to J 2 11 

a; -2 * + l' f ‘ (* + !)* '*'(a! + l)»' 

_28___28 26 _ 15 

/U ‘ x-3 x-2 (x-2) 2 (x-2)»‘ 


8 i 1 , 1 

3x 2 9a- ^ 9 (a; + 3)’ 


"x-3 x-2 x-1* 

12 5 | 2 2 
(x-2) 2 x-2 x* 

1-1 2 1 1 

14 ‘ (x-J) 2 + 2(x-i) 2(x + 

Ifi 1, 6 ,8 

x-3 + ( x-3) 2 + (x-3>* 


x~l a; 2 4- a: 4-1 

23. _L - -j — - — j-. 
x + 1 ar - a; 4- 1 

25 + 

' x -a x~b x-c' 


29 _L + J? «. 2 

a;4-2 + a--2 ar + l+^T 
oa 2 2 1 a- - 1 

(a; - 1 ) J (x - l) 2 a: - 1 a: 2 4- 1 * ■ 

26 __J 1 , L 

(x -a) 2 (a-b){x-a) (a - b)(x~^l)) * 


27. _i 1 = l- nCl( a) 4 „C 2 (J)-...; ( - +1) * (iT2) -l-.0 1 «) + ...; 

, 4 T 7 ^Tr ) = 1 -»^i) + " r 2 W--- 


a: 2 -a; 4-1 a: 2 + x4-l* 


30, 3» ~6(» + 3) + 2(» + 5) ; 


Exercise V. d . (p. 94.) 

1. r(l) r + 1 ; |x|<_2. 2. 1-r; j*|<l. 

3. (r + 1) 2 ; | x |< 1. 4. 3 r -2 r ; |*|<$. 

•5. G) r+1 -(}) r+1 ; | * |< 3. 6. | X |<J. 

7. J(r + l)(2r 2 + 4r + 3); |*|<1. 8. ${2 + (-2)T; |x|<£. 

9. 1 4- 2 r ; |x|<|. 10. (1 — 3r)( -2) r -( - J) r > |*|<f 

11 . 2 <-J)»'M- (I)** -(})*«; | x |< 2 . 

12. «•-+>_ 6 r+i. | ax I. | fix); <1. 

13. 2a r+2 (c-6); | ax |, 1 5x |, | cx |, < 1. 

14. 2(1 + 3 2 x 2 + 5 2 x 4 + ...) ; 6^ = 1 + 3 2 (£) 2 + 5 2 (j[ )« + ... . 

17. 1, -1, 0, if r=3p, 3p + l, 3p+2. 

18, ( - IV, 0, ( - l) r - 2 , if r = 3p, 3p + 1, 3 p +2. 



ANSWERS 

20. 3 n . 


19. \x\<2 ; | x | >3. 


22 . 


(2 n)\ 
4 n (rt!) 2 * 


where n — Jr or J (r - 1) as r is even or odd. 


xiii 


Exercise V. e. (p. 98.) 

1. 1-00995. 2. 9-99667. 3. 5 03937. 

4. 1-25992. 17. 0-004(5). 18. 1 _ 3 + ? .L 3 

x 2x 2 2z 9 


Exercise V. /. (p. 102.) 


1. Homog. products, 3 dimensions, 4 letters. 

2. Homog. products, 12 dimensions, 3 letters, in each of which a, 6, c 

occur at least once. 

3. Homog. products, 8 dimensions, 3 letters, in each of which a occurs 

at least twice, b at least once. 

4. 15; 18. 5. 6; 6. 6.715. 7. 56; ^ + . 

8. 20. 9. 84. 10. 27. 11. 21 ; 6. 12. 462. 

13. 155. 14. 15. 15. 5151. 16. \(n + 2)(rc 2 -f In +3)2 n ~^. 


19. 

20 . 
21 . 


(ra + r-1)! (w.+m + 2)! , 2 . |1W , ox 

(n - 1)! r! : (n-l)Y(m -8)! ( re + 1 H n + 2 >- 
^r(r + l)(r-f 2)(r + 3) ; J2s(r-* + l)(r - s + 2) for s = l to r. 

3.5.7.. . (2n-l) ' 23 , (»-2)! 

2.4.6.. . (2n-2)' ' ’ (m - 1 )!(» -m -T)! ‘ 


25. J{10.2 r -(-l) r -9). 


27. 2(-l) m ~ 1 


(»-3)l 

(m - \ )\(n -to -2)!’ 


Exercise VI. o. (p. 108.) 


1. 0-693. 

4. 0-406 ; 0-406 ; 2-08. 

6 . 2 ; - 1 ; 

8. x; 2 X ; 1 + log x. 

13. log x ; t log t + 1 - 1. 


2- it i'hbhbb 

5. 1-792 ; 1-792; 1-099. 


7. e 3 ; ~ 2 ; 2e ; e. 


11 . 0 . 


12 . 


/ 


ax + b fx + g * 


14. -. 17. log (ut) — log t + log u. 


Exercise VI. b . (p. 114.) 


1. 0-0198. 


4. 0-08004 ; 2-5649. 

7- ~- r 3 r ; -*<*<*• 


2. 0-40547; 1-0986(1); 0-47712. 
6. 0-69315. 

8. - !(-})* if r=2p; |x|^2. 



XIV 


ADVANCED ALGEBRA 


9. log2 +2 { -p( - J) r ® r j ; - 2 <a:^ 2 . 10. - 2 ( - 1 )'; - 1<*^L 

11. — ^ {1 + ( — 2 ) r ] ; 12. -i(-W+20; 

13. ^+2 {^ (-*)>•}, r>l; -1<*<1. 

Q-v2 O 

14. -^ + "2 ^ y(r - l)(r - 2) a '’'’ r>2 ’ 

15. -2^ {2% 2J “ + 2^ 21> + 1 } ; |2|< 1^/2. 

16. 0 if r is odd ; ~ l)^ r_1 if r=6p ; “ ( - l)^ r iir=6p±2; | x |^1. 

1 2 

17. - if r is odd ; 0 if r~ 4p ; ~ if r=4p + 2 ; -l^x<l. 

18. I (-l)^-i if r = Zp -, ?(-l)’’if r = 3jt)±l ; -lcrsjl. 

19. - log 2 + 2 ~ (2~ T -l)x T ; -l<gz<l. 

20. - 4 if r=6p ; \iir^p; -1<*<1. 21. -^2^; ~i^<h 


22. -•? 2 r , r even ; ~ (2 -2 r ), r odd; 


23. 2(-l) r - 1 


24 ' 2 F(2^T)** r - 


25. - “ (<*~ r + f}~ r ) ; V(b*-4ac)} 


excluding x —£ a ( ~ & ± V(& 2 ~ 4ac)}. 


Exercise VI. c. (p. 116.) 

1. log 2. 2. log(J). 3. £ log(f). 

4. -Jlog(l-a^). 5. log y — . 6. log 2. 

y — x 

7. 2 - log 4. 8. log 4-1. 9. log 2 - 

10. (i-i)log(l-*)+l. 11. *(*-") tog 

12. -(l+I)log(l-x)-i-i. 13. J log 12. 14. 1J. 

15. JIog2. 16. 41ogf-l. 18. x J >l. 19. 2^y r . 

21. log x. 22. ~{2 »-n. 2"~ a + %n-* - ...} . 

23. l{l+2( -!)»-»}. 



ANSWERS 


xv 


7. 


1 

2m* 


Exercise VI. d. (p. 120.) 
3. a~l, b—\ ; ct = 4, 6 = 1, c = J. 5. 1. 

l°Sio e * 9. i* 

Exercise VI. e. (p. 126.) 

1 ji. y?I. o 1 v — • i ) v ( ~%) T . oy ^ 2f 
1. H ^ rj» J+ -(2r)!’ lf ^ r! ’ 2 ^(27)!* 


6 . h 
11 . 1 . 


12 . 1 . 


2. 1-64872. 

5. l-v^ 1 
r! 


3. 1 -1051709. 


4. l-2-jl* r . 
rl 




6 . 1 + 2 


(a: log I0) r 


rl 


2 n + 1 

7. 0, n odd ; — — , n even, 
n! 


8 . 


2 n e 3 

n\ 


9. (-l) n ^^ii*. 

v ' n\ 


10. ( - 2) w ~ 2 (4a a - 4 nab + n (n - 1 )6 2 } +r? !. 

11 . k if x >2, - k if x< 2, where k = ( - it) 71- * 1 

v - n! 


13. -. 

e 


17. 2e. 


14. e 3 - 1. 
18. e - 1. 


15. 




12. 

e + 1 

16. J (e 4 - e -4 ). 


22 . 2 V«- 
27. ~(e x -l-x). 
30. 

33. 1 ; in. 


3 

23. - - 1. 

e 


19. 

2e 

24. 5e. 


»■ j- 


25. 12e - 3. 


21. e 2 -e. 
e 2 - 3 


26. 


8e 


28. l(e^^~e~^ x )Vx. 


29. 


3 e 


31. 


34. 


(*~l) a 

2x 


rl 


32. I{(z-l) e * + l -£*»}. 
35. \n(’\n -2)2 n-s . 


„ , , a:* ir 4 

2- 1 &b + 12 72Q- 


5. 0 -6. 

6. 1. 

12. 1+x. 

13. e( 

D.A.A. 



Exercise VI. /. (p. 129.) 

3. Error of order z 4 . 

6. 1. 9. lim (l + exists and < 3. 

n— ►« V nj 


> 3 -'( 1+ s-s eO- 



xn 


ADVANCED ALGEBRA 


Test Papers A. 11-20. (pp. 130-135.) 
A. 11. 1. a*a-p-T' 2 . 56 ; 20. 

3 . frn(4n* + 12n + n); 

4 15 8 1_. 

' 7 (a: - 3) 7(x + 4) x-1’ 

1, 8 . 3 1 

(X- l) 2 (x-1) 3 (X-1) 4 (x^T) 5 ' 

5; 5th term ; — . 

n ! 


A. 12. 1. U 


(4 n)\ nl 
2™ {2n)l(2n)l * 


2. 2(n-2).(n-2)!. 


3. ^(2™ 2 + 9re + 13); . 

-v«2 j.3 >v4 

A 1 +x+ g'~54+2lg ; J(3 n + 1). 
5. 4x 2 + 4x 3 ; 4x 3 . 


A. 13. 1. x 2 -14x + 25=0. 

2 ‘ 2l^W 2+ 4(AT)-4(FrT)= Hi+(-i)« + 6(» + i)(-i)« } . 

3. div. ; conv. 4. 2 n+1 - n-2 ; J(e-l) 3 

5. a =0-6, 6=0*4; (i)?, (ii) | {( - l)* n - 1}. 


A. 14. 

A. 15. 

A. 16. 

A. 17. 
A. 18. 


1. £(7 + 3V5); 3. 2. 168; 72. 

3. 6th and 7th terms, 21 (J) 5 ; V3 -f. 5, 1. 


1. ?/; Vfw + lJ-l. 

4 . (i) x< - 1, osc. infin. ; 
(ii) osc. fin. 


0 (3 n)\ (3n - 3)! 

6(n\)* ; {(n - 1)!} 3 ' 

- 1 1, conv. ; x^l, div. ; 

5. if^. 


1. 

3. 

4 . 


~ 2. (i — 3, 6=c = l. 

Jw(n4-l)(n + 4)(?i-f5) ; l-log2. 


(2n + l)! 
(n\f ; 


— 3 n. 


5. 0*649. 


1. x? -bx+ac—0. 3. 270. 

4 . J - log 2 ; 2c. 5. - J. 


1. 1+2(3!) + 4(5!) + 2(6!). 2. 58; 120. 

3. 3(|)" -§ (£)*. 4. 1 +5* ; 2 log 2 - 1£. 



ANSWERS 


xvii 


A. 19. 1. (i) ac>0>ab ; (ii) a (4a + 2b -f c)> 0 >a( 4 a + b). 

2. 651. 3. 6 , -3, - 2 , - 4 , - 5 , 7 . 

4. (i) x< - 1 , osc. infin. ; - 1 ^ x< 1 , conv. ; x^> 1 , div. ; (ii) conv. 

5. n = 6p±2, 0 ; n — 6p + 3, - - ; n~6p±l, — ; n~6p , , 

n n n 

A. 20. 1. ac\ bd\ 2. 2 , 4 , 7 . 

2 4. 

4. Coeff . of x r is 0 if r = 2 ^?, is - if r — f$p ± 1 , is - - if r — 6p + 3. 
Exercise VII. a. (p. 137.) 

1. x>5. 2. x>-$. 3. sc< — 1 . 4. min., -19. 

5. max., 3J. 6 . min., 0 . 7. ; c> ; c= - 

8 . 2} ; c>2i ; c = 2 +. 12. 15. a=c, 6=0. 

% * Ip q 

17. a 2 --«& + & 2 >J. 18. 2\ -2V10< A< 2 .\ + 2^/10. 

19. -2, V; a = J, 6 ^J,c = J,d=-i,j) = l ,3 = 5. 

Exercise VII. 6 . (p. 144.) 

3. x< -2, x>2 ; -2, max. ; 2, min. 

4. -1<£<1 ; - 1 , min. ; 1 , max. 5. All values ; none. 

6 . x< 1 , x>3 ; 1, max. ; 3, min. 

7. - 2 <a< 0 , x>2 ; ± 2 , min. ; 0 , max. 

8 . -2<#<0, x>5 ; -2, 5, min. ; 0, max. 

9. x= - 1, max. ; x = l f min. ; (i) f(x )~ 0 between - 2 , - 1 and 0, 1 

and 1 , 2 ; (ii) /(#) = 0 at x~ -2, 1 (repeated); (iii) f{x )~ 0 
between - 3, - 2 only. 

10 . f{x) steadily increases with x ; f{x)— 0 between 1 , 2 . 

11 . z = 2 , max. ; # = 63 , min. 12 . z=2, max. ; ;r-=4J, min. 

13. Move Fig. 7 up (i) 2 units, {ii) 27 units, (iii) 76 units, (i) 3 roots ; 

(ii) x= - 1, 5, 5; (iii) x— -2 only. 

17. Between -2, - 1 ; - 1 , 0 ; 2, 3. 

18. Between 2, 3 ; 4, 5 ; 5, 6 . 

19. Between 1, 2 ; 3, 4 ; 5, 6 . 20. 3. 21. J, 2 ±\/5. 

22. Two equal roots, I. » 24. 4 p 6 =g*. 

25. r±2qy/q; 4 q z >r 2 . 

Exercise VII. c. (p. 151.) 

1. Min. at ( - 2, - J) ; max. at ( 2 , - 1 ) ; no value between - 1 and - J. 

2. Min. at (- 1 , ~|); max. at ( 1 , J) ; - J^/(z)<;£. 

3. No turning values ; like Fig. 10. 



xviii 


ADVANCED ALGEBRA 


4. Min. at ( - 3, -J) ; /(x)> 

5. Max. at (3, — J) ; no value between - J and 0. 

6. Min, at (0, 0) ; 0^/(x)<l ; /( ±oo ) = 1 - ; touches Ox at 0. 

7. Max. at ( - 4, ^ ) ; min. at (0, 9) ; /( - oo ) = 2 -f, /(oo ) = 2 - ; like 

Fig. 9. 

8. No turning values ; /( - oo ) = 1 4- > /(oo ) = 1 - . 

9. Max. at {|(-7-V39), J (2^/39- 9)}; min. at 0, ( - 7 4- V39), 

4( _2V39~9)};/(-oo*) = l+,/(oo) = l-; like Fig. 11. 

10. x< -4, - 1<x<1, x>2 ; like Fig. 10. 

11. -4-2^6, -4 + 2V6. 

13. x< -7, -2<x<3, x>9 ; x< -7, ^<x<3. 

16. /(-oo)= -1+, /(oo)= -1 -. 20. 6 2 >(a + c) 2 . 

22. a 2 + c 2 < a& requires 6 2 >4c 2 . 


Exercise VITI. a. (p. 156.) 

1. z 3 -6x* + 11^ = 6 ; x*-6x? 4-llx 2 = 6x; 

x 5 - 3x 4 - 5x* 4- 15x 2 4- 4x = 12 ; 32x 8 -14x = 3. 

2. (x - 1) 4 (x4- 1) 3 =0. 

3. For equation x n 4-p 1 x n “ 1 4- ... =0, (i) ^=0; (ii) -1 ; 

(iii) 0; (iy)p 1 =p a = 3 3 E =0. 

5. 12 ; 2 ; 43. 6. 1 ; 7 ; 1. 7. 9. 8. 2jj. 

9 --- d ’£- 10 - 5 * 3 - 11.2^;3 ? ;^. 

12. p t -2q; 3r-pq. 13. 2p 2 -6<?; 9 r-pq. 

14. 27g ; - 2p 2 . 15. r 1 -2qs; pr - is. ■ 16. 3. 


1. -1,2,5.. 
6 . -2,5. 

9. -2, 3,4. 

11 . - 1 , 2 , - 2 . 


Exercise VIII. b. (p. 158.) 

2. J.2, 8. 3. -2,3,6. 4. - 2, 3, 4. 

6. ±2, 3, -4. 7. -2, 3, 3. 8. - 2, 3, 4, 6. 

10. a*-2z 2 -5a; + 6=0; -2, 1, 3. 

12. 2, 3, -4. 13 . pq=r. !7. j, f . 


Exercise VIII. c. fp. 162.) 

1. 2x»=2x4-l; x 8 4- 20x 2 = 2000 ; x 8 4- 5x 2 4- 7x 4- 1 =0. 

2. 3x 8 = 3x a -l-l ; 8x*4-6x = 3; x 8 - 3x 2 4- 6x = 7. 

3. x 8 + 3x4*3=0; x 3 =3x 2 + 9. 

4 . 5x t 4-3x 8 +x 2 = l ; x 4 - 4x 2 4- 24x = 80. 

5. x*-13x 2 + 36=0; -4, -3, 1,2. 6. 3,2, -4. 

7. &=6, x*4-19x*4*6x=210 ; ~3. 



ANSWERS 


xix 


8. -1, -1, -2, -2. 9. ** + * + 3=0. 10. 0*70, -5 70. 

12. x* -3px? + 3p 2 x 2 -p 3 x + q~0. 13. — 3a: -4- 2 =0 

14. (m + 2)x 2 + 2{m + 0)x—2m-\7; ~2<m<8|. 

15. x 2 - x{q 2 +2q -2r + 2) + (<7 + r + l) 2 =0. 

16. rx? + x 2 {q + 3r) + x (2q + 3r) + g+r-f 1 =0. 

17. ic 3 + 2qx 2 + q 2 x = r 2 ; rx 3 + g 2 # 2 - 2gra; + r 2 =0. 

18. — (cl + 6 + c), — ^{a + b + c i y/ ( a 2 -f* b 2 + c 2 — 26c — 2cct — 2<z6)}. 

19. y 2 -2 ; -1, -1,2±V3. 20. -1, -1, j(7 ±3^5). 

21. 3±V2, 5. 23. 2±V3, 3±2V2. 

24. 2;r , -9z 2 + 7z + 6=0; 4, 3, h 

25. -2, 3, 1 ; 0, -5, -3. 27. a, 

28. -p 2 ) + qx(3q -p 2 )+q 3 ~p*r ; 

(i) a 2 - fly ~ fl 2 - ya — y 2 - afl ; (ii) a 2 - fly pa, etc. 

Exercise VIII. d. (p. 166.) 

1. 1-25992. 2. 2-09455. 

3. 1-83424,0-65662, -2-49086. 

4. 2-71448, -0-14328, -2-57i20. 5. 1-78439. 

6. -3-59141. 7. 2-88897, -0 12524 -2-76372. 

8. 9-96667. 9. 2-04728, 0-59369. 

10. 4-22524. 11. 0-77563, 8-57719, -1*35283. 

12. 1-47577. 13. 2-06443(5). 

14. 1-35690, 1-69202, -3 04892. 15. 4-58140. 


Exercise VIII. e. (p. 167.) 


1. a + c=26. 

T 2 II 2 

5. -.+f. = l, 
a 2 6 2 


7. y 2 + ac—cx + by. 

9. a 3 - c 3 -f 3d z = 3a6 2 . 
11. (a-fc -d) 2 — b 2 . 


20. m*fn+p=0. 


3. y 2 = 4aa?. 4. # 2 =y + 2 


6. sc 3 + 1/ 3 = 3axy. 


8. y*- x 2 z. 

10. a 4 6 4 + 6 4 c 4 + c% 4 = a 2 b 2 c 2 d 2 . 


19. x? + y 2 —a 2 + b 2 . 


21 . 


.y‘‘ 


+ | 2 + C 2 - 2 - 


Exercise IX. a. (p. 171.) 
2. -10. 3. -200. 

6.-63. 7.15. 

10. ab-h\ 11. ab (6 8 - a 2 ). 


1. -4. 
5. -2. 
9. -2. 


4. -900. 
8. 661. 
12. -2xy. 



XX 

13. (6 -a) 3 (6 + a). 

15. 

18. ft, «. 


ADVANCED ALGEBRA 

14. z(x - y)[ps -qr). 

16. -}. 17. 49, -35. 

19. V, J. 20. 1. 1. 


Exercise IX. b. (p. 177.) 


1. 2. 2. 4. 3. 0. 

7. 0. 8. 0. 9. - 15. 

13. 0. 14. 0. 15. -3. 

19. 2 abc. 20. (a 3 -l) 2 . 

22 . abc -f 2fgh - af 2 - by 2 - ch 2 . 
25. + bc + ca = 2abc + 1. 

27. 4* be + ca 4- 1 = 0. 

29. 1, 8±V37. 


4. -1. 5. 0. 

10 . 0 . 11 . 0 . 

16. -8. 17. -6. 

21. 3 abc-a*-b*-c\ 
23. a 2 + b 2 + c 2 + 1. 

26. a 2 + b 2 + c 2 4 - 1 =0. 
28. x 2 y 2 . 

31. 0. 


6. -18. 

12 . 0 . 

18. 0. 


24. 0. 


Exercise IX. c. (p. 184.) 

1, (a ~b){b~c)(c~a). 2. (a -b)(b -c)(c -a). 

3. 4a6c. 4. (x ~2y + z){y -2z + x){z-2x + y). 

5. (a + b + c)(bc + ca + ab -a 2 ~b 2 -c 2 ). 

6. {a -b)(b -c){c -a)(6c + ca + a6). 

7. - (6 - c) (c-a){a-b){a + b + c) (a 2 + b 2 + c 2 ). 

8. 4abc. 9. 4, -3, 1. 10. 3, -2, 2. 11. 1, 1 1 

12.2,1,2. 13.1,1,1. 14.2,2.1. 

15. Rows are a 2 + 6 2 , ac + ; ac + bd, c 2 + d 2 . 16. - b x A. 

17. 0; rows are + a^ + bjb^ a 1 a 3 -t-6 1 6 3 ; + a 2 2 + 6 2 s , 

a a a 3 + 6 2 & 3 ; a^ + W, a 2 a 3 + b 2 b z , a 8 2 + 6 8 2 . 

18. ~ c(a 2 + 6 2 ) ; rows are a 2 + be , a6, a& ; ac, be + ac, ab ; c 2 , he, ac + b 2 . 

23. (a - b) (b - c) {c - a) (d - a) {d -b) (d - c){a + b + c + d ). 

24. (a - 6 - c + d) (a - 6 -f c - d) (a + b - c - d) (a + b + c + d). 


Test Papers A. 21-35. (pp. 186-193.) 

A. 21. 1 ■ h(m-p) = k(m-n); 

2. 3.r® - 14a: + 5=0. 3. 3n* + l ; 0-670. 

5. 2a =0 ; 2a 4 * 2 a/? =0 ; roots are a, ~ , - 1 ; roots are ±a, 


A. 22. 1.0 or 16; -11. 

3. c 2 (a a + 6 2 )=a 4 + & 4 . 


2. na 2 - Jn(?i + l)(2»-f-l) ; x n . 
5. 1 - \n 2 x 2 . 



A. 23. 


A. 24. 


A. 25. 


A. 26. 


A. 27. 


A. 28. 


A. 29. 


A. 30. 


A. 31. 


8th term. 


5. 


ANSWERS 

2<a;<4; 4b~3q, 16c=9r. 

S»(» + l)(4»-l); 1-007417. 5. e-1. 

7-4^3. 2. (25a + 10/* + &)(4a -4/&+6)=0. 

1 - 3n + n 2 * 2 

n! ’ n ' 

x 2 4- (4r - q 2 ) {x + r)— 0. 3. - J, -fa. 

^{1 -(* + l)(l -<*)« + *( 1 -a)W} ; 1 

log 2 + J.T 2 - 

- l<a?<3, x>4 ; p = $(a - b -c), q—%(b-c-a) 9 
r — 1 (c - a - 6). 

3 £zl 

jc + 1 # - 1 # 2 -j-a; + i * 


XXI 


fan (n 4* 1 ) ( n + 2) (3 n + 5) ; 
-5, -4; -2, - L ; 5, 6. 




3 n + 1 


• h- 


2y/e‘ 

c 2 - (a - b) 2 — 2 (a + b - c) ; (a + b + c) 2 = b 2 -4ac. 

1 if 7i = ip, 4p4l ; 0 if « = 4p + 2, 4j) + 3. 

1 4 2a; - (3n 4 1 )*” + (3re - 2)a^ +1 01 

(i-4) 2 ; 6 * 

-<(, -§>$• 5 - 2 (6 - c) (c - o) (a - 6) (y -*)(*-*)(*- y). 

(ii) (i-y)(y-:)(2-a:)(*+y42). 2. 2880. 

... w(n + l) . .... , 

(l) 2 (2 m 4 1)(2«43) ’ ^ ’ (u) *' 

(i) 1,4, -7; 0-3275. 

2. (i) ra-1 ; (ii) n-l4(-l)^. 

4. 

2. 480. 3. V3-J. 

a-x 


(ii) {y + z)(z + x){x + iy), 

-v/2 - 1 ; 


(ii) it 3 = 12* + 9. 
2 


-w-i ; 


l 


(a~^x) 2 a {a-x) a(a 2 + x 2 )' 

(a 3 - h 3 ) (h 3 - c 3 ) (c 3 - a 3 ) (a 3 + & 3 + c 3 - abed) =0. 


, , 18 - \Zx ~ x 2 

|a:|<1 ; ri _r ^T(24*)(4 -*)' 
(i) ?£; (ii) Slog 2 -A. 


3. J, ~2. 

5. -(a + & + c), 0. 



xxii 
A. 32. 

A. 33. 

A. 34. 


ADVANCED ALGEBRA 


1. -2. -7. 3. (i) -2, - 1 ; 1, 2 ; 3, 4 ; (ii) 2-094(5). 

1 “> ( 0 ) !(’'+«-;)• 5 . (.+»+«)■ 


• (0 ~ 4 or ^ ; (ii) a, 
'• log 2 - }, 


2 . 


5 3 3 

£ - 1 x-3 x -5 


+ 


5 

z-7* 


!. (ii) J(» + l)(n+2)(« + 3). 
t. (i)a*-3re a +x(3r 2 +g s )=r 2 ; (ii) -2, -1 ; -1,0. 

L 2,$. 5. (a-b)(b-c)(c-a)(d-a)(d-b)(d-c). 


A. 35. 2. (i) 24a6c ; (ii) (ay - ke) 2 + (bz - c?/) 2 + (or - ac) 2 ; 2=|=-. 

(Z 0 c 

3. (i) Jn(n + l)(6n 2 + 14» -5) ; (ii) 3-41og2. 






